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The acoustic pressure and acoustic radiation force (ARF) acting on the spherical rigid
particle immersed in a fluid filling the rigid or elastic cylindrical tube are calculated.
An expression for ARF is deduced for the case when the incident wave is a plane wave
propagating along the axis of the tube. Both acoustic pressure and ARF are determined
as the function of the primary wave frequency. The solution of the problem stated is de-
rived with making use of the previously derived expressions for a plane harmonic wave
scattering on a spherical body. The problem is attacked with the application of the
variable separation technique. The most complex part of the problem is the boundary
conditions satisfaction on cylindrical and spherical surfaces. The mutual expansions of
spherical wave functions over the cylindrical ones and vice versa are used for this pur-
pose. An exact analytical solution was derived as the special function expansion. The
coefficients of the expansion are calculated using the infinite system of the algebraic
equations, which is solved by a truncation method. Simulation results demonstrate
that the ARF value is significantly affected by the presence of the cylindrical boundary
surface. It is caused by the influence of the acoustic wave scattered by the cylindrical
surface of the tube. The sharp resonance-like peaks occur at the same positions in the
ARF vs. incident wave frequency curves. This effect is caused by the resonance-like
behavior of the fluid-filled cylinder, i. e., the peaks’ presence at some discrete values of
the frequency is stipulated by specific localization effects and influences the motion of
the particles in the cylindrical fluid-filled cavity. It is also found that depending on the
frequency of an incident wave, the ARF can change its direction. This effect provides
the scientific basis for the particle manipulation technique if the ones are located in
the fluid-filled tubes with both rigid and elastic walls.
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1. INTRODUCTION

The plane harmonic wave propagating in the acoustic medium induces the periodic com-
ponent and constant component of the sound pressure. The latter one, being averaged over
the target’s surface and then over the incident wave period, is usually referred to as the
acoustic radiation force (ARF) (see [11–33]). The physical nature of the ARF can be explained
by the following reasoning [44]: the radiation pressure is exerted by an acoustic field provided
that an average impulse transferred by the wave for the period of oscillation varies in some
volume of medium resulting in the generation of the stationary component of the sound
pressure acting over this volume. The ARF, being acoustically induced hydrodynamic force,
is the cause of the series of interesting and technologically valuable phenomena observed for
the particles, bubbles and other obstacles suspended in the fluid. These phenomena are an
essential ingredient of huge amount of recent scientific, technological, and medical applica-
tions, such as ARF imaging, colloidal assembly, and various bio-separation assays [11, 22, 55].
The sound pressure is employed to create the so called ‘acoustic levitation effect’, and to
elaborate the technique for contactless particle ‘suspension’ and even contactless manipula-
tion or fixing of the ‘swarm’ of particles in the certain regions [66–88] which can be of a great
importance for the medical applications handling the drug delivery problems particularly.

ARF describes the measure of interaction between a wave and a particle. Theoretical
examination of the ARF effect on the obstacles is a complicated problem. It is necessary
to account for a set of instances to attack it properly: the shape of the obstacle, its size
with regard of the wave length, the properties of a fluid, and boundary conditions on the
interface between the fluid and external medium etc. Simulation of the ARF influence
on a obstacle was the subject of numerous studies over decades [33,99–1111]. Initially, the ARF
induced by a plane wave acting on spheres or cylinders in an unbounded medium was studied
for example in the works by [1212–1414]. It was King who has initially proposed the theory of
acoustic radiation pressure acting on a sphere in a compressible fluid [33]. Fox used a simple
approximation to obtain the expression of ARF function for a rigid sphere [1515], Faran studied
the scattering by solid cylinders and spheres [1616], while Doinikov [1414] extended the theory
by considering a sphere in a viscous medium. In the work [1717], an expression for the acoustic
radiation pressure on solid elastic particles was deduced in an unbounded fluid. This paper
contains the results of experimental investigations for elastic spheres as well.

The much more complicated problems of the ARF acting upon a spherical particle located
in fluid-filled bounded regions were addressed in [44,1818]. The main objects investigated were
spherical particle located in cylindrical cavity (tube) or half-space at the vicinity of a rigid
wall mainly. Relatively few models have been developed for the acoustic radiation forces
acting on nonspherical objects, particularly based on analytical methods because the models
of ARF have been developed primarily for the interaction of a sound field with planar and
spherical surfaces. The review of the traditional approaches can be found in [1919] for instance.

Now, the approaches ranging from exact analytical solution and its approximations [33,
2020–2222] to numerical simulation [66, 88, 2323] are applied to attack the ARF determination prob-
lem. As for the types of the incident waves investigated, the plane traveling wave, plane
standing wave, dual orthogonal standing waves, acoustic beams with arbitrary wavefront
and helicoidal Bessel beam were studied in the works [88,1010,1111,2020,2222–2424] to name a few. The
investigated acoustic media were ideal and viscous fluids. Although analytical approaches
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proved to be effective even in the cases of the wall proximity to the cylindrical and spheri-
cal particles [1111,2020,2121], the considerable attention was also paid to the numerical techniques
which are particularly useful for the complex obstacles shapes, complicated viscous functions,
acoustic streaming etc [66–88,2323].

The influence of the fluid space limitation on the ARF is investigated for a case of rigid
particles located in the vicinity of the rigid plane boundary of a fluid (see papers [1111,2020,2121,2525]
or in the fluid filled tube with rigid walls [44, 1818]. It worth mentioning, the accounting for
compliance of the bounding surface (walls) is real challenge. When the properties of the fluid
and of the tube are uniform along it, the linear theory leads to the same one-dimensional
wave equation as for the plane sound waves, but with the value of the wave velocity affected
by the distensibility of the tube [2626]. In fact, effective compressibility of the fluid in the tube
is a sum of the true fluid compressibility and distensibility of the tube. In the present paper,
the problems of ARF determination for the rigid spherical particle placed in a cylindrical
tube with rigid as well elastic walls filled by ideal compressible fluid is under consideration.
The longitudinal plane wave propagates along the tube and scatters on the particle and
cylindrical wall. It is also supposed that the particle is centered on the cylinder axis so
the rotational symmetry is of the case. According to the approach developed earlier in the
papers [44, 2020], solution of the specified problems are sought for in two basic steps. The
first step comprises the examination of regularities of interaction between incident harmonic
sound wave and obstacles: a sphere and a tube surface, i. e,. the solution of the problem
of a primary wave scattering. With making use of the results obtained, the second step
encompasses determining of the hydrodynamic forces acting on the rigid sphere with their
subsequent averaging over the suitable time interval to obtain the ARF value.

2. VELOCITY POTENTIAL DETERMINATION PROBLEM

ARF determination problems for the case of a target suspended in an ideal fluid are
normally formulated with making use of the Lagrange coordinate system. Therefore, as it
was mentioned above, the radiation pressure is defined as time-averaged value of the acoustic
pressure over the target surface. This approach is proved to be applicable for the deviation
of the pressure imposed by the sound wave if the harmonic law with respect to time is
assumed in the obstacle vicinity [11–33]. Linear approximation for the radiation pressure is
insufficient because having the sound pressure as periodic function of time being averaged
over the wave period gives zero value of the force [2727]. Therefore, correct estimation of the
ARF demands the quadratic terms in a wave equation should be preserved as well. Hence,
second order approximation should be used. But, as it was shown in [33], the evaluation of
acoustic pressure accounting for the second order terms can be reached applying the velocity
field potential obtained from the solution of a linear problem of an incident wave scattering
on an target.

To clarify the problem statement even further, it worth to mention here that velocity of
the translational movement of the spherical particle is supposed to be much lower than the
velocity of the incident acoustic wave. Therefore, the particle displacement is considered to
be quite small. In fact, solution of the problem is derived for the immobile suspended rigid
spherical particle in the present paper. Accounting for the translational motion of the target
results in the non-linear problem formulation and essentially complicates solution procedure.
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The linear problem formulation chosen provides relatively straightforward way to derive the
exact analytical solution for the velocity potential determination. At this, the boundary
conditions both on the spherical surface of the particle and on the cylindrical surface of the
tube are satisfied exactly.

Linear approximation problem statement for
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Fig. 1. Problem scheme: rigid spherical
particle placed in a fluid-filled

cylindrical tube

the first step mentioned above, i. e,. the prob-
lem of determination of the fluid velocity poten-
tial field in a tube is described below. The pro-
cedure adopted for this aim corresponds to the
approach developed in paper [2828]. It is assumed
that ideal compressible fluid of density 𝜌 fills a
circular cylindrical tube of radius 𝑅0 bounded
by the rigid walls. Velocity of the plane sound
wave propagating in the fluid is 𝑐0. There is an
immobile spherical particle of the radius 𝑟0 in
the tube placed so that geometrical centre of it
is located on the tube axis exactly. Cylindri-
cal coordinate system (𝑅, 𝑧, 𝜙) is introduced in
such a manner that its origin 𝑂 coincides with
the particle center and its axis 𝑂𝑧 runs along
the tube axis (see Fig. 1Fig. 1). Another coordinate
system (the spherical one) (𝑟, 𝜃, 𝜙) is assumed
to be attached to the particle in a way shown
in Fig. 1Fig. 1.

In this configuration, the steady wave process is under consideration. The plane harmonic
wave propagating in a positive direction of the 𝑂𝑧 axis in the tube is govern by a potential
Φ0

Φ0 = 𝐴 exp [𝑖(𝑘𝑧 − 𝜔𝑡)] , (1)

where 𝐴 is the amplitude; 𝑘 = 𝜔/𝑐0 is the wave number; 𝜔 is the angular frequency; 𝑡 is the
time. The required potential Φ of the wave field is a solution of the linear wave equation

∆Φ− 1

𝑐20

𝜕2Φ

𝜕𝑡2
= 0. (2)

In the Eq. (2)(2) ∆ is used for Laplacian operator.
Velocity of the fluid and the pressure can be determined with making use of the wave

potential by the following formulas:

v = gradΦ, 𝑝 = −𝜌0
𝜕Φ

𝜕𝑡
.

Let us introduce the dimensionless variables

𝑅̄ =
𝑅

𝑅0

, 𝑟 =
𝑟

𝑅0

, 𝑡 =
𝑡𝑐0
𝑅0

, 𝜔̄ =
𝜔𝑅0

𝑐0
,

v̄ =
v

𝑐0
, Φ̄ =

Φ

𝑅0𝑐0
, 𝑝 =

𝑝

𝜌0𝑐20
, 𝑧 =

𝑧

𝑅0

.

(3)
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Further on the dimensionless notations will be used only. Hence, the lines over the variables
will be omitted. Adoption of these conventions on the notations yields the relation (1)(1) and
(2)(2) in the form

Φ0 = 𝐴 exp [𝑖𝜔(𝑧 − 𝑡)] ; (4)

∆Φ + 𝜔2Φ = 0. (5)

Interference of a primary wave and the waves scattered on the spherical particle as well
as waves reflected from the internal surface forms the wave field in the cavity. From the
mathematical point of view, determining of the wave field potentials in the cavity is reduced
to solution of a linear problem of the acoustic wave (4)(4) diffraction on the rigid walls of the
cavity and on the rigid sphere surface, i. e,. to finding a solutions of the linear wave equation
(5)(5) accompanied by the correspondent boundary conditions, which governs the velocity field.
The following conditions on the boundaries should be met: - on the tube walls

𝑣𝑅|𝑅=1 =
𝜕Φ

𝜕𝑅

⃒⃒⃒⃒
𝑅=1

= 0, (6)

- on the sphere surface

𝑣𝑟|𝑟=𝑟0
=

𝜕Φ

𝜕𝑟

⃒⃒⃒⃒
𝑟=𝑟0

= 0, (7)

- Sommerfeld radiation condition for infinitely distant points

lim
𝑟→∞

𝑟

(︂
𝑑Φ

𝑑𝑟
− 𝑖𝜔Φ

)︂
= 0, lim

𝑟→∞
Φ = 0. (8)

Besides, as the fluid is confined within the tube, the wave disturbances should be limited

Φ → const if 𝑅 → 0. (9)

Eq. (5)(5) along with boundary conditions Eqs. (6)(6)–(9)(9) form the problem statement of interest.

3. WAVE FIELD POTENTIAL CONSTRUCTION

Problems of determination of the radiation forces acting on the obstacles in an ideal fluid
are usually formulated with respect to the Lagrange coordinate system. Thus, the radiation
pressure is defined as time-averaged value of the acoustic pressure over the obstacle surface.
This approach proves to be adequate if, at determining of the acoustic pressure in a fluid,
the deviation of the pressure from the harmonic law in time domain is taken into account
in the obstacle vicinity [11–33]. Let us emphasize that linear approximation is insufficient for
the radiation pressure evaluation because having the sound pressure as periodic function of
time and averaging it over the wave field oscillation period leads to zero value of the force as
it was shown in [2727]. Therefore the quadratic terms in a wave equation should be preserved
as well for correct estimation of the sound radiation force. In other words, the second order
approximation should be used. It was previously shown in [33] that evaluation of acoustic
pressure accounting for the terms of the second order of magnitude can be done using the
velocity field potential obtained from the solution of a linear problem of a primary wave
scattering on an obstacle. The same approach is adopted here as well.
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3.1. Rigid tube wall

The boundary problem addressed comprise the wave equation (5)(5) accompanied by the
boundary conditions (6)(6)–(9)(9). It is formulated over the domain 𝑅 ≤ 1, 𝑟 ≥ 𝑟0, −∞ < 𝑧 < ∞,
where 𝑟0 is a sphere radius over the cylinder radius ratio. The complexity of the problem
lies primarily in the necessity to satisfy the boundary conditions specified on the surfaces
of different geometrical shape (cylindrical, spherical), on a cylinder axis as well as on the
infinity.

The wave potential Φ is constructed as a superposition of three components

Φ = Φ0 + Φsph + Φcyl, (10)

whereΦsph is a potential of the wave reflected by the spherical particle, Φcyl is a potential
of the wave reflected from tube wall. The method of separation of variables in matching
coordinate frames (spherical and cylindrical) is applied to build the potentials Φsph and Φcyl.
Thereby, the class of solutions Φsph is represented in the form of a generalized Fourier series
expansion with respect to spherical wave functions

Φsph(𝑟, 𝜃) =
∞∑︁
𝑛=0

𝐴𝑛ℎ𝑛(𝜔𝑟)𝑃𝑛(cos 𝜃), (11)

meanwhile the class of solutions Φcyl is chosen in the form of an integral

Φcyl(𝜌, 𝑧) =

∞∫︁
−∞

𝐵(𝜉)𝐽0

(︁√︀
𝜔2 − 𝜉2𝑅

)︁
𝑒𝑖𝜉𝑧𝑑𝜉. (12)

Here ℎ𝑛(𝑥) are the first kind spherical Hankel functions, 𝑃𝑛(𝑥) are the Legendre polynomials;
𝐽0(𝑥) is a zero order cylindrical Bessel function; 𝐴𝑛 are unknown constants to be found; 𝐵(𝜉)
is an unknown distribution density function; 𝜉 is a separation constant. In expressions (11)(11),
(12)(12) and further on, the multiplier exp(−𝑖𝜔𝑡) is omitted.

To chose the relevant solution from the set of all possible solutions of the Eq. (5)(5), the
boundary conditions are used. Conditions (8)(8) and (9)(9) are satisfied directly if the potentials
are chosen in the form (11)(11) and (12)(12) correspondingly.

Components Φ0, Φsph and Φcyl of the general potential Φ specified by the expressions
(4)(4), (11)(11), (12)(12) and (10)(10) respectively are referred to the different coordinate systems related
to the spherical particle and cylindrical tube. To meet the boundary conditions (7)(7) on the
sphere surface, it is necessary to derive the representation of the general potential Φ (10)(10)
(i. e,. its components Φ0 and Φcyl) in the spherical coordinate system (𝑟, 𝜃, 𝜙) (see Fig. 1Fig. 1)
while it is necessary to express the general potential Φ (i. e,. its components Φ0 and Φsph) in
the cylindrical coordinate frame (𝑅, 𝑧, 𝜙) shown in Fig. 1Fig. 1 to satisfy the boundary conditions
(6)(6) on the cylindrical tube surface [2929]. In doing so, the cylindrical wave functions can be
represented through spherical wave functions and vice versa

ℎ𝑛(𝜔𝑟)𝑃𝑛(cos 𝜃) =
𝑖−𝑛

2𝜔

∞∫︁
−∞

𝑃𝑛

(︂
𝜉

𝜔

)︂
𝐻0

(︁√︀
𝜔2 − 𝜉2𝑅

)︁
𝑒𝑖𝜉𝑧𝑑𝜉; (13)
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𝑒𝑖𝜉𝑧𝐽0

(︁√︀
𝜔2 − 𝜉2𝑅

)︁
=

∞∑︁
𝑛=0

𝑖𝑛(2𝑛+ 1)𝑃𝑛

(︂
𝜉

𝜔

)︂
𝑗𝑛(𝜔𝑟)𝑃𝑛(cos 𝜃). (14)

In the expressions (13)(13) and (14)(14), 𝐻0(𝑥) is a first kind zero order cylindrical Hankel function;
𝑗𝑛(𝑥) is spherical Bessel function of the 𝑛-th order. Using the relation (13)(13) yields the potential
Φsph in the coordinate frame related to the cylinder as follows

Φsph(𝑅, 𝑧) =

∞∫︁
−∞

𝐴(𝜉)𝐻0

(︁√︀
𝜔2 − 𝜉2𝑅

)︁
𝑒𝑖𝜉𝑧𝑑𝜉, 𝐴(𝜉) =

1

2𝜔

∞∑︁
𝑛=0

𝐴𝑛𝑖
−𝑛𝑃𝑛

(︂
𝜉

𝜔

)︂
. (15)

The expression of the potential in the spherical coordinates is specified by Eq. (11)(11) already.

In the same way, application of the relations (14)(14) yields the potential Φcyl in the coordinate
system related to the sphere in the form

Φcyl(𝑟, 𝜃) =
∞∑︁
𝑛=0

𝐵𝑛𝑗𝑛(𝜔𝑟)𝑃𝑛(cos 𝜃), 𝐵𝑛 = 𝑖𝑛(2𝑛+ 1)

∞∫︁
−∞

𝐵(𝜉)𝑃𝑛

(︂
𝜉

𝜔

)︂
𝑑𝜉. (16)

Again, the expression of the potential in the cylindrical coordinates is already specified by
Eq. (12)(12). Potential Φ0 of the primary plane wave propagating along the cylindrical tube is
also expressed in the form of a generalized Fourier series expansion with respect to spherical
wave functions [3030]

Φ0(𝑟, 𝜃) =
∞∑︁
𝑛=0

𝐴𝑖𝑛(2𝑛+ 1)𝑗𝑛(𝜔𝑟)𝑃𝑛(cos 𝜃). (17)

Combining relations (4)(4), (12)(12) and (15)(15) yields the expression for the total wave field potential
Φ introduced by Eq. (10)(10) referred to the cylindrical coordinate system in the following form:

Φ(𝑅, 𝑧) = 𝐴𝑒𝑖𝜔𝑧 +

∞∫︁
−∞

𝐴(𝜉)𝐻0

(︁√︀
𝜔2 − 𝜉2𝑅

)︁
𝑒𝑖𝜉𝑧𝑑𝜉 +

∞∫︁
−∞

𝐵(𝜉)𝐽0

(︁√︀
𝜔2 − 𝜉2𝑅

)︁
𝑒𝑖𝜉𝑧𝑑𝜉. (18)

Extraction from Eq. (18)(18) of those solutions which satisfy the boundary conditions (6)(6) gives

∞∫︁
−∞

{︁[︁
𝐴(𝜉)𝐻1

(︁√︀
𝜔2 − 𝜉2

)︁
+𝐵(𝜉)𝐽1

(︁√︀
𝜔2 − 𝜉2

)︁]︁√︀
𝜔2 − 𝜉2𝑒𝑖𝜉𝑧

}︁
𝑑𝑧 = 0. (19)

In view of the expression (15)(15) for 𝐴(𝜉), Eq. (19)(19) yields the formula allowing to express the
function 𝐵(𝜉) through the unknown constants 𝐴𝑛

𝐵(𝜉) = − 1

2𝜔

𝐻1

(︁√︀
𝜔2 − 𝜉2

)︁
𝐽1

(︁√︀
𝜔2 − 𝜉2

)︁ ∞∑︁
𝑛=0

𝐴𝑛𝑖
−𝑛𝑃𝑛

(︂
𝜉

𝜔

)︂
. (20)
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With taking account for relations (11)(11), (16)(16) and (17)(17), the total wave field potential specified
by Eq. (10)(10) in the spherical coordinate system (𝑟, 𝜃, 𝜙) takes the form:

Φ(𝑟, 𝜃) =
∞∑︁
𝑛=0

{[𝐴𝑖𝑛(2𝑛+ 1)𝑗𝑛(𝜔𝑟) + 𝐴𝑛ℎ𝑛(𝜔𝑟) +𝐵𝑛𝑗𝑛(𝜔𝑟)]𝑃𝑛(cos 𝜃)} (21)

As before, the multiplier exp(−𝑖𝜔𝑡) is omitted in Eqs. (15)(15)–(18)(18) and (21)(21). Making use of
Eq. (21)(21), solutions that satisfy the boundary conditions (7)(7) yield the equation

∞∑︁
𝑛=0

{[𝐴𝑛ℎ
′
𝑛(𝜔𝑟0) +𝐵𝑛𝑗

′
𝑛(𝜔𝑟0) + 𝐴𝑖𝑛(2𝑛+ 1)𝑗′𝑛(𝜔𝑟0)]𝑃𝑛(cos 𝜃)} = 0. (22)

Taking account of expression (16)(16) for 𝐵𝑛 and (20)(20) for 𝐵(𝜉) and making use of the orthog-
onality of the Legendre polynomials, Eq. (22)(22) yields the infinite system of the algebraic
equations for determination of coefficients 𝐴𝑛

𝐴𝑛 −
(2𝑛+ 1)

2𝜔

𝑗′𝑛(𝜔𝑟0)

ℎ′
𝑛(𝜔𝑟0)

∞∑︁
𝑚=0

𝑖𝑛−𝑚𝑞𝑚𝑛𝐴𝑚 = −𝐴𝑖𝑛(2𝑛+ 1)
𝑗′𝑛(𝜔𝑟0)

ℎ′
𝑛(𝜔𝑟0)

, 𝑛 = 0, 1, 2, . . . (23)

Coefficients 𝑞𝑚𝑛 in the Eq. (23)(23) are of the form

𝑞𝑚𝑛 = 2

∞∫︁
0

𝐻1

(︁√︀
𝜔2 − 𝜉2

)︁
𝐽1

(︁√︀
𝜔2 − 𝜉2

)︁ 𝑃𝑛

(︂
𝜉

𝜔

)︂
𝑃𝑛

(︂
𝜉

𝜔

)︂
𝑑𝜉. (24)

If sum of indices 𝑛 +𝑚 is odd then coefficients 𝑞𝑚𝑛 are equal to zero. The infinite system
of the algebraic equations (23)(23) possesses the completely continuous operator in a Hilbert
coordinate space 𝑙2 [3131] and its right hand parts meet the following condition

∞∑︁
𝑛=0

⃒⃒⃒⃒
𝐴(2𝑛+ 1)2

𝑗′𝑛(𝜔𝑟0)

ℎ′
𝑛(𝜔𝑟0)

⃒⃒⃒⃒
< ∞.

Hence, the system of equations (23)(23) has the only solution {𝐴𝑛}, 𝑛 = 0, 1, 2, . . . which satisfies
condition

∞∑︁
𝑛=0

|𝐴𝑛|2 < ∞.

This solution can be found by a reduction method.

Thus, determination of the total wave field potential Φ from Eq. (10)(10) is formally com-
pleted by the evaluation of coefficients 𝐴𝑛 of the truncated system of algebraic equations
(23)(23), meanwhile the function 𝐵(𝜉) in the potential Φcyl from Eq. (12)(12) is governed by Eq
(20)(20). Required accuracy of evaluation is secured by the comparison of results obtained for
sequentially increasing number of the equations of the truncated system.

12
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3.2. Elastic tube wall

Let us consider the case of elastic tube now. As it was mentioned above, the accounting
for compliance of the bounding walls is an intricate task. When the properties of the fluid
and of the tube are uniform along it, the linear theory leads to the same one-dimensional
wave equation as for the plane sound waves in the unbound medium, but with the value of
the wave velocity affected by the distensibility of the tube [2626].

The problem configuration and the domain are the same as for the case of the rigid tube
wall (see Fig. 1Fig. 1 again). This time the tube radius is not constant due to tube wall elasticity
and is dnoted by 𝑎 = 𝑎(𝑡). Let us investigate the problem for the cylindrical tube of the
radius 𝑎0 = 𝑅0 under zero pressure and of the wall thickness ℎ. The Young modulus and
Poisson ratio of the tube material are denoted by 𝐸 and 𝜈 respectively. The tube is filled
with an ideal compressible fluid of the density 𝜌0 and sound velocity 𝑐0. The rigid spherical
particle of a radius 𝑟0 is placed on the tube axis. The same cylindrical (𝑅, 𝑧, 𝜙) and spherical
(𝑟, 𝜃, 𝜙) coordinate frames are introduced as shown in Fig. 1Fig. 1. The considered steady process
of plane wave propagation along the 𝑂𝑧 axis is described by the potential (1)(1). According to
the approach adopted, the potential is the solution of the Eq. (2)(2) written in the form

∆Φ− 1

𝑐2
𝜕2Φ

𝜕𝑡2
= 0.

Let us emphasize here that the only difference with equation (2)(2) is that 𝑐 is the plane wave
velocity in the fluid filling the elastic tube which differs from the sound velocity 𝑐0 in the
infinite space. It can be expressed as follows [2626]

𝑐 =
𝑐0√︀

1 + 2𝑅0/(ℎ𝐸 ′𝛽0)
, (25)

where 𝐸 ′ = 𝐸/(1− 𝜈2); 𝛽0 = 1/(𝜌𝑐20) is the compressibility of the fluid; 𝑅0 = 𝑎0 is the tube
radius under zero pressure induced by the sound wave. In the linear theory case, velocity of
the fluid and the pressure can be determined with making use of the wave potential (1)(1) by
the following formulas:

v = gradΦ, 𝑝 = −𝜌0
𝜕Φ

𝜕𝑡
. (26)

Convention on the dimensionless quantities notation adopted in the section 22 yields the same
equations (4)(4) and (5)(5) while expressions for the velocity and pressure take the form

v = gradΦ, 𝑝 = −𝜕Φ

𝜕𝑡
; (27)

where additional dimensionless variables are introduced

𝑎̄ =
𝑎

𝑅0

; ℎ̄ =
ℎ

𝑅0

; 𝑎̄0 = 1.

As for the rigid spherical particle, total wave field potential is a superposition of the potentials
of the incident wave and the waves reflected by the spherical particle and the cylindrical tube
wall (see expression (10)(10)). As a result, the potentials determination is reduced to solution
of a linear problem of the acoustic wave (4)(4) diffraction on the elastic walls of the tube

13
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and on the rigid sphere surface, i. e,. to finding a solutions of the linear wave equation (5)(5)
accompanied by the correspondent boundary conditions. Let us formulate the conditions on
the boundaries that should be met.

Normal component of the fluid velocity is equal to zero on the surface of the rigid sphere.
This condition is already written as the expression (7)(7).

On the internal surface of the elastic tube, the radial component of the fluid velocity
𝜕Φ/𝜕𝑅 is equal to the radial velocity of the tube wall 𝑎̇(𝑡), where 𝑎(𝑡) is the internal radius
of the wall in a time moment 𝑡. In the case of the linear theory, it can be written as follows

𝜕Φ

𝜕𝑅

⃒⃒⃒⃒
𝑅=𝑎0

= 𝑎̇(𝑡), (28)

because any difference in values between 𝜕Φ/𝜕𝑅; at 𝑅 = 𝑎(𝑡) and 𝑅 = 𝑎0 is less than

|𝑎(𝑡)− 𝑎0|max

⃒⃒⃒⃒
𝜕2Φ

𝜕𝑅2

⃒⃒⃒⃒
,

and, therefore, it can be neglected as a product of the two small quantities [2626].

Potential of the waves scattered by the sphere, Φsph, should met the Sommerfeld radia-
tion condition (8)(8) for infinitely distant points, while potential of the waves reflected by the
cylindrical tube surface, Φcyl, has to satisfy the boundary condition (9)(9).

Construction of the wave potentials resembles the procedure described above for the case
of rigid tube wall. Applying the method of separation of variables, expressions for potentials
Φsph and Φcyl are taken in the form (11)(11) and (12)(12) correspondingly. Once again, the solutions
satisfying the boundary conditions (7)(7) and (28)(28) should be chosen from the set (11)(11) and (12)(12)
of all possible solutions of equation (5)(5). It worth mentioning that solutions (11)(11) and (12)(12)
were constructed to satisfy the boundary conditions (8)(8) and (9)(9) in the infinity and tube
axis automatically. Following the procedure discussed in details in the previous section and
repeating mathematical manipulations resulting in the formulae (13)(13)–(21)(21), one can derive
the expression for the total wave field potential introduced by Eqs. (18)(18) and (21)(21) referred
to the cylindrical and spherical coordinate system respectively. The radial velocity of the
internal wall surface oscillations induced by the fluid pressure is taken account for by the
boundary condition (28)(28). Radial motion of the surface is caused by the time variation of
the circumferential force which stretches the tube wall in the transverse direction resizing its
radius.

Let us select a section of the tube of the length 𝑙 = 1 (the wall thickness is ℎ). One can
easily show that the radial displacement of the wall points 𝑢𝑅 = 𝑎(𝑡)− 𝑎0 is determined by
the dimensionless expression

𝑢𝑅 =
𝑝

ℎ𝐸 ′ . (29)

Thus the boundary condition (28)(28) can be rewritten as follows

𝜕Φ

𝜕𝑅

⃒⃒⃒⃒
𝑅=𝑎0

=
1

ℎ𝐸 ′
𝑑𝑝

𝑑𝑡
. (30)

14
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Using potential (18)(18) along with (10)(10), one can write condition (30)(30) for 𝑧 = 0 in the form

∞∫︁
−∞

[︁
𝐴(𝜉)𝐻1

(︁√︀
𝜔2 − 𝜉2

)︁
+𝐵(𝜉)𝐽1

(︁√︀
𝜔2 − 𝜉2

)︁]︁√︀
𝜔2 − 𝜉2𝑑𝑧 =

=
𝜔2

ℎ𝐸 ′

∞∫︁
−∞

[︂
𝐴

1

𝜋(1 + 𝜉2)
+ 𝐴(𝜉)𝐻0

(︁√︀
𝜔2 − 𝜉2

)︁
+𝐵(𝜉)𝐽0

(︁√︀
𝜔2 − 𝜉2

)︁]︂
𝑑𝜉.

(31)

In (31)(31), the following expression is used

𝜋 =

∞∫︁
−∞

𝑑𝜉

1 + 𝜉2
. (32)

Let us introduce the following notations

𝐶(𝜔, 𝜉) = 𝐻1

(︁√︀
𝜔2 − 𝜉2

)︁√︀
𝜔2 − 𝜉2 −𝐻0

(︁√︀
𝜔2 − 𝜉2

)︁ 𝜔2

ℎ𝐸 ′ ,

𝐷(𝜔, 𝜉) = 𝐽1

(︁√︀
𝜔2 − 𝜉2

)︁√︀
𝜔2 − 𝜉2 − 𝐽0

(︁√︀
𝜔2 − 𝜉2

)︁ 𝜔

ℎ𝐸 ′ .

(33)

Then, applying for (31)(31) and making use of (33)(33), the boundary condition (30)(30) yields

∞∫︁
−∞

[︂
𝐴(𝜉)𝐶(𝜔, 𝜉) +𝐵(𝜉)𝐷(𝜔, 𝜉)− 𝐴

𝜔2

𝜋ℎ𝐸 ′(1 + 𝜉2)

]︂
𝑑𝜉 = 0. (34)

The boundary condition on the surface of the rigid sphere is unaffected and is preserved the
form (22)(22).

Making use of the orthogonality of the Legendre polynomials, Eq. (22)(22) yields the infinite
system of the algebraic equations for determination of coefficients 𝐴𝑛 and 𝐵𝑛

𝐴𝑛ℎ
′
𝑛(𝜔𝑟0) +𝐵𝑛𝑗

′
𝑛(𝜔𝑟0) = −𝐴(2𝑛+ 1)𝑖𝑛𝑗′𝑛(𝜔𝑟0), 𝑛 = 0, 1, 2 . . . . (35)

Coefficients 𝐵𝑛 is expressible in terms of the 𝐴𝑛. Making use of expressions (16)(16), (34)(34) and
(15)(15), one can derive

𝐵𝑛 = −2𝑛+ 1

2𝜔

∞∑︁
𝑚=0

𝑖𝑛−𝑚𝑞𝑚𝑛𝐴𝑚 +
2𝑛+ 1

𝜋
𝑖𝑛𝐺(𝜔, 𝜉). (36)

In the formula (36)(36), the following expressions are used

𝐺(𝜔, 𝜉) =

∞∫︁
−∞

𝐴𝜔2

ℎ𝐸 ′𝐷(𝜔, 𝜉)(1 + 𝜉2)
𝑃𝑛

(︂
𝜉

𝜔

)︂
𝑑𝜉, (37)

𝑞𝑚𝑛 = 2

∞∫︁
0

𝐶(𝜔, 𝜉)

𝐷(𝜔, 𝜉)
𝑃𝑚

(︂
𝜉

𝜔

)︂
𝑃𝑛

(︂
𝜉

𝜔

)︂
𝑑𝜉. (38)
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From (35)(35), taking account of the expression (36)(36) for the coefficients 𝐵𝑛, the infinite system
of the algebraic equations for determination of coefficients 𝐴𝑛

𝐴𝑛 −
(2𝑛+ 1)

2𝜔

𝑗′𝑛(𝜔𝑟0)

ℎ′
𝑛(𝜔𝑟0)

∞∑︁
𝑚=0

𝑖𝑛−𝑚𝑞𝑚𝑛𝐴𝑚 = −(2𝑛+ 1)𝑖𝑛
[︂
𝐴+

𝐺(𝜔, 𝜉)

𝜋

]︂
𝑗′𝑛(𝜔𝑟0)

ℎ′
𝑛(𝜔𝑟0)

,

𝑛 = 0, 1, 2 . . .

(39)

which is analogous to the system (23)(23) derived for the case of rigid tube wall.
The system (39)(39) can be solved in the same way as the system (23)(23). The technique is

described in section 3.23.2.

4. ACOUSTIC RADIATION FORCE DETERMINATION

Acoustic radiation force affecting spherical particle submerged in a fluid is equal to the
hydrodynamic force acting on a spherical particle averaged over the period of an incident
wave. In the configuration under study, the hydrodynamic force is directed along the 𝑂𝑧
axis because the fluid velocity field in the tube is symmetrical with respect to this axis. This
force can be calculated as an integral of the pressure 𝑝 over the particle surface

𝐹𝑧 = −2𝜋𝑟20

𝜋∫︁
0

𝑝 sin 𝜃 cos 𝜃𝑑𝜃, (40)

where the real part of expression for the pressure should be used. Pressure of the acoustic
field on the spherical particle surface has to be computed with the accuracy up to the terms
of the second order of magnitude. The expression for pressure from [33] in the dimensionless
form is used

𝑝 = −𝜕Φ

𝜕𝑡
− 1

2𝑟20

(︂
𝜕Φ

𝜕𝜃

)︂2

+
1

2

(︂
𝜕Φ

𝜕𝑡

)︂2

. (41)

Contribution of the first term in the right hand side of Eq. (41)(41) is zero because it varies
sinusoidally in time [2020]. This term will therefore not be taken into consideration any further.
The second summand is equal to zero as well for the immobile particle because it is defined
by the radial component of a fluid velocity on a surface of the spherical particle. Real part
of the total wave field potential (21)(21) is of the form

ReΦ =
∞∑︁
𝑛=0

(𝑆𝑛 cos𝜔𝑡+𝑅𝑛 sin𝜔𝑡)𝑃𝑛(cos 𝜃), (42)

where

𝑆𝑛 = 𝐾𝑛 +𝑀𝑛 +𝐺𝑛, 𝑅𝑛 = 𝐿𝑛 + 𝑇𝑛 +𝑁𝑛;

𝐾𝑛 = (−1)𝑛𝐴(4𝑛+ 1)𝑗2𝑛(𝜔𝑟0); 𝐿𝑛 = (−1)𝑛𝐴(4𝑛+ 3)𝑗2𝑛+1(𝜔𝑟0);

𝑀𝑛 = Re (𝐴𝑛)𝑗𝑛(𝜔𝑟0)− Im (𝐴𝑛)𝑦𝑛(𝜔𝑟0); 𝑁𝑛 = Re (𝐴𝑛)𝑦𝑛(𝜔𝑟0) + Im (𝐴𝑛)𝑗𝑛(𝜔𝑟0);

𝐺𝑛 = Re (𝐵𝑛)𝑗𝑛(𝜔𝑟0); 𝑇𝑛 = Im (𝐵𝑛)𝑗𝑛(𝜔𝑟0).

(43)
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Then, making use of Eqs. (40)(40)–(43)(43) and omitting a symbol Re for brevity, the pressure 𝑝
and force 𝐹𝑧 can be calculated. Finally, taking account of the reasoning concerning Eq. (41)(41)
mentioned, the expression for the pressure 𝑝 takes the form

𝑝 = − 1

2𝑟20

(︂
𝜕Φ

𝜕𝜃

)︂2

+
1

2

(︂
𝜕Φ

𝜕𝑡

)︂2

. (44)

Contribution of the first term from (44)(44) is determined by an integral

𝐹 (1)
𝑧 = 𝜋

𝜋∫︁
0

(︂
𝜕Φ

𝜕𝜃

)︂2

sin 𝜃 cos 𝜃𝑑𝜃. (45)

Substituting (42)(42) into Eq. (45)(45) and making use of the relations

1∫︁
−1

𝑑𝑃𝑛(𝜇)

𝑑𝜇

𝑑𝑃𝑚(𝜇)

𝑑𝜇
𝜇(1− 𝜇2)𝑑𝜇 =

⎧⎪⎨⎪⎩
2𝑛(𝑛+ 1)(𝑛+ 2)

(2𝑛+ 1)(2𝑛+ 3)
, if 𝑚 = 𝑛+ 1,

0, if 𝑚 ̸= 𝑛+ 1,

and 𝜇 = cos 𝜃,

yields the expression for the contribution of the first term from Eq. (44)(44) to the total value
of the hydrodynamic force 𝐹𝑧

𝐹 (1)
𝑧 = 2𝜋

∞∑︁
𝑛=0

2𝑛(𝑛+ 1)(𝑛+ 2)

(2𝑛+ 1)(2𝑛+ 3)

[︀
𝑅𝑛𝑅𝑛+1 sin

2(𝜔𝑡) + 𝑆𝑛𝑆𝑛+1 cos
2(𝜔𝑡)

]︀
. (46)

The terms resulting in nonzero values being averaged over the period are preserved in ex-
pression (46)(46) only.

Averaging of (46)(46) over the incident wave period yields the contribution of the first term
from the expression for pressure (44)(44) to the total value of the radiation force⟨︀

𝐹 (1)
𝑧

⟩︀
= 2𝜋

∞∑︁
𝑛=0

𝑛(𝑛+ 1)(𝑛+ 2)

(2𝑛+ 1)(2𝑛+ 3)
(𝑅𝑛𝑅𝑛+1 + 𝑆𝑛𝑆𝑛+1). (47)

The contribution of second summand from (44)(44) is governed by an integral

𝐹 (2)
𝑧 = −𝜋𝑟20

𝜋∫︁
0

(︂
𝜕Φ

𝜕𝑡

)︂2

sin 𝜃 cos 𝜃𝑑𝜃. (48)

Making use of Eq. (42)(42) and relation

1∫︁
−1

𝑃𝑛(𝜇)𝑃𝑚(𝜇)𝜇𝑑𝜇 =

⎧⎪⎨⎪⎩
2(𝑛+ 1)

(2𝑛+ 1)(2𝑛+ 3)
, if 𝑚 = 𝑛+ 1,

0, if 𝑚 ̸= 𝑛+ 1,

(49)

integration of Eq. (48)(48) yields the formula for estimation of the second term contribution to
the force 𝐹𝑧

𝐹 (2)
𝑧 = −4𝜋𝑟20𝜔

2

∞∑︁
𝑛=0

(𝑛+ 1)

(2𝑛+ 1)(2𝑛+ 3)

[︀
𝑅𝑛𝑅𝑛+1 sin

2(𝜔𝑡) + 𝑆𝑛𝑆𝑛+1 cos
2(𝜔𝑡)

]︀
. (50)
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Repeating the reasoning on zero sinusoidal terms contribution being averaged over the period
of incident wave yields the contribution of the second term from (44)(44) to the total value of
the radiation force as follows

⟨︀
𝐹 (2)
𝑧

⟩︀
= −2𝜋𝑟20𝜔

2

∞∑︁
𝑛=0

(𝑛+ 1)

(2𝑛+ 1)(2𝑛+ 3)
(𝑅𝑛𝑅𝑛+1 + 𝑆𝑛𝑆𝑛+1). (51)

Summation of expressions (47)(47) and (51)(51) gives the final formula for the acoustic radiation
force affecting the rigid spherical particle submerged in a fluid filled tube with rigid or elastic
walls

⟨𝐹𝑧⟩ = 2𝜋
∞∑︁
𝑛=0

𝑛+ 1

(2𝑛+ 1)(2𝑛+ 3)

{︀
(𝑅𝑛𝑅𝑛+1 + 𝑆𝑛𝑆𝑛+1)

[︀
𝑛(𝑛+ 2)− (𝜔𝑑)2

]︀}︀
. (52)

The formulae obtained through the mathematical manipulations above show the expressions
for the acoustic radiation force are quite similar for the wall types considered. However the
different boundary conditions on the rigid and elastic tube wall written in the form (19)(19) and
(34)(34) respectively result in different systems ((23)(23) for the rigid and (39)(39) for the elastic wall)
for determination of the unknown coefficients of the wave field potential expansion.

5. NUMERICAL RESULTS

As an example of the developed theory application, investigation of the radiation force
influencing a rigid spherical particle located in a fluid-filled circular cylindrical tube is carried
out for the case of rigid tube wall. Calculations are performed numerically wit making use
of equation (44)(44) for pressure and (52)(52) for the ARF itself. The following characteristics of a
compressible fluid and sound radiation power are used: a sound velocity is 𝑐0 = 1500 m/sec,
density is 𝜌0 = 1000 kg/m3, an energy flux density is 𝐼 = 175.5 Wt/m2, the wave length is
𝜆 = 0.038 m and velocity of particles of a fluid is 0.015 m/sec. These parameters correspond
to moderate radiated power. Dimensionless amplitude 𝐴 in the expression (4)(4) is chosen to
be equal to 3 · 10−6 for the case under consideration.

The calculation algorithm is organized as a two stage procedure. At the first stage,
the determination of the velocity field potential according to the Eq. (21)(21) is carried out.
For this aim, calculation of the coefficients 𝐴𝑛 and 𝐵𝑛 from the truncated system of the
algebraic equations (23)(23) with account of the expressions (16)(16), (20)(20) and (24)(24) is carried out
with the preset accuracy of 10−6 which is secured by comparison of the evaluation results
for sequentially increasing number of the equations in the truncated system. As soon as the
𝐴𝑛 and 𝐵𝑛 are found, the absolute value of the linear hydrodynamic acoustic pressure is
calculated with making use of the expression

𝑝 = −𝜌0
𝜕Φ

𝜕𝑡
= 𝑖𝜔𝑐−2

0 Φ.

At the second stage, the ARF itself is calculated making use of (44)(44) and (52)(52).
To characterize the pressure distribution in the vicinity of the spherical particle, the

dimensionless amplitude of pressure 𝑝 is calculated vs the excitation frequency 𝜔 for three
points of the tube cross-section passing through the center of the particle. The results are
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Fig. 2. Pressure vs incident wave frequency dependence
for three points of the central sphere cross-section:

solid — point on the sphere surface; dashed — point on the tube surface;
dash-dot — midpoint between surfaces of the tube and sphere
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shown in Fig. 2Fig. 2. Solid line corresponds to pressure at the point on the spherical particle
surface (𝑟 = 𝑟0), dashed line stands for the pressure on the tube surface (𝑅 = 1) and dash-
dot line illustrates the pressure variation at midpoint between surfaces of sphere and tube.
Figs. 2Figs. 2a, b and c plotted for normalized sphere radii 0.4, 0.6 and 0.9 respectively. Two peaks
in pressure values are observed approximately in the vicinity of frequencies 3.8 and 7.0 in
Fig. 2Fig. 2. In Fig. 2Fig. 2a (𝑟0 = 0.4), the first peak is quite small. It is due to the narrowness of the
region itself and the fact that calculation with fixed frequency step provides quite coarse set
of calculation points to catch the exact peak value. Amount of the peaks increases as the
particle radius grows. As it was shown in [44], the frequencies of these new emerging peaks
correspond to the natural frequencies of the fluid ring formed by the cross-section of the rigid
tube passing through the center of the sphere.

Having the pressure calculated, the radiation force can be determined as a function of
frequency. From the practical point of view, the influence of the rigid tube surface on the
ARF is of particular interest because the diffraction on the incident wave on surface of both
the particle and the tube wall can lead to complex unpredictable effects. Thus, the ARF
effect on the rigid spherical particle located in a fluid-filled cylindrical tube can be clarified by
comparison with the results obtained for the particle placed in an unbounded fluid. In order
to do this, the statement of the problem of solution determination for the wave equation (5)(5)
for the incident wave (4)(4) is developed. For the case of unbounded fluid space, the boundary
conditions (8)(8) and (9)(9) should be satisfied only. Solution of this problem is the form (20)(20)
exactly when all coefficients 𝐵𝑛 are equal to zero. Thus coefficients 𝐴𝑛 can be found as
follows

𝐴𝑛 = −𝑖𝑛(2𝑛+ 1)
𝑗′𝑛(𝜔𝑟0)

ℎ′
𝑛(𝜔𝑟0)

, 𝑛 = 0, 1, 2, . . .

Dependencies of the dimensionless values of the radiation force on the incident wave
frequency are presented in Fig. 3Fig. 3a to d for 𝑟0 = 0.1, 0.4, 0.6 and 0.8 respectively. All these
dependencies are depicted by the solid line in the figure. Dashed lines are reserved for case
of the spherical particle located in an unbounded fluid space.

In the Fig. 3Fig. 3a, behavior of the ARF for a ratio of spherical particle radius to the tube
radius of 0.1 is illustrated. Comparison of the cases of bounded tube and unbounded fluid
space shows two main differences. Contrary to the monotonic increase in the latter case,
the ARF affecting a spherical particle located in the fluid-filled tube demonstrates easily
recognizable maxima and can change the direction of the force. In this case, ARF acts on
the particle pushing it in the direction which is opposite to the direction of the incident wave.
This effect can apparently be associated with relatively weak scattering into the backward
hemisphere [66]. Comparison of Figs 3b to d shows that these effects become even more
prominent as the sphere radius increases. Peak values of the radiation force correspond to
the natural frequencies of the fluid ring formed by the cross-section of the cavity passing
through the center of the spherical particle [2828].

6. CONCLUSIONS

The following conclusions can be drawn from the data calculated. Technique of calcula-
tion of the ARF acting on the rigid spherical particle placed in the fluid-filled cylindrical tube
is elaborated. The cases of both rigid and elastic tube wall are considered. The technique
elaborated is applicable for ARF calculation with the preset accuracy. The values of the
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Fig. 3. Dependence of the ARF on the incident wave frequency. Particle is placed
in an unbounded fluid (dashed line) or in a cylindrical tube with rigid wall (solid line):

a — 𝑟0/𝑅0 = 0.1; b — 𝑟0/𝑅0 = 0.4; c — 𝑟0/𝑅0 = 0.6; d — 𝑟0/𝑅0 = 0.8
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ARF are estimated for the ranges of the incident wave frequency and the ratio between the
radii of a cylindrical tube and a spherical particle.

In the unbounded fluid, direction of the ARF acting on a rigid spherical particle located
in it coincides with the incident wave direction and increases monotonically as the frequency
rises. Complexity of the diffraction phenomena in the vicinity of a spherical particle placed
in the fluid-filled cylindrical tube with rigid or elastic wall causes complex character of the
ARF dependence on the incident wave frequency.

For the particle located in the fluid-filled cylindrical tube, the plane acoustic wave prop-
agating along the tube axis induces the ARF of the same or opposite direction depending on
the incident wave frequency. In this particular case, the sharp peaks in the ARF values are
observed in the vicinity of some frequencies. These maxima are attributed to the resonant
effects that occur at the frequencies that are close to the natural frequencies of the liquid
ring formed by the cross-section of the tube passing through the center of the rigid spherical
particle.

The developed technique which is based on the exact analytical solution with making
use of variables separation technique and mutual expansions of spherical wave functions over
the cylindrical ones and vice versa can be easily generalized to the case a finite number of
spherical particles arbitrarily located in a circular cylindrical tube with rigid or elastic wall.
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О. П. Жук, В. Д. Кубенко, Я. О. Жук
Розрахунок акустичної радiацiйної сили для жорсткої сферичної

частинки розташованої в заповненiй рiдиною цилiндричнiй трубцi з
жорсткими чи пружними стiнками

Розраховано акустичний тиск та акустичну радiацiйну силу (АРС), якi дiють на
сферичну тверду частинку, занурену в рiдину, що заповнює жорстку або пружну
цилiндричну трубку. Виведено вираз для АРС для випадку, коли падаюча хви-
ля є плоскою хвилею, що поширюється вздовж осi трубки. Акустичний тиск i
АРС визначенi як функцiї частоти первинної хвилi. Поставлену задачу розв’язано
з використанням ранiше отриманих виразiв для розсiювання плоскої гармонiчної
хвилi на сферичному тiлi. При цьому застосовано метод роздiлення змiнних. Най-
складнiшою частиною проблеми є виконання граничних умов на цилiндричних i
сферичних поверхнях. Задля цього використано взаємнi розклади сферичних хви-
льових функцiй по цилiндричних i навпаки. Точний аналiтичний розв’язок отрима-
но як розклад за спецiальною функцiєю. Коефiцiєнти розкладу обчислюються за
допомогою нескiнченної системи алгебраїчних рiвнянь, яка розв’язується методом
редукцiї. Результати моделювання показали, що наявнiсть цилiндричної граничної
поверхнi суттєво впливає на значення АРС. Це зумовлено впливом акустичної хви-
лi, розсiяної цилiндричною поверхнею трубки. Гострi резонансно-подiбнi пiки ви-
никають у тих самих мiсцях на залежностях АРС вiд частоти падаючої хвилi. Це
спричинено резонансною поведiнкою заповненого рiдиною цилiндра, тобто, наяв-
нiсть пiкiв при певних дискретних значеннях частоти зумовлена ??специфiчними
ефектами локалiзацiї та впливає на рух частинок у цилiндричнiй порожнинi, за-
повненiй рiдиною. Також виявлено, що залежно вiд частоти падiння хвилi, рух
частинок може змiнювати свiй напрямок. Цей ефект забезпечує наукове пiдґрунтя
для методу керування частинками, розташованими в заповнених рiдиною трубках
з жорсткими та пружними стiнками.

КЛЮЧОВI СЛОВА: акустична радiацiйна сила, цилiндрична трубка, сферична
частина, iдеальна стислива рiдина, плоска гармонiчна хвиля
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