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A self-similar flow with the splash jet generated by water entry of an expanding two-
dimensional arbitrarily shaped body is studied theoretically based on the incompress-
ible velocity potential theory. The flow is assumed to be irrotational, the liquid to
be ideal, and gravity and surface tension are ignored. The solution is obtained in the
form of integral equations using the integral hodograph method. It is shown the so-
lution with the detached splash jet exists in all ranges of expansion speeds from zero
to infinity. Detailed results in terms of pressure distribution, free surface shape and
streamlines, and contact angle of the splash jet are presented.
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1. INTRODUCTION

The similarity solutions play an important role in fluid mechanics. When a self-similar
solution exists, it enables variables in the governing equations to be combined into new ones,
and the number of variables is reduced as a result. It becomes particularly effective when a
partial differential equation becomes an ordinary one or an unsteady problem becomes steady
in the self similar variables. In some cases, such a transformation allows an explicit form
of the solution of the problem to be obtained, or the solution procedure to be significantly
simplified. The result can then provide some real insights into the physics of the problem.

For the liquid/structure impact problem, its mathematical modelling is very challenging
due to rapid changes of the free-surface shape and velocity in local areas, together with high
speed jets. The pioneering works on water impact problem based on impulse solution for a
plate were carried out by von Karman [11] and Wagner [22]. The complete linearized solution
of the water entry of a wedge was first proposed by Mackie [33]. Garabedian [44,55], extensively
studied main properties of the water-entry flows, including existence and uniqueness of the
similarity solutions and the limit of the contact angle between the free surface and the wedge.

Remarkable progress in the understanding of fluid/structure and fluid/fluid impact phe-
nomena has been achieved over the last decades, which has been based on further devel-
opment of Wanger’s theory together with the technique of matched asymptotic expansions
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(Armand and Cointe [66], Howison et al. [77], Korobkin [88]). Different simplified models for
the wedge entry problem have been also proposed by Greenhow [99], and Mei et al. [1010].

In general, the water-entry processes are fully transient, and the temporal and spatial
variables are fully independent. However, in some cases, especially at initial stage of impact
and/or in some local areas, the flow may be treated as self similar, which simplifies the
analysis and gives some insight into the flow topology during the impacts. Examples include
those by Cumberbatch [1111] for a liquid wedge impacting on a flat wall, Dobrovolskaya [1212]
and Zhao and Faltinsen [1313] for a symmetric solid wedge entering a calm water surface,
Semenov and Iafrati [1414] for water entry of an asymmetric wedge, Semenov et al. [1515] for an
impact between two liquids of the same density, Iafrati and Korobkin [1616] for flow near the
corner of a horizontal plate impacting a flat surface at the initial stage.

The problem of the expanding body entering the free surface has another physical impli-
cations. One of the practical problems is the wave flow generated by a fast ship, in which
the so called 2𝐷 + 𝑡 method has been both used in the simulation (Faltinsen [1717]) and in
the experiment (Shakeri et al. [1818]). In such a method, the flow at each transverse section
is considered as two-dimensional (2D). As the section under consideration moves along the
ship length from the bow, it effectively expands. For a fast ship with shaped sections, the
problem becomes that of an expanding body considered here. Similar problem arises during
ditching of an aircraft, that is an emergency condition that ends with the planned impact of
the aircraft with water (Climent et al. [1919]).

In this study we consider the nonlinear self-similar problem of the cylindrical body en-
tering the undisturbed flat free surface. In particular, the results in section 3 are presented
for a circular cylinder. The radius of the cylinder expands at a speed that is in a fixed
ratio to the entry speed. The integral hodograph method (Semenov and Cummings [2020]) is
used to derive analytical expressions for the complex velocity, for the complex potential and
mapping function, all defined in a parametric plane for which the first quadrant is chosen.
It enables the original partial differential equation with nonlinear boundary conditions on
the unknown free surface to be reduced to a system of integro-differential equations along
straight lines in the parametric plane. The coupled equations are then solved through suc-
cessive approximations. The solution contain one free parameter 𝑏, which determines the
speed of expansion of the body. As 𝑏→ 0, the expansion speed of the body and the velocity
at the tip of the splash approach infinity. However, at 𝑏 = 0 the singularity in the mapping
function corresponding to the tip of the splash jet disappears and the solution corresponds
to the splash jet attached to the body.

The results are provided through the streamlines, free surface shape and pressure distri-
butions along the wetted surface of the cylinder in the wide range of expansion speeds.

2. FORMULATION OF THE PROBLEM AND THE SOLUTION METHOD-
OLOGY

We consider an arbitrary shaped body which expands in time in a self-similar way during
its entry into a liquid of infinite depth at constant vertical velocity 𝑉 . The liquid is as-
sumed to be inviscid and incompressible, the flow is irrotational, gravity and surface tension
are ignored. The flow region in the physical complex plane 𝑍 = 𝑋 + 𝑖𝑌 , which bound-
ary consists of the wetted part of the body and the free surface, can be written through
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that in the stationary, or similarity plane 𝑧 = 𝑥 + 𝑖𝑦 in terms of the self-similar variables
𝑥 = 𝑋/(𝑉 𝑡), 𝑦 = 𝑌/(𝑉 𝑡):

𝑍(𝑆, 𝑡) = 𝑉 𝑡𝑧(𝑠), (1)

where 𝑡 is the time, 𝑆 and 𝑠 = 𝑆/(𝑉 𝑡) are the arc length coordinates in the physical and
stationary planes, respectively.

The complex-velocity potential 𝑊 (𝑍, 𝑡) for the self-similar flow can be written as

𝑊 (𝑍, 𝑡) = Φ(𝑍, 𝑡) + 𝑖Ψ(𝑍, 𝑡) = 𝑉 2𝑡𝑤(𝑧) = 𝑉 2𝑡[𝜙(𝑧) + 𝑖𝜓(𝑧)], (2)

where 𝜑 and 𝜓 are the velocity potential and the stream function in the similarity plane.

The problem is to determine the function 𝑤(𝑧) which conformally maps the similar-
ity plane 𝑧 onto the complex-velocity potential region 𝑤. For solving the problem we use
hodograph method and introduce a parameter plane 𝜁 as suggested by Joukovskii [2121] and
Michel [2222]. Instead of function 𝑤(𝑧), they proposed to find two complex functions both
defined in the 𝜁 is plane, which are the complex velocity, 𝑑𝑤/𝑑𝑧, and the derivative of the
complex potential, 𝑑𝑤/𝑑𝜁. Once these functions are found, the relation between the param-
eter and stationary planes can be determined as follows:

𝑧(𝜁) = 𝑧0 +

𝜁∫︁
0

𝑑𝑧

𝑑𝜁
𝑑𝜁 = 𝑧0 +

𝜁∫︁
0

𝑑𝑤/𝑑𝜁

𝑑𝑤/𝑑𝑧
𝑑𝜁, (3)

where 𝑧0 = 𝑧(𝜁)𝜁=0.

As suggested by Gurevich [2323] we chose the first quadrant of the 𝜁-plane shown in
(Fig. 1Fig. 1b) as the parameter region which corresponds to the flow region in the stationary
plane in (Fig. 1Fig. 1a). The origin of the Cartesian system of coordinates 𝑥𝑦 is chosen at the
bottom point of the body as shown in (Fig. 1Fig. 1a). The half space of the liquid with the flat
undisturbed free surface moves with constant velocity 𝑉 along 𝑦-axis and impacts the body
at time instant 𝑡 = 0. The flow is symmetric respect to 𝑦-axis, therefore, we can consider
only right hand side of the flow region. At the instant of impact points 𝐴,𝑂,𝐵 coincide with
the origin. Immediately after the impact 𝑡 > 0, the flow topology changes. The splash jet
𝑂,𝐵 with its tip angle 𝜇 at point 𝐵 and point 𝑂 of flow detachment are appear.

The functions 𝑑𝑤/𝑑𝑧 and 𝑑𝑤/𝑑𝜁 conformally map the parameter region onto the regions
of the complex velocity and the derivative of the complex potential. The basic theorem on
conformal mapping allows us to fix three arbitrary points in the parameter plane, which are
chosen as 𝑂𝐷 (a point at infinity) and 𝐴, as shown in (Fig. 1Fig. 1b). In this plane, the interval
0 < 𝜂 < 𝑏 of the imaginary axis corresponds to the splash jet 𝑂𝐵 and the interval 𝑏 < 𝜂 <∞
corresponds to the main free surface 𝐵𝐷. The interval 0 < 𝜂 < 1 of the real axis corresponds
to the wetted part of the body, and the rest of the positive real axis (1 < 𝜂 <∞) corresponds
to the symmetry line 𝐴𝐷. The point 𝜁 = 𝑖𝑏 in (Fig. 1Fig. 1b) is the image of the tip of the splash
jet in the similarity plane (point 𝐵). The parameter 𝑏 is unknown and have to be determined
from the solution. In order to determine the functions 𝑑𝑤/𝑑𝑧 and 𝑑𝑤/𝑑𝜁 we shall formulate
appropriate boundary-value problems for each of them in the 𝜁-plane.
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a b c

Fig. 1. Continuous and step changes are shown by solid lines and dashed lines, respectively
(for a blunt body, the angle 𝛼 = 𝜋/2):

a — similarity plane 𝑧 = 𝑥+ 𝑖𝑦, of the vertical water-entry of an expanding shaped body;
b — the 𝜁 plane where arrows in the closed line show the path of integration in (11)(11),

which is opposite to the direction of vector 𝜏 and variable 𝑆;
c — variation of the velocity angle 𝜔(𝜁) = arg(𝑣𝑠 + 𝑖𝑣𝑛)
to the flow boundary along the entire of the flow region

2.1. Expression for the complex velocity 𝑑𝑤/𝑑𝑧

At this stage we assume that the velocity direction along the body, or the function 𝛽(𝜉) =
− arg(𝑑𝑤/𝑑𝑧)𝜁=𝜉, and the velocity magnitude on the free surface 𝑂𝐵𝐷, or the function
𝑣(𝜂) = |𝑑𝑤/𝑑𝑧|𝜁=𝑖𝜂, are the known functions of the coordinates of the real and imaginary
axes, respectively. With these notations, we have

𝜒(𝜉) = arg

(︂
𝑑𝑤

𝑑𝑧

)︂
=

⎧⎨⎩ −𝛽(𝜉), 0 < 𝜉 < 1, 𝜂 = 0,

−𝜋/2, 1 < 𝜉 <∞, 𝜂 = 0.
(4)

⃒⃒⃒⃒
𝑑𝑤

𝑑𝑧

⃒⃒⃒⃒
= 𝑣(𝜂), 0 < 𝜂 <∞, 𝜉 = 0. (5)

The following integral formula (Semenov and Iafrati [1414], Semenov and Cummings [2020])
makes it possible to solve the mixed boundary value problem (4)(4) and (5)(5) respect to the
complex function 𝑑𝑤/𝑑𝑧:

𝑑𝑤

𝑑𝑧
= 𝑣∞ exp

⎡⎣ 1

𝜋

∞∫︁
0

𝑑𝜒

𝑑𝜉
ln

(︂
𝜁 + 𝜉

𝜁 − 𝜉

)︂
𝑑𝜉 − 𝑖

𝜋

∞∫︁
0

𝑑 ln 𝑣

𝑑𝜂
ln

(︂
𝜁 − 𝑖𝜂

𝜁 + 𝑖𝜂

)︂
𝑑𝜂 + 𝑖𝜒∞

⎤⎦ , (6)

where 𝑣∞ = 1 due to the chosen velocity at infinity (point 𝐷, 𝜁 → ∞) as the reference
velocity, 𝑉 , and 𝜒∞ = −𝜋/2 along the line of symmetry 𝐴𝐷′. The velocity direction, or the
function 𝜒(𝜉), has jump ∆𝜒𝐴 = 𝛼 at point 𝐴 (𝜉 = 1) since 𝛽(𝜉) → 𝜋/2 − 𝛼 as 𝜉 → 1 − 𝜀,
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and 𝛽(𝜉) = 𝜋/2 as 𝜉 → 1 + 𝜀, where 𝜀 → 0. Using (4)(4) and evaluating the integral over the
jump of the function 𝜒(𝜉), equation (6)(6) becomes

𝑑𝑤

𝑑𝑧
= 𝑣0

(︂
𝜁 − 1

𝜁 + 1

)︂𝛼/𝜋

×

× exp

⎡⎣ 1

𝜋

1∫︁
0

𝑑𝛽

𝑑𝜉
ln

(︂
𝜉 − 𝜁

𝜉 + 𝜁

)︂
𝑑𝜉 − 𝑖

𝜋

∞∫︁
0

𝑑 ln 𝑣

𝑑𝜂
ln

(︂
𝑖𝜂 − 𝜁

𝑖𝜂 + 𝜁

)︂
𝑑𝜂 − 𝑖(𝛽0 + 𝛼)

⎤⎦ , (7)

where 𝛽0 = 𝛽(𝜉)𝜉=0. The functions 𝛽(𝜉) and 𝑣(𝜂) will be determined later from the kinematic
and dynamic boundary conditions.

2.2. Expression for the derivative of the complex potential 𝑑𝑤/𝑑𝜁

In order to obtain expression for the derivative of the complex potential it is useful to
introduce the unit vectors 𝑛 and 𝜏 on the fluid boundary, which are normal and tangent to
the flow boundary, respectively. The former is directed outward from the liquid region, and
while one moves in the 𝜏 direction along the boundary, the arc length coordinate 𝑠 increases
and the liquid region is on the left hand side (see Fig. 1Fig. 1a). With these notations, we have

𝑑𝑤 = (𝑣𝑠 + 𝑖𝑣𝑛)𝑑𝑠 = 𝑣𝑒𝑖𝜔𝑑𝑠, (8)

where 𝜔(𝜁) = arg(𝑣𝑠 + 𝑖𝑣𝑛), 𝑣𝑛 and 𝑣𝑠 are the normal and tangential velocity components,
respectively. Variation of the function 𝜔(𝜁) along the entire boundary of the liquid region
is shown in (Fig. 1Fig. 1c). The arrows in (Fig. 1Fig. 1b) show the direction of variation of 𝜔(𝜁) only.
𝜔(𝜁)𝜁=𝜉 = −𝜋 on the interval 1 < 𝜉 <∞, since 𝑣𝑛 = 0 and 𝑣𝑠 < 0, and 𝜔(𝜁)𝜁=𝜉 = 𝛾(𝜉) on the
interval 0 < 𝜉 < 1 corresponding to the wetted part of the body. 𝜃(𝜂) = 𝜔(𝜁)𝜁=𝑖𝜂 changes
continuously along 𝑂𝐵 and 𝐵𝐷, or on the intervals (0, 𝑏) and (𝑏,∞) on the 𝜂 − 𝑎𝑥𝑖𝑠. At
point 𝐵 𝜃(𝜂) has a jump ∆𝐵 = −𝜋+𝜇, where 𝜇 is the angle at point 𝐵. Based on the above
considerations, we can write the function 𝜔(𝜁) as follows:

𝜔(𝜁) = arg

(︂
𝑑𝑤

𝑑𝑠

)︂
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

−𝜋, 1 < 𝜁 <∞, 𝜂 = 0,

𝛾(𝜉), 0 < 𝜁 < 1, 𝜂 = 0,

𝜆(𝜂), 𝜉 = 0, 0 < 𝜂 < 𝑏,

𝜆(𝜂) + ∆𝐵, 𝜉 = 0, 𝑏 < 𝜂 <∞,

(9)

where 𝜆(𝜂) is a continuous function (9)(9) allows us to determine the argument of the derivative
of the complex potential:

𝜗(𝜍) = arg

(︂
𝑑𝑤

𝑑𝜍

)︂
= arg

(︂
𝑑𝑤

𝑑𝑠

)︂
+ arg

(︂
𝑑𝑠

𝑑𝜍

)︂
= 𝜔(𝜁) + 𝜈,

𝜈 =

⎧⎨⎩ 0, 0 < 𝜉 <∞, 𝜂 = 0,

𝜋/2, 𝜉 = 0, 0 < 𝜂 <∞.

(10)
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The function 𝜆(𝜂) increases from 𝜆0 = 𝜃(𝜂)𝜂=0 = 𝛾(𝜉)𝜉=0 = 𝛾0 at point 𝑂 to 𝜆∞ = 𝜆(𝜂)𝜂→∞ =
𝜃(𝜂)𝜂→∞ + 𝜋 − 𝜇 = 3/2𝜋 − 𝜇 at point 𝐷 (see Fig. 1Fig. 1c). Therefore, the angle 𝜇 is determined
as 𝜇 = 3/2𝜋 − 𝜆∞.

The following integral formula (Semenov and Iafrati [1414], Semenov and Cummings [2020])
makes it possible to solve the uniform boundary value problem (9)(9) and (10)(10) respect to the
complex function 𝑑𝑤/𝑑𝜁:

𝑑𝑤

𝑑𝜁
= 𝐾 exp

⎡⎣ 1

𝜋

0∫︁
∞

𝑑𝜗

𝑑𝜉
ln(𝜁2 − 𝜉2)𝑑𝜉 +

1

𝜋

∞∫︁
0

𝑑𝜗

𝑑𝜂
ln(𝜂2 + 𝜁2)𝑑𝜂 + 𝑖𝜗∞

⎤⎦ , (11)

where 𝐾 is a real factor and 𝜗∞ = 𝜗(𝜁)|𝜁|→∞. By substituting (9)(9) and (10)(10) into (11)(11) and
evaluating the integrals over each step change of the function 𝜗(𝜁), we obtain

𝑑𝑤

𝑑𝜁
= 𝐾𝜁(𝜁2 + 𝑏2)

𝜇
𝜋
−1 exp

⎡⎣− 1

𝜋

∞∫︁
0

𝑑𝛾

𝑑𝜉
ln(𝜉2 − 𝜁2)𝑑𝜉 +

1

𝜋

∞∫︁
0

𝑑𝜆

𝑑𝜂
ln(𝜂2 + 𝜁2)𝑑𝜂 + 𝑖𝛾0

⎤⎦ . (12)

The integration of this equation allows us to obtain the function of the complex potential,
𝑤(𝜁):

𝑤(𝜁) = 𝑤𝐴 +𝐾

𝜁∫︁
1

𝜁 ′(𝜁 ′2 + 𝑏2)𝜇/𝜋−1×

× exp

⎡⎣− 1

𝜋

∞∫︁
0

𝑑𝛾

𝑑𝜉
ln(𝜉2 − 𝜁 ′2)𝑑𝜉 +

1

𝜋

∞∫︁
0

𝑑𝜆

𝑑𝜂
ln(𝜂2 + 𝜁 ′2)𝑑𝜂 + 𝑖𝛾0

⎤⎦ 𝑑𝜁 ′.
(13)

From (7)(7) and (12)(12) the derivative of the mapping function can be obtained as

𝑑𝑧

𝑑𝜁
=
𝐾

𝑣0
𝜁(𝜁2 + 𝑏2)𝜇/𝜋−1

(︂
𝜁 + 1

𝜁 − 1

)︂𝛼/𝜋

×

× exp

⎡⎣− 1

𝜋

∞∫︁
0

𝑑𝛽

𝑑𝜉
ln

(︂
𝜉 − 𝜁

𝜉 + 𝜁

)︂
𝑑𝜉 +

𝑖

𝜋

∞∫︁
0

𝑑 ln 𝑣

𝑑𝜂
ln

(︂
𝑖𝜂 − 𝜁

𝑖𝜂 + 𝜁

)︂
𝑑𝜂−

− 1

𝜋

∞∫︁
0

𝑑𝛾

𝑑𝜉
ln(𝜉2 − 𝜁2)𝑑𝜉 +

1

𝜋

∞∫︁
0

𝑑𝜆

𝑑𝜂
ln(𝜂2 + 𝜁2)𝑑𝜂 + 𝑖𝛾0

⎤⎦ .
(14)

Integration of the above equation in the parameter region yields the mapping function 𝑧 =
𝑧(𝜁) relating the parameter and similarity planes.

In the physical plane the position of point 𝐵, 𝑍𝐵 = 𝑉 𝑡𝑧𝐵, can be related to the particle
velocity at the tip of the splash jet, which is the constant 𝑉 𝑣𝐵𝑒

𝑖𝛽𝐵 . Thus we can write

|𝑧𝐵| = 𝑣𝐵, (15)
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where the left hand side 𝑧𝐵 = 𝑧(𝜁)𝜁=𝑖𝑏 and 𝑣𝐵 = 𝑣(𝜂)𝜂=𝑏 from which the parameter 𝐾 is
determined.

The parameter 𝑏 is the free parameter of the solution, which determines the expansion
speed of the cylinder. For steady Helmholtz flow point 𝐵 approached point 𝐷, or 𝑏 → ∞
as can be seen from (Fig. 1Fig. 1 b). The velocity magnitude on the free surface is constant,
𝑣(𝜂) ≡ 𝑣∞, or 𝑑 ln 𝑣/𝑑𝜂 ≡ 0 and the normal component of the velocity on the free surface
is zero, which means 𝜆(𝜂) ≡ 𝜃(𝜂) ≡ 0 and 𝛾(𝜉) ≡ 0. Then, the angle at point 𝐵 becomes
𝜇 = 3𝜋/2− 𝜆∞ = 𝜋/2. By substituting these expressions into (7)(7) and (12)(12) we obtain

𝑑𝑤

𝑑𝑧
= 𝑣0

(︂
𝜁 − 1

𝜁 + 1

)︂𝛼
𝜋

exp

⎡⎣ 1

𝜋

1∫︁
0

𝑑𝛽

𝑑𝜉
ln

(︂
𝜉 − 𝜁

𝜉 + 𝜁

)︂
𝑑𝜉 − 𝑖(𝛽0 + 𝛼)

⎤⎦ , (16)

𝑑𝑤

𝑑𝜁
= 𝐾𝜁, (17)

which is the solution for steady Helmholtz flow past the fixed curvilinear body.
Eqs. (7)(7), (12)(12)–(14)(14) contain the functions 𝛽(𝜉), 𝛾(𝜉), 𝑣(𝜂) and 𝜆(𝜂), which have to be

determined from the dynamic and kinematic boundary conditions on the free surface and
the wetted part of the body.

2.3. Determination of the functions 𝑣(𝜂) and 𝜆(𝜂) on the free surface

By exploiting the Bernoulli equation and taking the advantage of the flow self-similarity, the
dynamic boundary conditions on the free surface 𝑂𝐵𝐷 can be derived in the following form
(Semenov and Iafrati [1414]),

𝑑𝜆

𝑑𝜂
=
𝑣 + 𝑠 cos 𝜃

𝑠 sin 𝜃

𝑑 ln 𝑣

𝑑𝜂
, (18)

where 𝑑𝜆/𝑑𝜂 = 𝑑𝜃/𝑑𝜂 from (9)(9) is used. The arc length coordinate along the free surface
with its origin at point 𝐵 is determined as

𝑠(𝜂) = −
𝜂∫︁

𝑏

⃒⃒⃒⃒
𝑑𝑧

𝑑𝜁

⃒⃒⃒⃒
𝜁=𝑖𝜂′

𝑑𝜂′ = −
𝜂∫︁

𝑏

|𝑑𝑤/𝑑𝜁|𝜁=𝑖𝜂′

|𝑑𝑤/𝑑𝑧|𝜁=𝑖𝜂′
𝑑𝜂′ = −

𝜂∫︁
𝑏

1

𝑣(𝜂′)

⃒⃒⃒⃒
𝑑𝑤

𝑑𝜁

⃒⃒⃒⃒
𝜁=𝑖𝜂′

𝑑𝜂′, (19)

where 𝑑𝑤/𝑑𝜁 is used from (12)(12).
The kinematic boundary is obtained in the following form by exploiting the fact that the

acceleration of a liquid particle is orthogonal to the free surface along which the pressure is
constant:

1

tg 𝜃

𝑑 ln 𝑣

𝑑𝜂
=

𝑑

𝑑𝜂

[︂
arg

(︂
𝑑𝑤

𝑑𝑧

)︂]︂
. (20)

Determining the argument of the complex velocity from (7)(7) and substituting the result
into (20)(20) the following integral equation for the function 𝑑 ln 𝑣/𝑑𝜂 is obtained:

− 1

tg 𝜃

𝑑 ln 𝑣

𝑑𝜂
+

1

𝜋

∞∫︁
0

𝑑 ln 𝑣

𝑑𝜂′
2𝜂′

𝜂′2 − 𝜂2
𝑑𝜂′ =

2𝛼

𝜋

1

1 + 𝜂2
+

1

𝜋

∞∫︁
0

𝑑𝛽

𝑑𝜉

2𝜉

𝜉2 + 𝜂2
𝑑𝜂′. (21)
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The system of equations (15)(15) and (17)(17) enables us to determine the functions 𝜃(𝜂) and
𝑑 ln 𝑣/𝑑𝜂 along the imaginary axis of the parameter plane. Then, the velocity magnitude on
the free surface and the function 𝜆(𝜂) can be obtained from

𝑣(𝜂) = exp

⎛⎝−
∞∫︁
𝜂

𝑑 ln 𝑣

𝑑𝜂′
𝑑𝜂′

⎞⎠ , (22)

𝜆(𝜂) = 𝛾0 +

𝜂∫︁
0

𝑑𝜆

𝑑𝜂′
𝑑𝜂′. (23)

This gives the velocity 𝑣0 = 𝑣(𝜂)𝜂=0 and the contact angle 𝜇 = 2𝜋/3 − 𝜆∞, where
𝜆∞ = 𝜆(𝜂)𝜂→∞.

2.4. Determination of functions 𝛽(𝜉) and 𝛾(𝜉) on the body surface

The normal component of the velocity on the expanding body can be determined exploiting
the fact that the body surface 𝑍𝑏 = 𝑍𝑏(𝑆) is a given self-similar surface. By using the
self-similar variable 𝑧 = 𝑍/(𝑉 𝑡) we can write 𝑍𝑏 = 𝑉 𝑡𝑧𝑏(𝑠), and the slope of the body
𝛿𝑏(𝑆) = 𝛿𝑏(𝑠) = arg(𝑑𝑧𝑏/𝑑𝑠). With notation in (8)(8) and using 𝑑𝑠/𝑑𝑡|𝑆 = −𝑠/𝑡, we obtain

𝑑𝑊 = 𝑉 2𝑡𝑑𝑤 = 𝑉 2𝑡(𝑣𝑠 + 𝑖𝑣𝑛)𝑑𝑠 =
𝑑𝑍𝑏

𝑑𝑡
𝑑𝑍 = 𝑉 𝑡

𝑑𝑍𝑏

𝑑𝑡

𝑑𝑧𝑏
𝑑𝑠
𝑑𝑠 = 𝑉 2𝑡(𝑧𝑏 − 𝑒−𝑖𝛿𝑏𝑠)𝑒𝑖𝛿𝑏𝑑𝑠,

from which the normal component of the velocity on the body is obtained as

𝑣𝑛(𝑠) = Im (𝑧𝑏𝑒
𝑖𝛿𝑏(𝑠)). (24)

The tangential component of the velocity on the body can be determined with the notation
in (8)(8):

𝑣𝑠(𝜉) = Re

(︂
𝑑𝑤

𝑑𝑧

𝑑𝑧

𝑑𝑠

)︂
= Re

(︂
𝑑𝑤

𝑑𝑧

⃒⃒⃒
𝜁=𝜉

𝑒𝑖𝛿𝑏[𝑠(𝜉)]
)︂
, (25)

where

𝑠(𝜉) =

𝜉∫︁
1

𝑑𝑠

𝑑𝜉′
𝑑𝜉′ =

𝜉∫︁
1

⃒⃒⃒⃒
𝑑𝑧

𝑑𝜁

⃒⃒⃒⃒
𝜁=𝜉′

𝑑𝜉′ (26)

is the arc length coordinate along the body with its origin at point 𝐴, and 𝑑𝑧/𝑑𝜁 from (14)(14)
is used.

By using (24)(24), (25)(25) and the definition of the function 𝛾(𝜉)] we can obtain

𝛾(𝜉) = tg −1

{︂
Im (𝑧𝑏[𝑠(𝜉)]𝑒

𝑖𝛿𝑏[𝑠(𝜉)])

Re (𝑑𝑤/𝑑𝑧|𝜁=𝜉𝑒𝑖𝛿𝑏[𝑠(𝜉)])

}︂
. (27)

The angle 𝛿𝑏 between the unit vector 𝜏 and 𝑥-axis is determined by the given shape of the
body which can be expressed through the angles 𝛽 and 𝛾. Taking the argument of (14)(14) and
recall that 𝛽(𝜉) = − arg(𝑑𝑤/𝑑𝑧)𝜁=𝜉 and 𝜆(𝜉) = 𝜔(𝜁)𝜁=𝜉 = arg(𝑑𝑤/𝑑𝑠) we obtain 𝛿𝑏 = 𝛽 + 𝛾,
from which the function 𝛽(𝜉) is obtained as

𝛽(𝜉) = 𝛿𝑏[𝑠(𝜉)]− 𝛾(𝜉). (28)

The equations (27)(27) and (28)(28) allows us to determine the functions 𝛾(𝜉) and 𝛽(𝜉).
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2.5. The condition of flow detachment

According to the Brillouin–Villat criterion of flow detachment from shaped bodies, the cur-
vature of the free streamline should be equal to the curvature of the body at the point of
detachment. This criterion has been derived for steady flows (Brillouin [2424], Villat [2525]). We
show that this criterion is also valid to the determination of flow detachment for unsteady
flows.

We introduce the function 𝛿(𝜂) = 𝛽(𝜂)+𝜃(𝜂), which is the slope of the free surface. Here,
𝛽(𝜂) is the velocity direction on the free surface, which is obtained from (7)(7) at 𝜁 = 𝑖𝜂 as

𝛽(𝜂) = −Im

(︂
ln
𝑑𝑤

𝑑𝑧
|𝜁=𝑖𝜂

)︂
=

=
2𝛼

𝜋
arctan 𝜂 +

2

𝜋

1∫︁
0

𝑑𝛽

𝑑𝜉
arctan

𝜂

𝜉
𝑑𝜉 +

1

𝜋

1∫︁
0

𝑑 ln 𝑣

𝑑𝜂′
ln

⃒⃒⃒⃒
𝜂′ − 𝜂

𝜂′ + 𝜂

⃒⃒⃒⃒
𝑑𝜂′ + 𝛽0.

(29)

On the free surface in (8)(8) 𝜔(𝜁)𝜁=𝑖𝜂 = 𝜃(𝜂), therefore we can write 𝑑𝑤/𝑑𝑠 = 𝑣𝑒𝑖𝜃. On the
other hand, 𝑑𝑤/𝑑𝑠 = (𝑑𝑤/𝑑𝑧)(𝑑𝑧/𝑑𝑠) = 𝑒𝑖𝛿𝑑𝑤/𝑑𝑧. Thus, we have the following relation:

𝑣𝑒𝑖𝜃 =
𝑑𝑤

𝑑𝑧
𝑒𝑖𝛿. (30)

By differentiating the left- and right-hand sides of the above equation with respect to 𝑠 we
obtain

𝑣𝑒𝑖𝜃
(︂
𝑑 ln 𝑣

𝑑𝑠
+ 𝑖

𝑑𝜃

𝑑𝑠

)︂
= 𝑒2𝑖𝛿

𝑑2𝑤

𝑑𝑧2
+ 𝑖𝑒𝑖𝛿

𝑑𝑤

𝑑𝑧

𝑑𝛿

𝑑𝑠
. (31)

The term 𝑑2𝑤/𝑑𝑧2 on the right-hand side of the above equation is a bounded function because
the complex velocity given by (7)(7) is the analytical function, which is finite at the point of
flow detachment. From the above equation it follows that the function |𝑑𝜃/𝑑𝑠| < ∞ if the
curvature of the free surface is also bounded, |𝑑𝛿/𝑑𝑠| <∞.

The curvature of the free surface can be determined as 𝜅 = 𝑑𝛿/𝑑𝑠 which at the detachment
point 𝑂 is

𝜅𝑂 = lim
𝑠→0

(︂
𝑑𝛽

𝑑𝑠
+
𝑑𝜃

𝑑𝑠

)︂
= lim

𝜂→0

𝑑𝛽
𝑑𝜂

𝑑𝑠
𝑑𝜂

+ lim
𝑠→0

𝑑𝜃

𝑑𝑠
. (32)

Differentiating (29)(29) and taking into account that the leading order of 𝑑𝑠/𝑑𝜂 at point 𝑂
(𝜂 = 0) is

𝑑𝑠

𝑑𝜂
∼ −𝐾1𝜂

𝑣(𝜂)
, (33)

where

𝐾1 = 𝐾𝑏
2𝜇
𝜋
−2 exp

⎡⎣− 2

𝜋

∞∫︁
0

𝑑𝛾

𝑑𝜉
ln 𝜉𝑑𝜉 +

2

𝜋

∞∫︁
0

𝑑𝜆

𝑑𝜂′
ln 𝜂′𝑑𝜂′

⎤⎦ ,
we obtain

𝜅𝑂 = lim
𝜂→0

⎡⎣−𝑣(𝜂)
𝐾1𝜂

⎛⎝2𝛼

𝜋

1

1 + 𝜂2
+

2

𝜋

1∫︁
0

𝑑𝛽

𝑑𝜉

𝜉𝑑𝜉

𝜉2 + 𝜂2
− 2

𝜋

1∫︁
0

𝑑 ln 𝑣

𝑑𝜂′
𝜂′𝑑𝜉

𝜂′2 − 𝜂2

⎞⎠⎤⎦+
𝑑𝜃

𝑑𝑠

⃒⃒⃒⃒
𝑠=0

. (34)
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From (34)(34) it follows, that the curvature of the free surface takes a finite value if the expression
in the parenthesis tends to zero as 𝜂 → 0. In other case, the curvature becomes infinite that
leads to the intersection of the body and the free surface. Thus, the following condition is
obtained,

1

𝜋

1∫︁
0

𝑑𝛽

𝑑𝜉

𝑑𝜉

𝜉
− 1

𝜋

1∫︁
0

𝑑 ln 𝑣

𝑑𝜂′
𝑑𝜂′

𝜂′
+
𝛼

𝜋
= 0, (35)

from which the position of the point of flow detachment, which affects the function 𝑑𝛽/𝑑𝜉 =
(𝑑𝛽/𝑑𝑠)× (𝑑𝑠/𝑑𝜉) is determined.

In order to evaluate the curvature of the free surface at point 𝑂 (𝜂 → 0), we differentiate
the numerator and denominator of (34)(34) to resolve its indeterminate, then obtain

𝜅𝑂 =
𝑑𝜃

𝑑𝑠

⃒⃒⃒⃒
𝑠=0

+

+ lim
𝜂→0

⎡⎣− 1

𝐾1

𝑑 ln 𝑣

𝑑𝜂

⎛⎝2𝛼

𝜋

1

1 + 𝜂2
+

2

𝜋

1∫︁
0

𝑑𝛽

𝑑𝜉

𝜉𝑑𝜉

𝜉2 + 𝜂2
− 2

𝜋

1∫︁
0

𝑑 ln 𝑣

𝑑𝜂′
𝜂′𝑑𝜉

𝜂′2 − 𝜂2

⎞⎠+

+
2𝑣𝜂

𝐾1

⎛⎝2𝛼

𝜋

1

(1 + 𝜂2)2
+

2

𝜋

1∫︁
0

𝑑𝛽

𝑑𝜉

𝜉𝑑𝜉

(𝜉2 + 𝜂2)2
− 2

𝜋

1∫︁
0

𝑑 ln 𝑣

𝑑𝜂′
𝜂′𝑑𝜉

(𝜂′2 − 𝜂2)2

⎞⎠⎤⎦ .
(36)

The first term in the above equation equals zero due to (35)(35). In order to evaluate the second
term containing the singular integrals, we have to estimate the leading order of the functions
𝑑 ln 𝑣/𝑑𝜂 at 𝜂 → 0 and 𝑑𝛽/𝑑𝜉 at 𝜉 → 0:

𝑑 ln 𝑣

𝑑𝜂

⃒⃒⃒⃒
𝜂→0

=
𝑑 ln 𝑣

𝑑𝑠

⃒⃒⃒⃒
𝑠→0

𝑑𝑠

𝑑𝜂

⃒⃒⃒⃒
𝜂→0

∼ 𝜂1+𝜀, 𝜀 ≥ 0. (37)

𝑑𝛽

𝑑𝜉

⃒⃒⃒⃒
𝜉→0

=
𝑑𝛽

𝑑𝑠

⃒⃒⃒⃒
𝑠→0

𝑑𝑠

𝑑𝜉

⃒⃒⃒⃒
𝜉→0

=

(︂
𝑑𝛿𝑏
𝑑𝑠

⃒⃒⃒⃒
𝑠→0

− 𝑑𝛾

𝑑𝑠

⃒⃒⃒⃒
𝑠→0

)︂
𝑑𝑠

𝑑𝜉

⃒⃒⃒⃒
𝜉→0

∼
(︂
𝜅𝑏 −

𝑑𝛾

𝑑𝑠

⃒⃒⃒⃒
𝑠→0

)︂
𝐾1

𝑣0
𝜉, (38)

where 𝜅𝑏 = −(𝑑𝛿𝑏/𝑑𝑠)𝑠=0 is the curvature of the body at the point of flow detachment.
By substituting the estimates (37)(37) and (38)(38) of the functions 𝑑 ln 𝑣/𝑑𝜂 and 𝑑𝛽/𝑑𝜉 into the

corresponding integrals in (36)(36) and taking into account that

lim
𝜂→0

𝜂

∞∫︁
0

𝜂′2+𝜀𝑑𝜂′

(𝜂′2 − 𝜂2)2
= 0, lim

𝜂→0
𝜂

∞∫︁
0

𝜉′2𝑑𝜉′

(𝜉′2 + 𝜂2)2
=
𝜋

4
(39)

we can find that the curvature of the free surface at the point of flow separation is equal to
the curvature of the body, i.e.,

𝜅𝑂 = 𝜅𝑏 −
𝑑𝛾

𝑑𝑠

⃒⃒⃒⃒
𝑠=0

+
𝑑𝜃

𝑑𝑠

⃒⃒⃒⃒
𝑠=0

= 𝜅𝑏, (40)

where (𝑑𝛾/𝑑𝑠)𝑠=0 = (𝑑𝜃/𝑑𝑠)𝑠=0 that follows from the definition of functions 𝛾(𝜉) = 𝜔(𝜁)𝜁=𝜉

and 𝜃(𝜂) = 𝜔(𝜁)𝜁=𝑖𝜂.
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The system of integral equations (18)(18), (21)(21), (27)(27), (28)(28) lets us to determine the unknown
functions 𝜃(𝜂), 𝑣(𝜂), 𝛾(𝜉) and 𝛽(𝜉), and (35)(35) determines the position of flow detachment.
Once these functions are found, the free surface and the velocity field can be determined
through the government expressions (7)(7), (12)(12)–(14)(14).

The pressure coefficient 𝑐𝑝 based on the ambient pressure, 𝑃𝑎, and normalized by 𝜌𝑉 2/2
where 𝜌 is the liquid density, can be evaluated in the same way as for the self-similar problem
of impact between two liquid wedges (Semenov, Wu, Oliver [1515]). By choosing the location of
the reference point in Bernoulli equation at the stagnation point 𝐴 and taking the advantage
of self-similarity, we can determine the pressure coefficient at any point of the flow region
using

𝑐*𝑝 =
2(𝑃 − 𝑃𝐴)

𝜌𝑉 2
= Re

(︂
−2𝑤 + 2𝑧

𝑑𝑤

𝑑𝑧

)︂
−
⃒⃒⃒⃒
𝑑𝑤

𝑑𝑧

⃒⃒⃒⃒2
. (41)

Then, the pressure coefficient based on the ambient pressure, 𝑃𝑎, is determined as follows:

𝑐𝑝(𝜉) =
2(𝑃 − 𝑃𝑎)

𝜌𝑉 2
= 𝑐*𝑝(𝜉)− 𝑐*𝑝(𝜉)𝜉=0. (42)

3. RESULTS AND DISCUSSION

The formulation of the problem and its solution derived in section 2 makes it possible
to consider arbitrary shaped bodies including a wedge of the half-angle 𝛼, that has been
studied by Semenov and Wu [2626]. In this section we have presented results for a circular
cylindrical of radius 𝑅, which expands in time at constant speed 𝑉𝑅 during its entry into
the liquid of infinite depth at constant vertical velocity 𝑉 . The general solution contains the
free parameter 𝑏 which determines the relative expansion speed 𝑢 = 𝑉𝑅/𝑉 .

The solution procedure of the system of integral equations is similar to that in Semenov
and Wu [2626], and it is based on the method of successive approximations. In discrete form,
the solution is sought on a fixed set of points 𝜉𝑗, 𝑗 = 1, . . . ,𝑀 distributed along the real axis
of the parameter region and on a fixed set of points 𝜂𝑗, 𝑗 = 1, . . . , 𝑁 distributed along the
imaginary axis. The intervals (𝜂1, 𝜂𝑁𝑏

) and (𝜂𝑁𝑏
, 𝜂𝑁) correspond to the segments 𝑂𝐵 and

𝐵𝐷, respectively. The nodes 𝜂𝑗 are distributed as a geometric series with higher density near
the singular point 𝜂𝑁𝑏

= 𝑏 corresponding to the tip of the splash jet. The integrand of (19)(19)
determining the arc length coordinate has singularity |𝜂 − 𝑏|𝜇/𝜋−1 that requires to evaluate
the nodes 𝑠𝑁𝑏−1 and 𝑠𝑁𝑏+1 nearest to point 𝐵 analytically. Using (19)(19) we obtain

𝑠{𝑁−1,𝑁+1} = ∓ 𝜋𝐾𝑏𝜇/𝜋

𝜇𝑣𝐵21−𝜇/𝜋
×

× exp

⎡⎣− 1

𝜋

∞∫︁
0

𝑑𝛾

𝑑𝜉
ln(𝜉2 + 𝑏2)𝑑𝜉 +

1

𝜋

∞∫︁
0

𝑑𝜆

𝑑𝜂′
ln |𝜂′2 − 𝑏2|𝑑𝜂′

⎤⎦ |𝜂{𝑁−1,𝑁+1} − 𝑏|𝜇/𝜋,
(43)

where 𝑣𝐵 = 𝑣(𝜂)𝜂=𝑏. It is seen that the smaller contact angle 𝜇, the larger arc lengths of the
nodes 𝑠𝑁𝑏−1 and 𝑠𝑁𝑏+1 nearest to the tip of the splash jet (point 𝐵).

The angle of the splash jet is an important parameter because it influences the spatial
arc length coordinate starting at the tip of the jet. If we are able to obtain a good accuracy
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Tab. 1. Tip angle of the splash jet and the length of the node 𝑠𝑁𝑏−1 nearest to the tip
of the jet in the similarity plane referred to the length of the splash jet at 𝑏 = 10−5.
The columns correspond to different intervals between the singular point 𝜂𝑁𝑏

= 𝑏
and the nearest node 𝜂𝑁𝑏−1. The rows correspond to different numbers of nodes

𝜇/𝜋 𝑠𝑁𝑏−1/𝑠𝑂𝐵

𝑏− 𝜂𝑁𝑏−1 𝑁 = 100 𝑁 = 200 𝑁 = 400 𝑁 = 100 𝑁 = 200 𝑁 = 400

10−6 0.000606 0.000567 0.000547 0.99764 0.99830 0.99833
10−7 0.000611 0.000569 0.000551 0.99518 0.99596 0.99604
10−8 0.000617 0.000572 0.000553 0.99230 0.99354 0.99361

for the jet angle, then we can be sure that the accuracy for the other parameters is good
too. Tab. 1Tab. 1 gives the splash jet angle 𝜇 and the of the arc lengths of the nodes 𝑠𝑁𝑏−1 and
𝑠𝑁𝑏+1 referred to the length of the splash jet between points 𝑂 and 𝐵, 𝑠𝑂𝐵, predicted for
𝑏 = 10−5. It is seen that the arc length of the node 𝑠𝑁𝑏−1 is about 99

The solution converges when both the number 𝑁 → ∞ and the smallest interval ∆ → 0.
At a fixed ∆ the accuracy is increased with increasing 𝑁 . The node distribution geometry
is such that for too small values of ∆ the node density becomes higher near the singular
points and lower for the rest of the corresponding interval, which may decrease the overall
integration accuracy. The values ∆ = 10−6, 𝑁 = 400 and 𝑀 = 200 have been found
sufficiently to provide reasonable accuracy of results.

In Fig. 2Fig. 2 are shown the streamline patterns at different values of 𝑏, or the expansion speed
𝑢. The wetted surface of the cylinder is shown by the thick line and non wetted surface is
shown by the dashed line. The slopes of the streamlines show the instant flow velocity
direction, and their density shows the velocity magnitude, since the flowrate between the
streamlines is constant. The higher density of the streamlines occurs near the core of the
splash jet. The tip angle of the splash jet is so small that lines corresponding to the sides
of the jet are overlaps. The zero streamline starting at the origin divides the inflow liquid
coming from infinity and the liquid displayed by the cylinder due to its expansion. In Fig. 2Fig. 2
it is also seen that the larger expansion speed, the larger length of the splash jet, while its
inclination to the 𝑥-axis becomes smaller. At the large expansion speeds, the length of the
splash jet becomes comparable with the length of the wetted part of the cylinder.

For the flow patterns shown in (Fig. 2Fig. 2b–e) the expansion speed gradually decreases. The
angle of flow detachment from the cylinder, 𝛿𝑜, measured from the bottom point increases
for the expansion speeds in the range 0.8 < 𝑢 <∞, and then it starts to decrease for further
decrease of the expansion speed in the rang 0 < 𝑢 < 0.8. For the very small expansion speed
shown in (Fig. 2Fig. 2f) the angle 𝛿𝑜 approaches the value 𝛿𝑜 = 55∘ which is the angle of flow
detachment for the steady flow past a circular cylinder (Gurevich [2323]). In this case, the
length of the free surface 𝑂𝐵 increases forming the cavity. The flow approaches the steady
free streamline flow past the cylinder of the fixed size. It is known that the half width of the
steady cavity, 𝑋𝑐, tends to infinity at a rate of 𝑋𝑐 ∼ ln𝑌𝑐 ∼ ln𝑉 𝑡. However, in the similarity
plane the coordinate 𝑥𝑐 = 𝑋𝑐/(𝑉 𝑡) ∼ ln𝑉 𝑡/(𝑉 𝑡) → 0 as it seen in (Fig. 2Fig. 2f).

The drag force coefficient 𝐶𝐷 is obtained by integration of the pressure along the wetted
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a b

c d

e f

Fig. 2. The free surface shape and streamlines for different expansion speeds of a circular cylinder:

a — 𝑢 = 195, 𝑏 = 10−6; b — 𝑢 = 18.6, 𝑏 = 10−4; c — 𝑢 = 10.01, 𝑏 = 5 · 10−4;
d — 𝑢 = 1.94, 𝑏 = 10−2; e — 𝑢 = 0.837, 𝑏 = 0.1; f — 𝑢 = 0.0487
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a b

Fig. 3. Impact force on an expanding circular cylinder entering water with constant velocity:

a — as a function of expansion velocity 𝑢, b — as a function of detachment angle 𝛿0;

solid lines — present predictions, dashed line — model of expansion flat plate,
dash-dotted line in a — ratio of the force coefficients corresponding to the expanding circle and flat plat,

dash-dotted line in b — expansion velocity

part of the cylinder:

𝐶𝑑 =
2

𝜌𝑉 2𝑅

𝑆𝐴∫︁
𝑆𝑂

[𝑃 (𝑆)− 𝑃𝑎] cos 𝛿𝑏(𝑆)𝑑𝑆 =
1

𝑢

1∫︁
0

𝑐𝑝[𝑠(𝜉)] cos 𝛿𝑏[𝑠(𝜉)]
𝑑𝑠

𝑑𝜉
𝑑𝜉, (44)

where 𝑅 = 𝑉 𝑢𝑡 is the radius of the cylinder.
For comparison purposes we compute the drag force based on the Wagner’s slamming

model, which is based on the flat plate approximation of the shaped body. In this model
the flat plate links the core points of the splash jets on the left and right hand sides of the
body. The force predicted by Wagner model for the case of the constant entry speed can be
expressed analytically (Faltinsen [1717]):

𝐹 = 𝜌𝜋𝑉 𝐿
𝑑𝐿

𝑑𝑡
= 𝜌𝑉 2𝑅𝐶𝑑𝑝, (45)

where 𝐿 the half length of the flat plate, and 𝐶𝑑𝑝 is the force coefficient. This equation is
obtained assuming that the local fluid accelerations much higher that convective term in the
Euler equation, or the term 𝑣2/2 in Bernoulli equation can be neglected. In the case of the
expanding circular cylinder, the half length of the equivalent flat plate is 𝐿 = 𝑅 sin 𝛿0 =
𝑉 𝑡𝑢 sin 𝛿0 (see Fig. 1Fig. 1a), and the angle of flow detachment 𝛿0 is constant. We note that the
core point of the splash jet and the point of flow detachment are very close each other, as it
is seen in Fig. 2Fig. 2 at the large expansion speeds. By substituting 𝐿 into above equation, we
obtain the coefficient of the drag force coefficient as

𝐶𝑑𝑝 = 𝜋𝑢 sin2 𝛿𝑜(𝑢). (46)

In Fig. 3Fig. 3 are shown the force predicted by the expanding circular cylinder and the ex-
panding flat plate models. It is seen in (Fig. 3Fig. 3a), that agreement between these models is
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quite good. The dash-dotted line in (Fig. 3Fig. 3a) shows the ratio of these force coefficients. This
ratio changes between 0.8 and 1.1 in the range of the expansion velocities 0.5 < 𝑢 < 100.
For smaller expansion speeds, the force predicted the circular cylinder model becomes larger
than that based on the flat plate model. It is due to the fact that 𝐶𝑑𝑝 → 0 as 𝑢→ 0 according
to (45)(45), while the self-similar solution predicts the force corresponding to the steady flow
past the circular cylinder. The force coefficient as function of the angle of flow detachment
is shown in (Fig. 3Fig. 3b). A good agreement could be expected for large expansion velocities, or
for the cases corresponding to (Fig. 2Fig. 2a) and (Fig. 2Fig. 2b), for which the local deadrise angles are
relatively small. However, the same good agreement occurs for larger local deadrise angles
up to 𝛿0 = 1.9 rad, or 110∘. These results show that the model based on the flat plate
approximation of a shaped body can predict the force quite well if the point of intersection
of the free surface and the body has been determined precisely.

The expansion velocity 𝑢, the angle of flow detachment, 𝛿0, the tip angle of the splash
jet, 𝜇, and the drag coefficients, 𝐶𝑑 and 𝐶𝑑𝑝, for various values of the parameter 𝑏 are shown
in Tab. 2Tab. 2. We note, that force coefficients 𝐶𝑑 and 𝐶𝑑𝑝 about twice larger than that for a
cylinder of the fixed radius, 𝑅*, at small deadrise angles predicted by the Wagner’s model
(Oliver [2727]). This difference shows the effect of flow history before time 𝑡 = 𝑅*/𝑉 𝑢 at which
the radius of the expanding cylinder 𝑅 = 𝑉 𝑡𝑢 = 𝑅*.

The results in Tab. 2Tab. 2 show that for 𝑏→ 0 the angle of the splash jet, 𝜇, tends to zero, and

Tab. 2. Main reference parameters for water-entry of an expanding circular cylinder
with detached splash jet. In the last line are shown the values corresponding

to the steady flow past a circular cylinder (Gurevich [2323])

𝑢 𝑏 𝛿0 𝜇/𝜋 𝐶𝑑 𝐶𝑑𝑝

108.78142 0.00001 0.193121 0.000550 14.0868 12.11771
41.55721 0.00005 0.31924 0.001414 13.7964 12.58802
27.65391 0.0001 0.39457 0.002131 13.2002 12.85957
10.99848 0.0005 0.64111 0.005596 11.1197 12.83803
7.01799 0.001 0.81758 0.009264 9.796 12.35972
4.10257 0.0025 1.08471 0.017411 7.9778 11.73287
2.78384 0.005 1.31627 0.027933 6.5717 10.0757
2.24591 0.0075 1.45413 0.036389 5.7907 8.191236
1.9481 0.01 1.54699 0.04310 5.2751 6.960128
1.42923 0.02 1.74132 0.063460 4.2287 6.116664
1.0313 0.05 1.90483 0.09384 3.2406 4.360752
0.8387 0.1 1.94022 0.12134 2.7027 2.89372
0.6899 0.2 1.87870 0.15255 2.2778 2.291327
0.5012 0.5 1.61454 0.20051 1.7345 1.968317
0.3230 1 1.32409 0.24315 1.2694 1.571554
0.1464 2 1.10389 0.28943 0.8814 0.954216
0.0477 4 1.00520 0.33597 0.6708 0.366741
0.0131 8 0.97289 0.37923 0.5761 0.106814

0 ∞ 0.959931 – 0.4986
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the length of the splash jet increases. However, the flow configuration for 𝑏 → 0 is different
from that for the case 𝑏 = 0, for which points 𝐵 and 𝑂 coincides, and the singularity at
point 𝐵 merges with zero at point 𝑂 that results in singularity of order 2𝜇/𝜋 − 1 at point
𝑂.

4. CONCLUSIONS

Analytical self-similar solutions for water entry of an expanding shaped body with flow
detachment have been presented. The integral hodograph method has been employed to
derive the complex potential of the flow defined in the parameter plane and the mapping
function providing the relation between the similarity and parameter planes. Through the
method, the problem is reduced to a system of integral and integro-differential equations
after the dynamic and kinematic boundary conditions on the free surface and the body are
imposed. The Brillouin–Villat condition of flow detachment has been reconsidered for the
case of unsteady flows. It was shown that it keeps the same form as it is for steady flows.
The curvature of the free surface at the point of flow detachment has been derived and shown
that the Brillouin–Villat criterion of flow detachment is satisfied for unsteady flows too.

The solution of the problem includes a free parameter 𝑏 whose choice determines the
expansion speed of the body and covers two limiting cases. For 𝑏→ ∞, the expansion speed
𝑢 = 0, thus the steady free-streamline Helmholtz flow past the shaped body with infinite
cavity is obtained as the special case. For 𝑏 = 0 the solution describes the flow with the
splash jet attached to the body. The analysis of the obtained results and their comparisons
with that based on the simplified expanding flat plate model revealed that the difference
of the predicted force is less than 20% in the wide range of local deadrise angles from 0
to 110 degrees. At the same time the drag force predicted by the model of the expanding
circular cylinder is about twice larger than that corresponding to water impact of a circular
cylinder of the fixed size. This may occurs due to the different elevation of the free surfaces
corresponding to water entry of the expanding cylinder and that of a fixed size.
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Ю. М. Савченко, Ю. А. Семенов, О. I. Наумова
Удар об воду цилiндричного тiла, що розширюється

На основi теорiї потенцiалу нестисливої швидкостi теоретично вивчено автомодель-
ний потiк з бризковим струменем, який утворено внаслiдок входу у воду двови-
мiрного тiла довiльної форми, що розширюється. Потiк вважався безвихровим, а
рiдина — iдеальною, гравiтацiя i поверхневий натяг не враховувались. Розв’язок
отримано у виглядi iнтегральних рiвнянь з використанням iнтегрального методу
годографа. Показано, що розв’язок з вiд’єднаним бризковим струменем iснує в
усьому дiапазонi швидкостей розширення вiд нуля до нескiнченностi. Представле-
но докладнi результати з точки зору розподiлу тиску, форми вiльної поверхнi й
лiнiй течiї, контактного кута бризкового струменя.

КЛЮЧОВI СЛОВА: вхiд у воду, течiя з вiльною поверхнею, бризковий струмiнь

Ю. Н. Савченко, Ю. А. Семенов, Е. И. Наумова
Удар о воду расширяющегося цилиндрического тела

На основе теории потенциала несжимаемой скорости теоретически изучен автомо-
дельный поток с брызговой струей, создаваемой входом в воду расширяющегося
двумерного тела произвольной формы. Поток считался безвихревым, жидкость
идеальная, гравитация и поверхностное натяжение не учитывались. Решение по-
лучено в виде интегральных уравнений с использованием интегрального метода
годографа. Показано, что решение с отсоединенной брызговой струей существует
во всем диапазоне расширения скоростей от нуля до бесконечности. Представлены
подробные результаты с точки зрения распределения давления, формы свободной
поверхности и линий тока, контактного угла брызговой струи.

КЛЮЧЕВЫЕ СЛОВА: вход в воду, течение со свободной поверхностью, брызговая
струя
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