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IIpenuciosue

duznacckuii MHpP TIOAYUHACTCA OTIPCICTICHHBIM
3aKOHOMEPHOCTSM, TPEACTABISIOIIUM OOBCKTUBHO CYIIECCTBYIOIINE
B3aUMOCBSI3U MCXKIY Pa3INyHbIMH €ro OObEeKTaMH. 3HAHHUC U Y4ET
3TUX  3aKOHOMEPHOCTEH MO3BOJNSAIOT MPOEKTUPOBATHL  CIOMKHBIE
CUCTEMBI, TNPEACKa3blBaTh XOJA PAa3BUTHSA COOBITHI, NpEABUICThH
TIOCIIC/ICTBUS IPUHUMAEMBIX PEIISHUH.

PeanpHbic 3aKOHOMEPHOCTH HOCAT CIOXHEIN Xapaktep. Jms ux
MIPEICTABNICHUS] HUCTONB3YIOT PA3NIMYHBIE MATEMATHYCCKUE MOJEIH,
Yale BCEro JeTCPMUHHPOBAHHBIC U CITyYalHbIEe (CTOXaCTHYECKHUE).

JleTepMUHUPOBAHHBIE MOJETH XOPOIIO OMNUCHIBAKOT MHOTHE
3aKOHbl (M3HKHW, B HYaCTHOCTH, MEXaHUKH, AaKyCTHKH, ONTHKH,
panuohu3nKy; cIydailHple MOJICIH — PA3JIMYHBIC MACCOBBIC SBICHMUS,
HaOMI0JacMble B CTATUCTUYCCKU CTAOWIBHBIX YCIOBHSIX.

Oxkpyxaronuii MUp AUHAMHUYHO pa3BuBaeTcs. [Ipu 3ToM cBOMCTBA
uccielyeMblX 0ObCKTOB M CTATUCTHYCCKUE YCIOBUS UX HAOMFOACHUS
HempeackazyemMo MeHsioTcsi. Onucanue MacCOBBIX SIBICHUN B
HECTaOWIbHBIX YCIIOBHAX BBI3BIBACT 3HAUYHTENIBHBIC TPYAHOCTH.

IMouck 3h¢heKTHBHBIX CpEeACTB aJeKBATHOTO MpeACTaBICHUS
pEANbHOTO MHpa MPUBES K HOBOMY KJIAacCy MOJENCH, B KOTOPHIX B
KayecTBe aOCTPAKTHBIX MATEMATHUYECKUX OOBEKTOB BBICTYIAKOT TaK
Ha3bIBAaCMble THIEPCIyYaliHble SABJICHHA (COOBITHSA, BEJIHYHUHBI U
(OYHKIMH).

Teopus rUNepcAydYalHBIX SIBICHUH KaK  CaMOCTOSTCIBLHOC
HaIpaBJICHUE TEOPUHU BEPOATHOCTEM M MATEMAaTUYECKOW CTaTUCTHUKU
Havaso GOpMUPOBATHCS CPABHUTENBHO HEAABHO. V3JIOKECHUIO OCHOB
HOBOM TCOPUH U METOJOB MOJCIMPOBAHUA (DHU3UUECKUX OOBEKTOB C
MOMOUILI0 TUTICPCIYYAUHBIX MOJENed TIOCBAIIEHA MpejiaracMas
MOHOTpadus.




BBEJEHHE

OHHOﬁ H3 OCHOBHBIX HDO6J'ICM IIO3HaHMs SABIICTCA adCKBAaTHOC
npcacTaBJICHUC pPCAJIBHOrO MHpA. dOu3uuecKHe W MaTeMaTHIECKHE
MOJACIN, HUCIOJIB3YEMEBIC [Jid OIHCAaHHWA Pa3IMdHBIX HBJ’ICHI/Iﬁ,
IOCTOAHHO COBCPIICHCTBYIOTCA. C MOJIYYCHHECM HOBLIX JIdHHBIX H

PasBUTUEM TIpCACTABIICHUN O MHUPE CTAapLl€ MOJACIIN OTXOIAT Ha
BTOpOﬁ IJ1aH, 3aMCHAOTCA HOBBIMH, bosiee COBCpPILICHHBIMH.

Eciu nmo KOHLIa CpEeJHEBEKOBbS an Bymenc;[ HEU3MEHHBIM U

TO B HacTosllee BpeMsS OH pPACCMATPUBAETCA KaK JHHAMUYHO
MEHSIOMAACA CTPYKTypa. ITMaBHBIM CpPEICTBOM MAaTE€MAaTHUECKOTO

OMMCAHHUS MHpa CTAIM MOJIEIN, UCHONB3YIONINE B KauecTBe
a0CTPaKTHBIX MATEeMaTHYeCKHX OOBCKTOB CIyYaiHBIC sBJICHHA:
cllydaiiHbie COOBITHS, BEIUYMHBI, MTPOIECCHI U MO,

HcyepnbIBaroiled XapakTepUCTHKON TIOO0T0 CIIYYaAHHOTO SBICHU
ABINAETCS (PYHKIHA pacTupefelieHHUs] BEPOATHOCTH, onpejelisaeMas I
CTPOTO MOCTOSHHBIX YCIOBUI HaOmoAeHUA. O0CCTeUnTh Ha TPaKTHKE
MOJHY CTaOWJIBHOCTH YCIOBHH HENB34, &, CIEAOBATCIbHO, HENb3sI
3a7aTh WM OLCHUTh aOCONIOTHO TOYHO (DYHKIWIO paclpeie/icHHS.
3JTO HaKIAALIBAaCT OTPAHUYEHUS HA MOPUMEHECHUE KIACCHUECKHUX
CIIy4aliHbIX MoJeJcH ¢ (BHUKCHPOBAHHBIM 3aKOHOM DAaCIpeelICHHsI.
KoppekTHoe UX HCTOIb30BAHKUE OKA3bIBACTCS BO3MOXHBIM JIUIIb TPH
MIPEeHEOPEKUMO MAJTBIX H3MEHCHUAX YCIOBHE HAOMIONCHUA.

Ecnu ycnoBust MEHAIOTCS CYLIECTBEHHO U HEMPEACKazyeMo, B
MOJEIb 0OBIYHO BBOJUIT JIOTIOJIHUTEIIBHBIE 3IEMEHTHI
HeonpejiesieHHocTd  [I —8]. Takol mnauaTUB, HECMOTpS Ha
HEKOTOPYIO MCKYCCTBEHHOCTh, JAET HEIUIOXHE pPE3yNbTaThl, B
0COOCHHOCTH MPH PEIICHAY HEe 0YCHBb CIIOXKHBIX 3a71ay.

Crpemienne HalTH TPOCTHIE CPEICTBA yU€Ta HEONMPEAeTICHHOCTH
YCIIOBHI HaOIIOACHUA UTPANIo, MO BCei BHUAMMOCTH, HE TOCIETHIOK
ponb mpu (GOPMHUPOBAHUM Psia OTHOCHUTEIBHO HOBBIX HAYYHBIX
HAMPaBJICHUH, TAaKUX KaK TEOPHS HEUSTKUX MHOXKeECTB [9], Teopus
HEeHpOHHBIX cerel [10], Teopuss XaOTUYECKUX JAMHAMUUYECKUX CUCTEM
[11, 12], Teopust UHTEpBAIBHBIX JMaHHLIX [13, 14] u ap.
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TTocTostHHO npononxcaromnfzica IIOUCK YHUBCPCAJTBHBIX U
3Q(dEeKTUBHBIX IyTeH aJCKBAaTHOIO MAaTCMAaTHYCCKOTO OIMCAHUS
SABJICHUM HEXABHO TMPHUBEI K HOBOMY KIIACCy MOJEJeH, B KOTOPHIX B
KadyecTBE aOCTPAKTHBIX MATeMATHYSCKHX OOBEKTOB BBICTYIAIOT Tak
Ha3bIBaeMbIe TUTIEPCIYUaiHbIe apyeHus [15].

ITox runepcnyyallHbIMU SIBACHUSIMU MOAPA3yMCBACTCS CEMCHCTBO
CnyYailHeIX COOBITHI, BeNHYNH, (YHKOUHA WM HOJCH, 3aBHCAIINX OT
napamerpa g € G, KOTOPBHI paccMaTpMBAETCS KaK HE3aBUCHMAS

HNepeMeHHas M acCOUMMUPYETCS C  YCIOBHAMH HaOMIOJICHUS (WK
YCIOBHAMH (HhOPMHPOBAHKS) pACCMATPHBACMBIX OOBEKTOR.
MaTreMaTHYEeCKH CITy4YaiHblc COOBITHS OMUCHIBAIOTCA C MOMOIIBIO
BEPOSATHOCTHOTO  MpocTpaHcTBa [16], 3amaBaeMoro  Tpuaaoi
(2,3, P), rae {2 — npocTpaHCTBO 3/IEMEHTAPHBIX COObITHH M € (2,

I — Gopenerckoe mone (G — anredpa MOAMHOXKECTB COOBITHIT) U P
— BEPOATHOCTHAS MEpa MMOJMHOXKECTB COOBITHIA.
Ilpu MeHee CTPOroM, HO Oolice HAITAAHOM CTAaTHCTHYECKOM

onpenenennd (o P. ¢on Musecy [17, 18]), Beposrnocts P(A)
clay4aiiHoro coObiTHs A MpPeACTABISETCS Kak Mpeaed YacTOTEHI
py(A) ero nosBieHHs TpU OPOBEACHUH OMBITOB B OJMHAKOBBIX

YCJIIOBHAX U YCTPCMIICHHH KOJIMYCCTBA OIIBITOB N K GecKoHEUHOCTH:

P(A)=]1v1£11 py(4). B nuamazone HeOONBIIMX 3HadeHMSIX [V

gactota pP,{(A4A) MOXeT CHIBHO MEHSTBCS, OJHAKO IO Mepe
yBenuuenns [N mocreneHHo crabunusupyerca u mpu N —
CTpEMHTCS K onpesencuHomy npeaeiay P(A).

FHHepCquaﬁHBIC SBJICHUA MOXHO ONHCATH C MOMOIIBIO TETpaabl
(Q,3,G,P,) [15], rme (2 — mpOCTPaHCTBO HIIEMEHTAPHBIX COOBITHI

we), I — bopenesckoe none, G — MHOXxecTBO ycnoBuid g € G,

P, — BepOATHOCTHas Mepa MOJAMHOMKECTB COOBITHH, 3aBACALIAs OT

yciioBus g . Takum 06pa30M, BCPOATHOCTHAS MCpa 3aJacTCsl AJIsi BCCX

HOJMHOXECTB COOBITHH M BCEX BO3MOKHBIX ycioBui g € G. Mepa
ke 1718 yeinoBuit @ € G 0cTaeTcs He ONPEASIEHHOM.
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Hcnons3zys  MeHee  CTpOrMid  CTAQTUCTHYECKUI  TOJAXO,
rumepciydaiiHoe cobbitTie A MOXHO TpaKkTOBaTh KaK COOBITHE,
4acToTa MOSBIEHHS KoToporo p,(A) mnpu yBenuueHWH dYmcna

onsitoB N He crabuiusupyercs v npu N —> 00 He UMEET MpeJIera.
Hacrosmias MoHorpadus MOCBAIICHA U3NT0XCHUIO OCHOB TEOPUH
TUIEPCAYyYaUHBIX SIBICHUN.
Ilpeskge d9eM  mepexoguTh K UBJIOXKEHHIO — Marepuana,
NPEACTABIACTCA HEOOXOAUMBIM KpaTKO OCTAHOBHUThCA Ha TpeEX

KIHOYCBBIX BOII X: BO-TICPBBIX, K4aKH HOBBI BO3MOKHOCTH
MpEAOCTABIACT TCOpUA FHHCpCJ’Iy‘IﬂﬁHHX SBIICHMH HM 4YeM OHH
06YCHOBH€HBI, BO-BTOpPBIX, K4KHC MOACIU — CJ'Iy‘iaﬁHBIC HJIN

THIIepCIyYaiHBIe — 00Jiee aJleKBaTHO ONHCHIBAIOT peabHbIC SBJICHHUS
U, B-TPETHUX, KaKUE MPAKTHUYCCKUE PE3yNbTATHl CIEAYIOT U3 HOBOU
Teopun?

1. PeanpHple OOBLEKTEI M UX CBSI3H OIMMCHIBAIOTCA € IOMOIIBIO
(bU3NYeCcKUX  MoJedcH, KOTOphle MOTYT OBITh INPEJCTaBICHBI
paSJII/I‘lHI)IMI/I MATEMATHYCCKUMHA MOJAC/IIMHU, conepmamHMn paSHLIe
MaTeMaTHYeCKHE OOBEKTHI M OTHOILICHUS MEXAY HAMH.

Jobas MareMaTudeckass MOIEIh CO CBOUMH MaTCMATHUYCCKHUMHU
00BEKTaMH M OTHONICHHAMH (B HYAaCTHOM CiIy4ac OMNCPAIlUsIMH)
onpeaenieTcs HabopoM HEIPOTHBOPCUHBEIX U HE3aBHCUMBIX aKCHOM.
Hopas MaTeMaTudeckast MOJEIh MOKET OBITh MOCTPOCHA THO0 MyTeM
BBCACHHsA HOBBIX OOBEKTOB, OTHOIICHMIIT ¥ akcuoM, Jubo
KOHCprKTI/IBHO C HUCIIOJIB30BAHUCM Y)Ke HU3BCCTHBIX MAaTCMATHUYCCKUX
IIOHSITHH.

Tlpumepamu  Teopuif, COOTBETCTBYIOIIMX  KOHCTPYKTHBHBIM
MOJCIAM, MOTYT CIIYXKHTh BEKTOpHas alreOpa WIH TCOPHSI MATPHII,
OCHOBAHHLIC HA npaBI/max CJIOXKCHUA U YMHO)KGHI/IH YUCCII.

Teopus TUnepclIyyaiHBIX SBJICHUH MpPEACTABIACT CO00H TEOPHIO,
OMNHCHIBAOMIYI0O MaTeMATHYECKYI0 MOJCNIb, IOCTPOCHHYIO Ha Oase
MaTeMaTHYCCKOH MOIENH COy4YaiHBIX sBlieHHi. Bce HOBBIC 0OBEKTH
H OTHOLICHUA MCKAY HHMH CTPOATCA C IMOMOIINBIO HM3BCCTHEBIX
00BEKTOB M OTHoIIcHUNA. HUKakhe HOBLIC AKCHOMEI HE BBOISTCSL.
HOSTOMy TCOPUIO anepcnyan‘/’IHbe S{BHGHI/Iﬁ CJICAyCT pacCMaTpUBATh
KaKk TEOpHI0, COOTBETCTBYIONMIYIO KOHCTPYKTUBHO MOCTPOEHHON
MaTEMATHYECKOH MOJIEIIH.
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Cienyer OTMETHTbH, UTO pellicHHEe J000H 3aJadd, ONMHCHIBACMOHN
CpeNCTBAMM KOHCTPYKTUBHOM MaTeMaTHYECKON MOJIEJIH,
JKBHBAJEHTHO PEIICHUIO 3TOH e 3a/1au, OMMCHIBAEMOH CPEACTBAMHU
nopoxaawileid Mopaenu. PeileHuwe, nojydaeMoe, Hampumep, ¢
MOMOILBI0 TEOPUU MATPUL, IOJHOCTHI) 3KBUBAIECHTHO PELICHUIO,
UCMIONB3YIOIEMY JIMIIb apu(METHYECKUE TMpaBuia paboTel ¢
HHUCTIAMH.

B oroil cBA3M OT TeopHM TUNEPCIyYalHBIX SIBICHUHM HEIb3s
OKUIATh MOJTy4eHHNs] HOBBIX PEUISHUH, HE DKBUBAIIEHTHBIX PEIICHUAM,
MOJIy4aeMbIM C HMCIIONIH30BAHHEM METOJIOB TEOPHH BEPOATHOCTEH U
MaTEMaTHYECKOH CTATUCTUKH.

BwmecTe ¢ TeM He cneayeT yManATh 3HAYUMOCTb HOBOHM TEOpHU.
Hecmotps  Ha  ykasaHHBIE  OTPaHMYEHHUS,  HAKJIAJbIBAEMbIC
KOHCTPYKTHBHBIM XapaKTepoOM MOJEIH, TEOPHs TI'MIEepPCIydalHbIX
ABJICHUI, MONOOHO TEOPUM MaTpull, pacllupsieT BO3MOKHOCTH
pellleHrsT TPaKTHYeCKUX 3a/ad. Vcmonap30BaHME B HOBOH TEOPHH
000O0IIEHHBIX MOHATUI MO3BOJAET B3MVISHYTh Ha CYILECTBYIOLINE
npo0OaeMsl ¢ Gosee O0IKX MO3HIHMH H YIOBHTh T¢ 3aKOHOMEPHOCTH H
0COOCHHOCTH MCCIENyEeMBbIX SIBJICHHUI, KOTOphIE Ha YPOBHE NMOHATHUIN
HOPOXKJAIOIIEH MOZeau ObUTH CKPBITEI TPOMO3IKOCTEIO pacCy KAeHHH
U BBIKJIAZOK. KpoMe TOro, mpoueiypa pellicHUs HEKOTOPBIX 3aiay
OKasplBaeTcs Oojiee MPOCTOM M HAIVIAJHOW, a caMO pellieHHe
IpEeICTaBUMO B 0Jiee KOMIAKTHOM BHIE.

2. B nenoM, peanbHble sBJIeHUs 0oJiee aleKBaTHO NPEACTABIAIOTCS
TUNEpCIyYafHBIMU MOAECIAMH, YEM CIy4dallHBIMH. B moAaTBepxAcHHE
3TOMy pa30epeM KIacCHUECKMH MpHMep, ¢ KOTOPOro, Kak MpaBHIIO,
Ha4MHAETCS M3yYeHHE TEOPHH BEPOSTHOCTEH, — TMpHMEp C
noadpackiBaHHEM MOHETBI. QOBIUHO MOJAratoT, 9YTO HCXO/Ibl ONIBITOB —
CIY4YaHHbl M HMEIOT KOHKPETHBIE BEPOSATHOCTH: BEPOATHOCTH TOTO,

4TO BBIMAACT Opel, — I U BEPOATHOCTB TOTO, YTO BBIMAJET PEIIKa, —
P, . Tlpu oM cuuratot, uro F, =P =0,5.

Hackonpko KoppekTHa omnucaHHas Mojenb? Ha mepBelii B3riis
KaXXeTcs, YTO HET OCHOBAaHHUM COMHEBATbCS B €€ ajekBaTHOCTH. Ho

9TO TOJIBKO Ha HGpBLIﬁ B3rsaa. Passe BCPOATHOCTH Po , })]7 HC MOT'YT

ObITh apyruMu? HerpyaHo yOemHTBCA, YTO IOCIEC HEKOTOPOI
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HAY4YHUThCS Tak ee OpocaTh, UTO HYACTOTAa BBINAJACHUS OJHOU U3 ec
CTOPOH OyJeT KoliebaThes B palloHe ONpe/eieHHOTO (GUKCUPOBAHHOTO
3"a4eHus, Ooxbiero 0,5, a yacToTra BRINAJACHUA BTOPOH CTOPOHBI — B
paiioHe 3HadeHus, MeHbIIero 0,5, [Ipu M3MEHEHHH YCI0BUH OpocaHus
XapaKTEPUCTUKA MOTYT MEHITBCS KaK B OJIHY, TaK U JAPYTYIO CTOPOHY.
Hcxonpl OMBITOB B OTOM Clydae MOXHO paccMaTpuBaTh Kak
runepciiydaiinoe  coObithe. TakuMm  oOpasoM, rHmepciiydaiHas
MOJIeNb, HE OT/Aalomas TPEANoYTeHHe KaKOH-TO KOHKPETHOMH
KOMOWHAIIUM  BEPOSATHOCTCH BBINAJACHUSA OpJia U PEOIKA U
VUYATBIBAIONMIAS ~ HEOMPENEISHHOCTh  CTATUCTUYECKUX  YCIIOBHIMA
HaOMro/IcHNs, 60Jice aJeKBAaTHO OTIMCHIBACT PEATTbHYIO CUTYAIIUIO, YeM
ciydaiiHas Mojelb, Npeanofararimas (GUKCUPOBAaHHbIC 3HAYCHHS
3THUX BEPOSATHOCTEH.

PaccmoTpum  sipyroii  mpuMep, HMMEKONMMM  OTHOIIEHHE K
METPOJIOTHH, - MIPEIU3HOHHOE W3MepeHne JuaMerTpa
IWIMHAPUYECKOH  JleTann  kpyrioro  cedeHus.  CoBepiieHHO
TpHBHAJbHAs 3a7ada MpH YriyOJIeHHOM aHallM3e OKa3bIBacTCA OYEHBb
HEMpOCTON. M3roToBUTH JcTalb abCONOTHO KPYIJTIOTO CEUCHHS
HeBO3MOXKHO. Ee cedeHmne Bcerzia OTIMYAETCS OT HICAIBHOTO Kpyra:
BO-TIEPBBIX, H3-3a OJJUIHTICOM/JANIBHOTO WM WHOTO OTKJIOHEHHS OT
uaealbHOH KpPYyroBOW (OpPMBI, a, BO-BTOPBIX, M3-3a IIEPOXOBATOCTH
nosepxHocTH. CIeayeT TakKe UMETh B BIAY, UTO Pa3HbIC CEUEHUS IO
ocl TWMAMHApa oTnuvarorca. [lo3TOMy WCTHHHBIN pasMep JieTaiiu,
Jaxe Oe3 ydeTa BIWSHHA TEMIEPaTypbl W UENOr0 psjia APYTHX
(hakTOPOB, OKa3BIBAETCS PA3HLIM B PA3HBIX 3aMepax.

N3-3a cnoxxHoit (GopMbl CEYCHUS TMOHATUE AUAMETPA ACTAIU HE
uMmeer cMmeicaa. [loaToMy W3MepATh MOXKHO HE JAdaMeTp, a
YCPEAHEHHOE CEUCHUE JETANH.

DuznuecKas MOJCIb H3MEPIEMON BEIMYUHBI JIOKHA YUYATHIBATE U
OTKIIOHCHHE OT HJICATbHOH KPYTroBOH (QOpPMBI CEUCHHA ICTATH, U
[IEPOXOBATOCTh TOBEPXHOCTH, W pasziHdue cedeHWid mo ocH. s
MaTeMaTUIeCKOro OIMUCAHUS (U3UUECKOW MOJICNU, B MNPUHIMIIE,
MOXHO HCTOJIB30BaTh KaK OOUICTIPUHATYIO CIy4alHyr, Tak W
TUIEPCIYYaiHY KO MOJIEIN.

ChydaiiHags Mojenb Oa3upyeTcss Ha MPEANOJIOXKCHHU, YTO
BEPOATHOCTHBIE XapakTepUCTHKH pa3Mepa JeTald TMOCTOSHHBL. B
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NEHCTBUTENBHOCTH K€ 3TO He Tak. B Tmpenenax HeOOIbLINX
JOKANbHBIX ~ O0JacTed OHU  MOTYT  OBbITh  NPHOIUZUTEIBLHO
NOCTOSHHBIMH, OJHAKO B [EIOM CYIIECTBEHHO 3aBHCAT OT
HAMIPaBJICHHS, BJOJIL KOTOPOTO TPOBOJUTCS  HU3MEpPEHUE, U
paccMaTpuBacMoTo ccducHuA. l[lostomy rumepcnydaiiHas MOJCTb
U3MEpsAEMOil BENMYMHBI, YYUTHIBAIOIIAS BapHaOCIbHOCTh (HYHKIUI
pacmpesieieHus], JIydlie, 4eM CiydaiiHas MoJelb, OMNHWCHIBAECT BCE
HIOAHCHI, CBA3aHHBIE ¢ OOBEKTHUBHO CYIIECTBYIOIIEH CTaTHCTHYECKOM
HEOMPEICICHHOCTRIO.

JIrobble W3MepeHHsl MPOBOJAATCS B YCHOBUSAX — BO3/ACHCTBUSA
pa3nUYHBIX Memarimux ¢aktopoB (momex). B paccmarpuBaemoit
3ajaue B KadecTBE TaKOro (akTopa MOXHO PacCcMaTpUBaTh
3arpsi3HEHHE TOBEPXHOCTH JeTand. IIbinb U rpsa3p Ha HOBEPXHOCTH
coOHparoTcs HepaBHOMepHO. B mpenenax HeOONBIIHX JOKAJIBHBIX
obnacTell TOJNILMHY 3arpsisHEHHOTO CJIOA TNPUONMKEHHO MOXKHO
OMHCaTh CIy9alHON BEIUYHMHOHN, OJIHAKO C yUE€TOM OTIHYHS 3aKOHOB
pacnipefieficHUusT sl Pa3HBIX 0o0NacTell Jydile XapakTepu3oBaTh ¢
runepeIy4aiHoi BeNHInHOM.

WneanbHbIX, aOCOMIOTHO TOYHBIX, CPEJACTB M3MEPEHUS B MUpE HE
cyliecTByeT. Hu IITaHreHIUPKYIb, HI MHKPOMETP, HH KakoH-THOO
JIpyroii HM3MEpHTENbHBIH WHCTPYMEHT HE MOMKeT ¢ OecKOHEYHO
BEICOKOW TOYHOCTBIO H3MCPWUTH pasMep cecucHus. [IpudmHbI
OKa3bIBAKOTCS pa3HbBIMU. [[1s9 MHKpoMeTpa, HampuMep, 3T0 —
KOHEYHBIE Pa3Mephl MOBEPXHOCTEH, COMPHUKACAIONTUECS C JETalbIO,
ToGhT MUKPOMETPUYECKUX BUHTOB, MEPEKOCHl U JIp. OO AMHAIOUTNM
CBOHCTBOM  (haKTOPOB, OrPaHUYMBAIOUIMX TOYHOCTbH, SIBJISCTCA
TUTIEpCTyYaliHEll  ux  xapaktep. llodToMy TipH  TOCTPOCHHH
MATEMATHYECKOW MOJICTN CpEJICTBA H3MEPEHHUSI HMEET CMBICI
OT/aBaTh MPEJIIOYTEHNE TUIIEPCITYUaiHONW MOJIEIH.

Takum oOpasoM, (uU3HYeCKHE MOJENU, YYUTHIBAOUIHE B
peanbHBIX, HE TIOJHOCTBHIO  ONPEJCICHHBIX W MEHSIOIUXCS
CTATUCTUYCCKUX YCIOBUAX, OCOOCHHOCTH W3MEPACMBIX BCIMYHUH,
MOMEX W CPEJICTB H3MEpeHHs, Oolee aJCKBATHO OMHCHLIBAIOTCS C
MOMOMIBI0  THUNEPCAYYAHHBIX ~ MATEMATHUYECKUX  MOJeJNed, deM
CIy4aiHBbIX.

3. IlpuBe/ieHHBIC BEBIIIE CUTYAIIUN THIHYHEL JIJIS OYEHBb MIHUPOKOTO
Kpyra peajbHbIX SBICHUH (00BEKTOB). ITO MO3BOJSAET MPETIONOKUTE
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[19], aTo 6ce peanvubie uszuueckue eenuuunsl, npoyeccol u noas (3a
UCKTIOUEHUEM, B8O3MOJICHO NUULL, HEDOABUOSO HUCAA  BENUYUH,
PACCMAMPUBAEMBIX COBPEMEHHOU HAVKOU KaK MUpOGbie (usuyeckue
KOHCIMAHMbL) HOCAM cUnepCayuainsit xapaxmep. VWHBIMU CIIOBaMHU,
OOHUM U3 OCHOBHLIX DUIUYECKUX CEOUCME NPAKMUYECKU 6CeX
PEeanbHbIX SAGNCHUL OKA3bIBAEMCS HEHONHAS. UX CHAMUCHUYECKas
onpedeneHHOCb.

BreIZIBUHYTAS TUIIOTE3a KACACTCS PA3IMYUHBIX PEATbHBIX SBICHUH, B
TOM HHCIIC BEMWYMH, (DYHKUUH W MOJed, MOAIeKAlMX UIMEPECHUIO,
JCHCTBYIONIMX IMOMEX, a TAaKXKe MorpeliHocTeid u3Mepenus. Jlrobas
OlleHKa (QOpMHpYETCA B pe3yJbTaTe OICHUBAHHA CMECH HCTHHHOTO
3HAYCHUS H3MEpAEMON BCIMYUHBI, (OYHKIMH WIM TOJNA H TIOMEX,
MEUIAIUX TpoBeacHUo HabmroneHun. [lockoibky mnoMexa W
[OTPEHIHOCTH U3MEPEHHUs HOCSIT THIEPCIYYalHbIi XapakTep, Jaxe B
TOM CIy4ae, KOrJa H3MepsAeMas BEIWYMHA [IOCTOSHHA (SBIAETCA
MHUpPOBOM  KOHCTAHTOH), pe3yJNbTalT M3MEpPEHHS  OKa3bIBacTCs
BeJIMUMHOW THnepciaydaiinoro tuna. Otcroga cuneayer [21], yro
AOCOTIOMHO 6Ce OUEHKU PeanbHbIX GelUYUH, NPOYeccos U noiel He
COCMOSAMENbHBL U NOMEHYUATbHAS. MOYHOCMb TH0ObIX U3MepeHull
oeparuyena. lIpenen TOUYHOCTH OIPe/esieTCss He TOJNBKO UYHCIOM
pe3yIbTAaTOB  U3MEPCHUA W ChOydallHRIM uX pas0pocoM, a #
W3MEHYHMBBIM XapaKTepom BEPOSATHOCTHBIX XapaKTEPHUCTUK
U3MEPSIEMON BEIIMYMHBI, IOMEX M IOIPEIIHOCTEN.

3agaun oOHApYKEHUS U KIacCU(HUKALMKE MOTYT paccMaTpUBaThCs
KaK 3aJavd HU3MEPEHHA OIpPENeNIeHHRX TmapaMeTpoB. llostomy
abcomomno 0oCcmogeproe oOHApyICceHue U abCoTOMHO 00CMOBEPHAS
Kaaccupuxayuss peanvHulx 00bEKMOo8 NPUHYUNUATLHO HEBOZMOICHL
[21].

eskesk

MoHorpadus HanmkcaHa Ha 0aze cTareil apTopa, OMyOIHMKOBAHHBIX
B HAYyYHBIX M HAYYHO-TEXHHUECKUX kypHanax [15, 19 — 27]. Kuawura
COCTOMT U3 JABYX dYacTeil. B mepmoit yactH (70 IICCTOHM IJIaBHI)
W3IaraloTcs MaTeMaTHY9eCKHE OCHOBBI TEOPHH THIEPCIyHaifHBIX
SBJICHUH, BO BTOPOH — METOAB MOJCIUPOBAHUS (HUIMUCCKUX
00BEKTOB C MMOMOIIBIO THIEPCITyYaliHBIX MOJECJCH, YYHTHIBAIOIINX
HETIPEJICKAa3yeMbIli  XapakTep W3MCHCHHS CBOWCTB OOBEKTOB W
CTATUCTUYCCKUX YCIOBUH UX HAOMOACHUS.
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B HepBOﬁ TJIaBE OMNpCIACIAOTCI MOHATHUA rnnepcnyqai/'lHoro
COOBITHA U TUNCPCAyYaWHOW BeNWYMHBL. J[Nd XapakTepHCTHKU
THIIEPCTYYaiHOTO COOBITUS MPEIOKEHO HCIONB30BATh BEPXHIOW U
HWIKHIOIO T'paHWILI BEPOATHOCTH, a AJIA OINMUCAaHUA rnnepcnyqaﬁﬂoﬁ
BCJIMYMHBL — BEPXHIOK W  HWXKHIOK  TPaHUIbl  (YHKIUH
pacnpeiciCHUA. BBEJCHbI MOHATHA IUIOTHOCTEH —paclpeaeiCHUs
FpaHI/III mnepcnyqanﬂon BCJIMYHHBI, xapaKTepHcmqecmx (byHKmm

HCCH@I{OB&HH CBOMCTBa 3THUX XapaKTCPUCTHUK. P€3yJ'II>TaTBI,

TICPBOHAYAJIIGHO TIOJMYYCHHLIE I CKAJAPHBIX  JACUCTBUTCIILHBIX
FHHCpCJ’Iy‘iaﬁHBIX BCIIWMYHH, O606U.I€HI>I Ha Cnyqaﬁ KOMIIICKCHBIX H

BCKTOPHBLIX BCIIMYHWH.

Bropas riaBa mocBslicHa THIIEPCIydaidbiM GyHKIHAIM. g ux
OMMMCaHHUA pa3paboTaH MaTEMATHYCCKHUI ammapar, OasHpYIOIHICS Ha
OpUHIHAIIAX W MMOAXOJaX OIMMMCAHUA FI/IHCPCJ’Iy‘IaI\/’IH]:JX BeauuuH. B
KadeCTBC OCHOBHBIX XapaKTCPHCTUK THIICPCIYYalHBIX (DYHKITHI
BBIOPAHEI BEPXHASA M HIDKHAA T'paHHUIBl (YHKIMH paclpeacicHHs, a
TaK)Ke TUTOTHOCTH pPaclpesiefieHnsi TPAHHWIl M XapaKTEPUCTUUECKHE
(hyHKIUH TpadHuil. BcoMoraTeNbHBIMH XapaKTepUCTHKAMH ABJISIOTC
MAaTEMATHYCCKUC OXHnJaHus r'paHull, JUCTICPCUN rpaHull,
KOPPENALHOHHBIC M KOBapUAHMOHHBIC (YHKUMH TIpaHUI M Jp.
MaTeMaTH4decKHii  ammapaT — pa3paboTaH  Id  pasIdIHBIX
THIICPCITYYalHBIX (b yHKITHIHA: CKaSIPHBIX u BEKTOPHBIX,
BEIIICCTBEHHBIX H KOMIUIEKCHBIX. PaccMoTpeHa crenndrKa OMHCAHHSA
CKaJIIPHBIX, BEKTOPHBIX U KOMIIICKCHBIX THICPCIYYAHHBIX (OyHKITHIM.

B TpeThell ThaBe TPCATONKEH ANBTCPHATUBHBIN TMOAXOA K
OMMCAHUIO THICPCIYYAHHBIX BEIHYHMH H (PYHKIHH, ITO3BOJISIOINUI
XapaKTepH30BaTh HX, HE mpuderas K pacyeTy TpaHHll (GYHKLHH
pacnupeaciiCHus. Ero OCHOBOH CIIYKUT BBIYHUCIICHUC rpaHuI|
LUCHTPAIbHBIX W HEHCHTPAJIbHBIX MOMEHTOB. MAaTEeMaTHYECKOTO
OXKHJIaHus, JAUCTIEPCUHN, KOppEIAIIUOHHOTO MOMCHTA,
KOBAapMAllMOHHOTO  MOMEHTa H  Ap. IpaHHLibl  MOMEHTOB
THUIICPCIIYIaHHOTO  SABJICHHA M  MOMCHTHI TpaHHMIl  (hYHKLIHHU
pacnpencicHHS — pa3Hble HOHATHA. B o0weM cioydae IpaHUIlbI
MOMEHTOB HE COBIAJAIOT ¢ COOTBETCTBYIOMIMMI MOMEHTAME TPAHMII,
XOTA B OTACJIBHBIX ClIydasX COBINAACHUC U UMECT MCCTO.
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YeTBepTas TIjaBa MOCBAICHA (OpMaTH3alH psifa MOHSATHH,
KAacalIIMXCs THMOCPCAYYaWHBIX  SBICHHH: CTAlMOHAPHOCTH U
IProJUYHOCTH THICPCITYIaliHOH (PYHKUHU, THICPCIYHalHOTO 0€I0ro
IymMa M Ap. BBemeHBI pa3nuyHbIe XapaKTEPUCTHKH, OIHCHIBAIOLINE
CTallHOHApHBIC H  3PrOAMYCCKUEC THICPCIyYaiHBIC  (QYHKIUH.
HccnemoBanbl  CBOMCTBA OTHX — XapaKTEPHCTUK. Pa3paboTaHwl
CIICKTPAJIbHBIC MCTOAbI OINHCAHHA CTAallHOHAPHBIX mnepcnyqai/ime
(OYHKLUHH.

B marofi rmaBe (opMaNM30BaHO IMOHSATHE THIEPCITYyYaiHOH
BBIOOPDKH M OIIpPEIEICHbI €¢ CBOKMCTRBA, MPEIIOKEHA METOIOJOTHS
(hOopMHPOBAHUA OICHOK XapaKTePHCTHK THIIEPCIYIaHHONH BETHYHHBI
U UCCHIE/OBAHA  CXOJAMMOCTh  THUIEPCIYyYaMHBIX  ONEHOK K
COOTBETCTBYIOIINM TOYHBIM XapaKTepHUcTHKaM. JlokazaHa mpeaeabHas
TeopeMa, OMPEACNAIONIAs 3aKOH PacHpesIeiecHus] OIEHOK TPaHMIT
(QYHKLHM pacOpcAciICHUS CpEAHCrO0 MpH CTPEMIICHHH 00beMa
BBIOOPKH K OCCKOHEYHOCTH.

[ITecTas rmaBa MOCBAIICHA METONAM TOYEYHOTO H HHTEPBATILHOTO
OIICHUBAHUS  NETCPMUHHPOBAHHBIX  BeNHYMH. JIS  TOYEUHBIX
FI/IHepCJIy‘-Iaf/IIHI-JX OLCHOK BBCACHLI ITOHATUA HeCMemeHHOi/i OLICHKH,
COCTOATEIBHOMN, 3(P(hEKTUBHON U JOCTATOYHOH, a 111 MHTEPBAbHBIX
FHHCpCJIy‘-I&fIHBIX OILICHOK — TIOHATHUA JIOBEPUTCIILHOI'O HMHTEpPBAJIA U
TpaHHuI IlOBepHTeJIBHOﬁ BCPOATHOCTHU. I[OKa3aHBI TCOPCMHEI,
OIPCACIAIOINEC TI'paHUIbl BCPXHCU TIPAHUILI TOYHOCTH TOYCYHOHU
OLCHKH W TIpaHUlbl JOBCPHUTCIILHOIO HWHTCPBAJIA HHTepBaJIBHOf/i
OTICHKH.

Crnenucuke omeHKM (H3MYCCKHX BCIMYMH B YCJIOBUAX
CTATUCTHYECKOU HEOTPEICICHHOCTH c HCIIONB30BAaHUEM
CUNEPCIyYalHbIX MOJIENECH U3MEPSAEMbIX BEJIMUUH U TUNEPCIydalHbIX
MoOJieJieH OICHOK IIOCBSIIEHLI ceAabMasgs U BOCLMAas  TIJIaBBI.
[IpuBeneHHBIe B HHX pE3yJIbTaThl 00OOWIAIOT MaTepHal IMIeCTOH
r1aeel. [JaHo MareMaTHdeckoe 000CHOBAHHE H3BECTHOTO M3 TIPAKTHKH
(bakTa, YTO TOYHOCTH JIIOOBIX peaNbHBIX (DH3HUYCCKUX HIMEPEHHI
UMEET TpesieN, MPeoA0IeTs KOTOPBI HE yNaeTcs AaXKe MpU OUYSHB
00JBIIOM 00BEME TaHHEIX.

[eBarasg r1aBa OCBEIIAET KpYyr BOIPOCOB, KAaCalOIIHXCS
THICPCIYYaWHBEIX  OLIGHOK  THUIEpCIyYauHblx  (yHKUpd. [laHo
00OCHOBAaHHE THIIOTE3BI, YTO BCE pEaIbHBIC OICHKH (BH3UICCKHUX
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TIPOTIECCOB  HECOCTOSATENBHEI, @ TOYHOCTE W3MEPEHUS PEaBHBIX
NPOIIECCOB, KaK M TOYHOCTh M3MEPCHHUS PealbHBIX (PHU3UYECKUX
BEIIMYHH, OTPaHUYCHA.

B necaroii riaaBe paccMOTpeHBI BOIPOCH HE(POPMATH30BAaHHOTO U
(hOpMaTH30BAHHOTO OIUCAHHUS OKpyXKawllero mupa. VccriemnoBaHbl
MPUYUXHEI, OTPAHUYHMBAIONINE BO3MOXKHOCTH IOCTPOSHHUS MOJIENCH,
a/ICKBaTHO [PEJCTABISIONMX (U3MUecKue OOBEKThI. BrickazaHo
MPEANoJIOKeHHE, YTO B OCHOBE MOCTPOCHHS (H3MUYECKOT0 MHpa
JIeXKAT TUTICPCITYHalHbIE TPUHITUITEL.

B cnucok auTepaTyphl BEIHECCHBI KHUTH U CTAaTbU, Ha KOTOpBIE
HUMEIOTCS CCHLIKH.

sk

MoHorpadus MOXKET IPEACTaBIATh UHTEPEC IJIA CIICIHAJIUCTOB,
3aHAMAIOMIUXCA Pa3paboTKOil MaTeMAaTHYSCKUX METOMOB OIMCAHUS
(U3UYCCKUX  ABICHHMM, IOCTPOCHHEM HOBBIX  (DH3HYCCKHX H
MATEMaTHYECKHX  MOJCNICH, pa3sBHTHEM  TEOPETHYCCKOH  6asbl
OPOBEACHUA (DU3NYCCKUX H3MEPCHHH, pa3pabOTKOH HOBBIX METOIOB
OIICHKH IapaMETPOR H OOHAPYIKCHHS CUTHAJIOB.

KHura paccunTana Ha YHTATEICH, HMCIOIIMX 0a30BbIC 3HAHUSA 110
TCOPUH BEPOATHOCTEH M MaTeMaTHYCCKOH CTAaTHCTHKE B OOBEeMe
THUIIOBBIX KYPCOB TEXHUUYCCKUX YHUBCPCUTECTOB.

skskok

ABTOp OjaromapeH peLEH3CHTaM — JOKTOPY TCXHMYSCKUX Hayk,
npodeccopy M.A. ITomoBy, JOKTOpY TeXHHYECCKHX HayK, mpodeccopy
CA. Kyky u jokropy TexHuueckux Hayk A. M. PesHuky 3a
KPUTHUYCCKHC 3aMEYaHHs H KOHCTPYKTUBHOE OOCYXKICHHC PYKOIMCH,
a take [.P. BoliieXoBcKOH, B3gBIICH Ha ceOs OCHOBHYIO 3a00Ty IO
MOATOTOBKE KHHUTU K W3JAHUIO, KOPPEKTHPOBKE M BBIUUTHLIBAHHUIO
TeKcTa.

Momnorpaus, 6¢3yCIOBHO, OTPaXKacT BO MHOTOM CYOBEKTHBHBIH
B3IVIA[ aBTOpa Ha (DU3HKY pealibHBIX ABJICHUH H €ro NMPEACTABICHUSL O
oyTix  3G@EKTHBHOTO  pelicHHs  HOpoOieMbl  aJeKBaTHOTO
MATEMATHIECKOTO X OTIMCAHMSI.

ABTOpY OBUIO OBl HHTEPECHO Y3HaTh MHCHHC uuTareneil. C
OT3BIBAMH H 3aMCUaHHSAMH MOXKHO oOpallatbes IO azpecy:
ya. Cesitommmnckast, 2, Kuep, Yipauna, 03115, I'Tl “YkpHUVYL]” unn
0 3JICKTPOHHOH noute: gorban@ukimdnc.org.ua.
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YACTBH1

OCHOBbBI TEOPUH

I'JIABA 1

THIEPCJIYYAUWHBIE COBBITUA U BEJTUUUHBI

Bgedenvl nonsmus 2unepeayuaiHo2o CoObimus U SUREPCAYHAUHOU BeNUHUHbL.
TIpeononcen psad xapaxmepucmux U napamempos Ofii ORUCAHUS MAKUX COBbIMUL U
seruuuH.  TABHbIMU — XAPAKMEPUCIMUKAMU — AGTAIOMCA  YCI0GHbIE  (YHKYUU
PACApedeneHUs, GePXHIA U HUMNCHAS 2PAHUYbL (DYHKYUU pacnpedeienus, a MaKice
NAOMHOCIU  PACRPEOENeHYs. 2PAHUY U XAPAKMEPUCUYECKUe (DYHKYUU 2PaHUY.
BcenomozamenvHblMu XapaxmepucmuKam A6IsHOMCs MAmeMamuieckue 0NCUOaHUS
2PaHUY, OUCHEPCUY 2DAHUY, KOPPENSYUOHHbIC U KOBAPUAYUOHHbIE (DYHKYUU 2PAHUY
u op.

1.1. I'unepcay4daiinbie cOOBITHS

IlycTh 3amaHEl MHOXKeCTBO (2 3eMeHTapHBIX coObITHH O € Q) u
HauMeHbIIass G — anrebpa (6openeBckoe Moje ) MOAMHOMKECTB
3TOr0 MHOXKECTBA. IIpH (PMKCHPOBAHHBIX YCIOBHMAX £ KakIOMY
coObiTHi0 A  OOpPENEBCKOro IIONSA CTABHICA B  COOTBETCTBHE
BeposTHocTHass Mepa P(A/g). B pesyiaprare tpuama (Q,3T,P)
3a/1a€T BEPOSTHOCTHOE NPOCTPAHCTBO.

VcnoBus g MOTYT OBITh JICTEPMUHHPOBAHHBIMH (ecnd g
NOJNHOCTBID M3BECTHO) WM  CIOy4YailHBIMM  (€Cld  ompefesicHa
BeposaTHocTHas Mepa P(g) Vg € G). B oboux cnyuasx A spnsercs

CJIy‘-IaﬁHBIM COOBITHEM — COGBITI/ICM, JJI1 KOTOpOIro OIIpCACICHA
BCPOATHOCTHAA MCpa.



1.1. T'unepciny4vaiiHbic COOBITHS 15

IIpu HeompeAeNeHHBIX YCIOBHAX £, KOTJa H3BECTHO JIUIIb
MHOXkecTBO (G BO3MOKHBIX 3HAYCHHH g, HO HEU3BECTHO, KaKOE
UMEHHO 3HAueHWe TPUMET BelHYMHA £ B KOHKPETHOM OIIBITE,
penmmuuHa P(A/g) okaspiBaeTcs HeompeaeleHHoi. B sToM ciyuae

cobbitie A HeNb3st OTHECTH K CIYYalHBIM COOBITHAM. DTO COOBITHC

JIPYTOU MPUPOJIBI, HA3KIBAEMOE B TATLHEHIIIEM TAMIEPCITYYAHBIM.
AHATUTHYCCKH eunepcayuaiinoe cobvimue 3alaeTCi TETpamoi

(€,3,G,P,), tne P, — BeposTHOCTHAs Mepa 1pU (UKCUPOBAHHOM

geq.

I'nepcnyyaiiHoe cOOBITHE MOXHO TIPEACTAaBUTH MHOXKECTBOM
CIy4yalHBIX COOBITHH, 3aBHUCAIINX OT YCIOBHH g . JII1 Kaxaoro us

BXOJSILINX B 3TO MHOXXECTBO COOBITHH OMpE/Ic]ICHa BEPOSTHOCTHAS
mepa P, , HO 1151 ycnoBui g Mepa HE OIpe/eieHa.

JInd runepciyd4aliHOTO COOBITHA 3a/1aTh BEPOSITHOCTHYO MEpy HENb34,

HO MOXHO IIOCTaBHTh B COOTBCTCTBHC OIPCACICHHLBIC BCIHWYHHDI,

KOJINYECTBEHHO XapakTepH3yIonre Jiama3oH HU3MEHEHUs

BEPOSTHOCTH coObITUs: 6epxnioro  Po(A) u  nuscnioro P, (A)

epaHuybl, HA3BIBAEMBIE B JAIBHEHUIIEM ZpaHuyamu 8epoamHocmu.

Ot I'paHUIbI AHAJIUTUYCCKHU OIIUCHIBAIOTCA cacayronmumMu
BBIPAXXCHUAMH

P, (A)=supP(A4/g), P(A4A)=inf P(4/g). (1.1)

2eG geG
Ecnn  MHOXECTBO yCNOBHH COCTOMT H3 OJHOTO 3JEMEHTa
(g=const) aTm rpaHUlBl COBMNAjarT. lorja TrUIEpCayYaiiHOe

coObiTHE  BBIPOXIAeTcsi B CilydaliHoe M BelMYHHA
P(A)=PFP,(4A)=P,(4) npeacraBaier co00il  BEpOATHOCTH

ciy4aitHoro coOeitus A .
Ha ocHOBE akCHOM TECOPUU BEPOATHOCTEH JIETKO JIOKA3aTh, 4TO

D B(4)20, B(A)20; (1.2)

2)  Id MOTapHO HECOBMECTHBIX COOBITHI

P(UA)<Y R(4,), RU4)2Y A4 (13
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) RQ= B =1 (14)
U3 seipaxenuit (1.1) — (1.4) caenyer, uro Pi(A) u P, (4)
IPEACTABIIAIOT coboit HOPMHPOBAHHEIC MOJIYMEPEI,

YIOB BOPATOINE BCC K M MCPDBb d NCKIJIIOYUCH

cu€THOM agAMTUBHOCTHU. [Ipn aToM
0<P (A<l 0<P(N<I, P(D)=PB(D)=0.
Jlns  runmepcaydaliHeIX CcOOBITHMH HMEIOT MECTO  CHEIYIONIHS
COOTHOIIIEHA:
1) ecmm 4, A4

m+1 2

m21, to
R0 A)=lim B4,). B(U4,)=lim B4, (1)

2) eemuA_ < A, m=>1 1o

m+1 m?

» o
RN A)=lim P(Ay), PO 4,)= lim B(4,). (1.6
Jloka3arenscTBO  paBeHCTB  (1.5) OCHOBaHO Ha TOM, 4TO
obbenuHeHne COObITHH A, ,...,A,,, CBA3aHHBIX MeXIy C00O#
cootHowenuem A, C...C A,,, npencrasnser coboit coObitie A, .

JloKazaTenbCTBO PABCHCTB (1.6) OCHOBAHO HA aHAIOTHYHOM (DaKTe,
yro uepeceueHne coObirnii A,..., A, , cszaHHbIX Mexuy coGoi

coorHowenuem 4 O...D A, , upeicrasisier coboii cobbirue A, .

Jlns  runeponydvaiinbix  cobbituit 4, um A, cnpaBemwiuBbl

HEPABEHCTBA
PS(AlUAz)SPS(Al)+R9(A2)_PI(AIﬂAz)s (1-7)
P(AUA)Z B(4)+P(4)-P(AN4), (18

AHAJIOTUYHBIC BHIPAKECHUIO, OIUCHIBAIOIIEMY IMEeOPEMY CLONCEHUS JUIS
CIIYYaHHBIX COOBITHIA:
P(Al U Az) = P(A1)+ P(Az) _P(A1 N Az)-
Jlns nmokaszatenbeTBa HepaseHcTB (1.7), (1.8) paccMorpuM JBa
cobbitust A, u A,, B 061ieM cityuae COBMECTHBIX. BepxHsisi rpaHuLia

BeposaTHocTH cobbrtns 4, U 4,
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P(4U4)=sup(P(4,/ )+ P(4,/g)~ P(4, (4,1 g)) <

ge

<sup(P(4,/g)+ P(4,/g))—inf(P(4,N 4,/ g).

oeG geCG
Orcrofa cienyeT HepaBeHCTRO (1.7).
Huskusis rpanuna seposthocty cobbitns A, U 4,

P (4 UA2)=in£(P(A1 1g)+P(4,/g)-P(4 mAz/g))-

Ortcrona cinenyeT HepaBeHCTBO (1.8).
OrmerumM, uto, Koraa coObitust A, u A, HECOBMeCTHbIE, TO

P,(4,NA,)=0, P(4MN4)=0 u un3 sepaxenuii (1.7), (1.8)
cueayer
B(4U4,) < P(4)+B(4,),
F(4U4,)2F(4)+F(4).
Korna 4, < 4,, 1o, cornacto coorHowenuto (1.5),
P4 UAz) =FK(4,), P4 UAz) =F(4,).

B ofwem ciyyae aus runepciyyaibix cobbiruit A, u A,

(1.9)

CIIpaBCJIMBGI HCPABCHCTBA
P(A4 NA) < PB(A)P(4/4), (P(4)#0),
P(A4ANA) =P (A)F(4,/4), (P (4)=0),
AHAJIOTUYHLIC BBIPAKECHUTIO
P(4, N A4y) = P(4) P(4,/4),
OMKCHIBAKLIEMY /mMeopemy YMHONCEHUs I CTyHalHbIX COOBITHI MPH
P(4)#0. B nmamnom ciywae mon P(A,/A) u P(A4/A)

noapasyMeBarOTCa COOTBCTCTBCHHO BCPXHAA MW HUWXKHAA TI'PaHHILI

(1.10)

BEPOSATHOCTH COOBITHS A, NPHU YCIOBHH, YTO HPOU3ONUIO COObITHE
A4,. JlokazaTenbCcTBO HEPABEHCTB (1.10) aHAJIOTUYHO
paccMOTPEHHOMY.

Tunepcayuaiinvie  cobwmus A, w A, Gynem Ha3biBatTh

He3a8UCUMBIMUY, €CTIM TPAHUIBI BEPOATHOCTH TIEPECEUEHUST DTHX
COOBITHI (haKTOPH3IYIOTCS:
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B(4 NA4,)=F(A)Fs(4), F(A4NA4)=F(4)F(4,). (1.1])

Cwpica dopmya (1.11) 3akmrogaercs B TOM, 4TO TIPH He3aBHCHMEBIX
runepciyyaiiibix  coObitusix A, wu A, rpaHuusl  QyHKOUHU
paclpenciacHH IEPeCCUYCHHsS COOBITHI  ONPCACIAIOTCS  JIHIIb
rpanuiamMu QYHKUMK pacrpeneieHus cobbitus A, W rpaHunamu
¢GyHkuun pacupenenenus cobbitus A,. IIpu 3TOM HECYILECTBEHHO,

LPOU30LIO WKW HE 1IPOU30LLLIIO cobbrrue Al A0 BbISICHCHNMS, KAKOBbI

rpaHuibl coObiTHsi A,, U MPOU3OLLIO WK HE HPOM30LUI0 COOBITHE

A, 10 BBISACHEHMS, KaKOBbI rpaHuIbl coObiThs A, . Pesynbrar Gymer

OJIUH U TOT *Ke.

AHanoraMu Gopmyivl HOJHOU BEPOSIMHOCTIY U MEOPEeMbl 2UNOMES
(meopempvr  batieca) TEOPHH BEPOATHOCTCH CHOyXKaT CICAYIOIIUC
TEOPEMBbI, JIOKA3bIBAEMBIE 110 PACCMOTPEHHOH BBILIE CXEME.

Teopema 1. ITycth coObitue A MOXKET MIPOM3OUTH COBMECTHO C
ONHUM H TONBKO ofHuM cobbituem H|,...,H, , obpasyrommm
MOJIHYHO TPYIIITY HECOBMECTHBIX COOBITHI (TunoTe3). Toraa

P(A4) < f%(H,n)%(A/HW),
,,;1 (1.12)
P (A)z Y P(H,)P(4/H,).

m=l
Teopema 2. Ilycte H, ,H,,... — MHOKECTBO TMOMAPHO
HECOBMECTHBIX COOBITHH (THMOTE3), 0OpasyiolUuX MOJHYIO TPYIIIY.

Torma ans Kaxknoii mapel  coOwitnii (H,, A) crnpaBeauBbl

m?

HEPABEHCTBA
pH, jay<BEND  BWH)EAH,)
AR WACRVAVI A
P(H,/A)> b(H,N4) FH,)EA/H,)

BA S P H,)

m=1
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1.2. CkansipHble runepciayvyaiiHbie BeJITHYHHBI

Cranaprot  cunepcayuaunon seauyunoi X OyneM Ha3bIBAThH
NPOU3BONBHYID  YHCIOBYK)  (YHKIHIO,  ONpPEACICHHYH  Ha
npoctpadcTBe () JNIeMEHTAapHBIX COOBITHI ®, JUI1 KOTOPOH IpH
¢ukcupoBaHHbIX  ycnoBuax Habmoaenus g €G onpenenchHa
BEPOSATHOCTHAS Mepa, HO JJsl YCTIOBUH HAOJIIOCHHS BEPOSTHOCTHAS
Mepa He onpejeleHa. 3HAUEHHST X THIEPCIyYalHON BeNMYUHbI X
MOTYT OBITH MONYYEHBI ¢ MOMONIBIO HEKOTOPOH (yHKIMU X = Y(®),
rae Q.

Tunepcrnyvaiiiyio BeNWYMHY X MOMKHO TPEJCTABHTH B BHJIE

MHOXECTBA Cllydaiinbix Benuunn X/ g: X = { X/ge G} .

Cesa3p Mex/Iy Tunepciy4ailHbIMd W CIIy9alHBIMH BEJIHMYMHAMHM
nofoOHa CBSI3M MEXAY BEKTOPHBIMH U CKaNAPHBIMH BEJTHYMHAMHU.
BekTop MOXkeT ObITh MPEACTaBIEH MHOKECTBOM CKAJSIPHBIX BEJHNYHH.
Taxske U runepciyyaiiHas BeJHYHHA MOKET OBITH OXapaKTepH3OBaHa
MHOXKECTBOM CIYYaHHBIX BeIW4YMH. YacTHBRIM ciydaeM BEKTOpa
ABIIIETCS CKaJsIP, YACTHBIM CIIy4aeM THIEPCIyYalHON BEIMYMHBI
ABIISIETCS CIydaiiHad BEJIMUYMHA.

Jiis  onuMcaHus —TUNEPCIy4YaliHOW — BenuuuHbl X = MOXKHO
WCTIOJH30BATh PA3IMYHBIE BEPOSITHOCTHBIE XapaKTePUCTUKH YCIOBHbLIX
coyuatineix - senuyun X/ g (g€ G), wHanpumep, (yHKIUH

pacnpeneneHus

F(x/g)=P{XSx/g},
rjie P{X <x/ g} — BEPOSITHOCTH BBINOJIHEHHs HepaBeHcTBa X < X

B YCIOBHAX & , INIOTHOCTHU BEPOATHOCTH

flerg) =TS,

dx
XapaKTEepUCTHYECKHE (PYHKIMU

0o/ )= [ /(x/ @)expljox)ds.
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obpasyromue  (YHKIHH  MOMEHTOB, oOpasyiolye  (yHKIHUU
(akTOpHANTBHBIX MOMCHTOB M Jp., a TaKkKe L[CHTpalbHBIC ¥
HELEHTPATLHBIE MOMEHTHI CIIyYaiiHbIX Bennuud X / g, B YaCTHOCTH,

MaremaTuyeckue oxutanus m, = M[ X/ g], nucnepcun
Dx/g = D[X/g] = M[(X/g _mx/g)z]

unp., rie M[-] u D[] — onepatopsl MareMaTH4ECKOTO OKUIAHUSA U

JUCIICPCHUH COOTBECTCTBCHHO.

JIas  ONMCAaHWS THUNEPCIyYalHOH BeaM4YMHBl X  MOrYT OBITH
UCIIOJIB30BAHbl TAKXKE M JIPYTUE XAPAaKTCPUCTUKH W [apaMerpsl,
AHAJIOTHYHBIC NICPCUUCIICHHBIM.

AHanoramMu  (GYHKUOMH — paclpelielieHHs]  SBISIOTCS  (BYHKIWH,
OMpCACIsACMEBIC CIICAYOIINM 06pa30M:

Fy(x)= sup P{XSx/g}, F,(x)= inf P{XSx/g}. (1.13)
geCG

g<G
W13 Beipakennii (1.13) Buguo, uro ¢yukumu Fo(x) u F,(x)
OIIPCACIACHBL COOTBCTCTBCHHO KAaK BCPXHAA MW HHXHAA TI'PAaHHUIIBI
BCPOATHOCTHU  BBINIOJIHCHHUA  YCIIOBHA X < X, T. €. SABIAKTCA

epanuyamu @ynkyuu pacnpedenenus F(x/g). ®ynkumu Fy(x) u

F,(x), wme Oymyuu Mepamu rumepcnyudaiinoil senmumasl X,
00MaNatl0T TEMM K¢ CBOHMCTBAMM, YTO M (YHKIMSA pacipeacicHUs
BEPOSTHOCTH  CIIy4aiiHOM  BEJMYMHBI: OHH  HEOTPHLATEIBHBIE
(Fi(x)=0, F,(x)=20),  orpammuennsie  (0< Fo(x) <1,
0< F,(x) £1) u ney6pBaromme. Kpome toro, Fg(x)> F,(x), npu
MHHAMAIBHOM 3HAYCHMH THUICPCIYYaiiHOM BEIMUYMHBL (CCIM OHO
CYLICCTBYET) TpaHMIBl COBMNAZAlOT M PaBHBI HYIO, a [pH
MaKCHMAIIBHOM 3HAYCHHH (CCIM OHO CYIHECTBYET) — TPAHMIBI
COBIAJIAIOT U PABHBI EHHUIIE.

Mexay rpaHuiaMi GYHKIUHA PaclpeieicHus paciiookeHa 30Hd
neonpeodenennocmu (puc. 1.1). Ee mmpuHa onpenensercs pasHOCTHIO
AF(x)=F;(x)—F,(x): 4em O6oubllie HEONPECICHHOCTb, TeM

Oompine Beqnmuubna AF(x). Ecniu X - ciydalinas BenMduHa, TO
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rpaHuibl (QYHKIME paclpeleleHus COBMAaloT M pasHocTh AF(x)
paBHa HYIIO.

Puc. 1.1. I'panunpt GyHKOMH — pacTipejielieHdss M 30HA
HEOIPeIeNICHHOCTH (3aTeMHEeHHas 001acTh)

Jna BeIACHEeHWST OCOOCHHOCTEH TpaHHll (PYHKIFH pachpee/IeHUs
npu BBICOKOM YpOBHE HEONPEIETCHHOCTH paccMoTpUM
THOEPCIYYaiiHyI0 BENWYMHY X , ONPENC/ICHHYIO Ha HHTEpBase
[a,b]. Tlo Mepe BO3pacTaHWs HEONpPEACICHHOCTH (TPHOIMKEHHS K

noHoMy xaocy [11, 12]) BepxHsAd rpaHulia CTpEeMHUTCA K €IUHHUIIE, a

HIDKHSISI — K Hymo. Ilpp 3TOM BepXHIOIO TPaHHLY MOXHO
paccMaTpUBaTh, HAPHMED, KakK (OYHKLHIO
010¢ x<a,
(1-€)/2 10¢ x=a,
Fy(x)=41-¢ i10¢ xe(a,b), (1.14)
1-¢/2 i8¢ x=b,
1188 x>b,

a HIDKHIOIO — KaK (hYHKITHIO
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0ide x<a,

£/2 i8¢ x=a,

F(x)=4¢ 10¢ xe(a,b), (1.15)
(I+€)/2 i0¢ x=0b,

1168 x>0,

rie € >0 (puc. 1.2). OnpeneneHHBle TakuM 00pa3oM (YHKIHUH
F.(x), F,(x) crpemsrcs npu € =0 Kk QYyHKUHAM, HMCIOLIAM

CIMHHUYHBIC CKa4YKH COOTBCTCTBCHHO B TOYKaX d H b. Ecm

d—> -0, a b—>o0, TO JTH EIVHHMYHBbIE CKA4YKM HAXOJATCA B
0CCKOHEUHOCTH (MUHYC OCCKOHEUHOCTHU U ILTIOC OCCKOHEUHOCTH ).

l-¢

Fy(x) £ (x)

»
L

a 0 b X

Puc. 1.2. TlpumMep pacrionokeHnsi rpaHuill GyHKIINH paclipeaerIeHus
THIEpCIydaifHOH BEeMWdIWHBL X M 30HBI  HEONPEACICHHOCTH
(3aremuenHas 06JacTh) OpH MPUOITIKEHNH K Xaocy (€ — 0)

Tunepcayuaiinyio éenuyuny OyneM Ha3bIBATb HENPEPbIGHOU, CCIU
Ha 000M KOHGUYHOM HHTEpBaje TpPaHUUBl ¢¢  (YHKIUN
pacrpe/ieIeHus] HEeMPEePhIBHLI U CYMISCTBYIOT KYCOYHO-HETIPEPLIBHEIE
UX TIPOU3BO/THEIE.

Jlns  HempepblBHOM THUIEpPCAyYaHHOM BENMYMHBI  aHANOTaMU
IJIOTHOCTH BEPOSATHOCTH CIyYaliHOM BEIMYMHBEI MOTYT CIYKUTH
byHKIIIH
dF, (X)

YW =2 (1.16)

Js)=—1 m
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OpEICTABIAOINE COOOH MPOU3BOIHBIE BEpXHEH W HIKHEH TpaHHUIL
(GYHKUMM  pacripefic/icHHMss W Ha3blBaCMbIE  HAOMHOCHAMU
pacnpedenenus panuy.

Hcronb3yst 06o0OmIeHHble (GYHKINH, B YaCTHOCTH, O- (QYHKIIHIO,
MOYKHO ONPE/IENNTh TUIOTHOCTH paclpeelieHns TPaHuI[ He TOJBKO
JUISL HEMpPEepBIBHBIX TUMEPCIYYalHBIX BENHYWH, HO W JUIS TeX, Y
KOTOPBIX TpaHULbI (PYHKIMH paclpelesicHus MPEACTaBIsT coOoii
KYyCOYHO-HETpPEephIBHbIE (DYHKLUMH, B YacTHOCTH, ¢yHKuuii (1.14),
(1.15).

HerpyaHo yGemuTbes, YTO IUIOTHOCTH PACOPEACICHUS TPaHUL
00Jagatl0T  CBOMCTBAMH  IUTOTHOCTH  BEPOATHOCTU  CIy4YaiHOM

BENMYMHBL: mockonmbky Fo(x) m  F,(x) HeyObBatomue, TO
IJIOTHOCTH paclpefiefieHns IpaHul HeotpuuartenbHbl ( fo(x) >0,
f;(x)20), mockonbky mepBooGpasusie F(x), F,(x) d¢yHkunit
fs(x), f;(X) npu x —> o0 paBHBI CAMHHLIE, TO

[ fiodx= [ fode=1

n Fy(5) - Fy(5) = [ fi(dx, Fy ()= F(x) = [ £,(0)d

AHanoramMy XapakTepUCTHUECKON (DYHKIMH CIIyIalHOU BEIUYUHBI
MOTYT  CIYXUTb  XAPAKMEPUCHMUYECKUe  (YHKyuu  epauuy
SUNEPCIYYAUHOU  GelUYUHbl,  TOA  KOTOPHIMA  MOHHUMAETCS
npeodpazoBanne Pyphe MIOTHOCTEH pacnpeccHIS TPaHHUIL

0,(jo) = [ fi(x)exp(jor)dr,
~ (1.17)
0, (jo) = [ /,(x)exp(jonx)d.

XapakTepuctuueckue (YHKIMHM TPaHUIl OONaalOT CBOWCTBAMH
XapaKTEePUCTHUYCCKON hyHKIIH; OHU OTPaHUYCHBI

(0s(i0)| < Qs =1, |0,(jo)|<Q,(0)=1) wu B ciyuae
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BCILCCTBCHHBIX TUMEPCIYYAWHBIX BEIMYHH OOIaJAOT CBOHCTBOM
(v} . * .
KOMIUIEKCHON COTIPSKEHHOCTH (Os(-jo)=0q (jo),
. * .
Q,(-j®) =0, (jo)).
B ominune OT TpaHHl (GYHKUHH PACTIPEACNICHUS, TUIOTHOCTH
pacrpeecHus TPaHUL B XapaKTePHCTHYCCKUE (YHKUHMH PAHULl HE

CTOJIb HATIISAIHO XAPAKTEPUIYIOT 30HY HEOMPEICTIEHHOCTH, XOTA C UX
MOMOIILI0 MOYKHO OMNPEACIAThL TOJME3HBIE B HEKOTOPBIX CITydasx

BEJIMYHHEL
Af (x) = fs(x) = f,(x),
AQ(jo) = Qs (jo) - O, (jo).
HNHQOPMATHBHEIMEA ~ XapaKTEPUCTHKAMH  ABISIIOTCA  cpeoHue
epanuy.
— cpeodHee epanuy (PYHKYUU PAcnpeoeneris
Fy(x)=(Fy(x)+F,(x))/2;
— cpeodHee NAOMHOCHEN pacnpeoenerus 2panuy
o) =(fs(X)+ f,(x))/ 2;
— cpednee XapaKxmepucmu4ecKux QYHKYull 2panuy
O, (jo) =(0s(jo)+ 0, (jo)) /2.

Ot CpCAHUC CBA3AHBI MCKAY 0060171 QUCBUAHBIMHU COOTHOLICHUAMMN:
dF; (x) . R .
S0 =" 0y(jo) = [ f(x)exp(jor)dr.

Ans onucanus mnepcnyqaﬁﬂmx BEIUYWH  MOTYT  OBITh
WCTIOJNB30BAHBl  TAK)KE PA3NUYHBIE  YUC08ble XAPAKMEPUCHUKU,
AHANOTHUYHBIE YHCJIOBLIM XapaKTePHCTUKAM CIyYalHBIX BEIHYHH:
AHATOTUIHBIE MaTEMaTUIECKOMY OXXHJIAHUIO, JIACTISPCHH,
CPENHEKBAAPATUIECKOMY OTKJIOHEHHIO H JIp.

Mamemamuyeckue oxcudanus epanuy Mg [(p(X)], M, [(p(X)]
¢yukyun O(X) runepciydaiiHol BeamumHbl X ¢ TUIOTHOCTSIMH

pacnpenencHus rpanuy fo(x), f,(x) GyaeM Ha3bIBaTh HHTCTPAIbI

M, [o(X)] = j P(x)fs(x)dx, M, [p(X)]= j O(x)f, (x)dx. (1.18)



1.2. CkansgpHbie TUNEPCAyIARHbBIC BEIMUUHB 25

MaTeMaTHYeCKUe OXHMIAHUS TPAHWL] CYIIECTBYKOT HE BCEra:
TONBKO KOT/Aa CYIIGCTBYIOT (B CMBICIE aOCONFOTHOM CXOOUMOCTH)
uHTerpansl (1.18).

W3 Beipaxkenuii (1.17), (1.18) BHOHO, YTO XapaKTCPHCTHUCCKHE
(YHKUMU  TpaHWUIl — 93TO BEPXHsISI M HIDKHSAS — TPAHUIIGL
MaTEMATUYECKOr0  OXKMJIAHUS  KOMIUIEKCHOM  rumnepcily4aiHoin

pernuuHel  eXp (joX). U3 Bepaxkennit (1.18) cieayer, uro
MAMEMAMUHECKUE OXHCUOAHUS. Panuy Mg , M, 2UREPCAVHAIHON

genuuunbl X , TPEACTABISEMble KaK MaTeMaTHYECKUE OXKH/aHHs
rparun yHkunn O(X) = X , ONHCHIBAIOTCS BBIPAKCHHUAMHI

mg, =M [X]= Txfs(x)dx, m, =M, [X]z 'Txf,(x)dx. (1.19)

-0
JIasi BEIECTBEHHOW THMEPCIydYaHONH BenwuuHbl X  Ouchepcuu
epanuy D¢ m D, onpenennm kax

Dy, =M[(X-mg)" |, D, =M,[(X-m,)"], (1.20)

a cpeonexeadpamuyecKue OmKIOHeHus spanuy Oy U O, — KaK

65 =\/Ds» 05 =Dy (1.21)

MaTemaTHuecKue OXHWJAaHMA TpaHul m, W M, mnepcnyqaﬁHoﬁ

BenuuuHBl X XapakTepH3yIOT CpeHHE 3HaYeHHs X , pacCUMTaHHbBIE
JUIST  BepXHEH ¥ HIWKHEH TpaHUIl TUIOTHOCTH pPacCIpeIeieHuUs.

Hucnepcun  rtpammn Dy wu D, Benmumnel X, a Takke
CPeIHEKBAAPATUYECKUE OTKIOHEHNUS TPAHHLl Gg ¥ G, BEIUYUHBI X
XapaKTepH3yloT  pa3bpoc  3HaueHwmii X OTHOCHUTEJBHO
COOTBCTCTBYIOINX MATEMATHYCCKUX O)KI/I,Z[&HI/II?I me n mlx .

VuurteiBasi, yto npu Fy(x,) = F,(x,) UMeeT MecTo HEpaBEHCTBO

X, <X,, HETPYAHO INIOKa3aTh, YTO M, <M, , NPUYEM DPABEHCTBO
HMECT MECTO TOI'ZIa K TOJIBKO TOT'/1a, KOraa FHHepCHy‘IaﬁHaH BCIIMYWHA
X BBIpOXIaeTCs B CNy4YaliHyIO BENUYMHY. BenuunHa XKe AUCIepCHU
Dy moxet 6bITh Oonbllle, MEHbLIE UK paBHA Benuduae D), .
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B KauecTBE MHTErpalbHBIX XapaKTEPUCTHK MOXKHO MPEMLIOKNTH
TAKKE CpeoHee MAMEMAMUYECKUX ONCUOGHULL 2PaHuy (QYHKYuu
@(X), onpenensieMoe Kak

M, [9(X)]=(M; [@(X)[+M, [(X)]) /2,

cpeoHee  MAameMamuyeckux OJNCUOAHUN epaHul 2unepCayiatinou

genuuunbl X , ompenensieMoe Kak m,, =(mg +m, )/ 2, cpednee

oucnepcuii  epanuy Dy, =M, [(X - mOX)z] H  cpednee

cpeoHeKk8adpamuuecKux OmKNoHeHuil epanuy G, = /D, .

KpoMe Toro, MOXKHO BBECTH PSLA APYIUX XapaKTCPUCTHK, MAIOILIUX
MpeJCTaBlIEHHEe O THIEepCAyYalHOW BelMYWHE, B YaCTHOCTH,

HAYAIbHble MOMERmMbl cpanuy me, U M, V — o nop4ajka, oupeaciunB

MX KaK MaTeMaTHuYecKue OXuaaHus rpanuil Gpydxkmun O(X)= X",
YeHmpanbHble MOMEHmbl 2paHuy g, W W, ~V—T0 HOpsjKa,
OnpeAcIMB HMX KaK MAaTECMATHHUYCCKUE OXuJganusd COOTBECTCTBCHHO

rpasny Gysrit O(X)=(X -m, ) u ¢(X)=(X-m,) urno
1.3. BekTopHbIe runepciaydaiiHbie BeJTHYHHBI

Martepuansl mnofpasiena 1.2 0000LIAOTCA Ha  GeKmMOpHbie
UnepCayuainble  GeAuYUHbl,  KakKAas ~ KOMIIOHEHTa  KOTOPBIX
OpEACTaBIACT COOOH CKAAPHYIO THIICPCIYYalHYIO BEIHUHHY.

BekTtopHyto TUOEPCIYYaHHY IO BEJINYHHY X Oynem

paccMarpuBaTh KaK MHOXKECTBO CIIyYaiiHbIX BEJIMYUH { X/ge G} :

Tpanuysl ynxyuu pacnpedenenus 6eKMOPHOU SUNEPCIYUAUHOU

senuuunsr X = (X,,...,X,, ) onpemenum Kak
Fo(¥)=sup P{X, <x,...X, <x,/g}, (1.22)
geG
F, (%) =inf P{X, <x,... X, <x,/g}, (1.23)
g€

NIOMHOCMU PACRPEOeNeHUs 2PAHUY — KaK
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L. O0YF(%) o oM F,(X)
SO = e Y T e

a Xxapakmepucmudeckue QyHKyuu spanuy — Kak

Oy (j@) = [ ... [ fi(®)exp(j®F)ds,

: (1.24)

0,(j®) = [ ... [ f,(®)exp(j&F)ds.

2T XapaKTCpUCTHKHN 06naz[a}0T TCMH XKC CBOﬁCTBaMH, qT0 H

HAITOTHIHBIE X TEPUCTAKA BEKTOPHBIX CIIyYailHBIX BEJIMUWH,
TaKKe Cneuu(UUEecCKUMH CBOMCTBaMH, aHAJIOTMYHBIMU CBOWCTBAM
CKalAPHBIX THIEPCITYyYaiiHbIX BEIUYUH. B YaCTHOCTH,

F.(X)>F,(X), npuYeM TpaHUIBl THUMOCPCIYYalHBIX BETHYUH

COBMAMAOT MPH YCTPEMJICHUH KOMIIOHEHT BEKTOpa X K MHUHYC M
TUTI0C 0ECKOHETHOCTH.

PaccmoTpum L -mephyto TUNEPCAYYaHHYIO BEIIUYUHY
Z=(X,Y), cocrosmyw wu3 M -mMepHOW runepciyvaiHoi

emnuunbl X u (L — M) -MepHOit runepceinydaiiHOM BeIMUMHBL Y .
BBeneM TOHATHA —epanuy VCIOGHOU — (DYHKYuU  pacnpeoeneHus
F (¥/X), F,(/X), venosuvix niomuocmeti pacnpedenenus spanuy

fs(/%), f,(§/X) wu vcrosuvix xapaxmepucmuuecxux gynxyuii

epanuy Qs (JO, /)?), 0,(jo, /)?) eunepcayuaiinoti eemuunst Y mpn

YCIOBHMHU, YTO THIEPCIyYaiiHas BenuuuHa X MPHHSIA KOHKPETHOE
3HAYEHUE X .

CoBMECTHBIE IUIOTHOCTH pacmpefeneHuss rpanun  fo(X, V),

f,(X,¥) cucremsl runepenyvaiinbix Bennund Z = (X,Y) cessanst

C YCTOBHBIMU MJOTHOCTSMH pacrnipefienienus rpanunl [ (V/X),

f,(¥/X) runepcnyuaiinoii Bemwummel Y M IUIOTHOCTAMH
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pacrnipenenenus rpanut fo(X), f;(X) rumepcnyyaiiHON BETHYHHBI

X HepaBeHCTBaMH

LGS ELG/D), LED 2 LEL3/3), (125

CIEAYIOIMUME 13 BeIpakeHmit (1.10).

Tunepcayuaiinete  seauwunst X w Y  GymeM  Ha3pBaTh
HE3A6UCUMBIMY, €CTTH TITOTHOCTH pacnpeeicHus rpanur f(X,y) u

f,(X,¥) momyckaroT GpakTopH3aLHIO:

fsGE ) =D 0, LGV =LG/0). (1.26)

HeTpyaHo y6eauThesl, YTO 1S HE3aBHCUMBIX Beamuud X u ¥

(haKTOPU3YIOTCST HE TONBKO IUIOTHOCTH PACIPCACICHUS TPaHHUI[, HO
TAKXKE TPAHULBl (QYHKIUH PACTIPEACICHHS U XapaKTCPUCTHUCCKHE
(YHKUWU TpaHULL:

Fy(X,5) = Fs(DF(¥), F(X,5) = F(X)F (),

0s(j0,, j0,) = O (jo,)0s (j®, ),

0,3j0,,jo,)=0,(jo, )0, (jo,).

Cnemyer oOpaTWTb BHHUMaHHE Ha TO, 4YTO HE3aBUCUMOCTb
rUlepeilyyaiiHpiX  BEIWYMH HE O3HAYaeT, 4YTO MEXIY JITUMHU
BEIMYMHAMH OTCYTCTBYET CBfA3b. Ha ypOBHE pPaccMAaTpPHBAEMBIX
XapaKTEPUCTHK OHA MPOCTO HE MPOSABIAETCS. Y MECTHO OTMETHUTD, 9TO
[IOHSTHE  HE3aBUCUMOCTU  CIOy4YalWHBIX  BEJIMYMH,  LIMPOKO
HCIIOJIB3YEMOE B TEOPHUH BEPOATHOCTEH, CIedyeT TPAKTOBAaTh TAK JKE:
CBSI3b MEXJY CIlydalHbIMH BEJIMUMHAMHU MOXET CYLIeCTBOBATh, XOTH
Ha YpOBHE BEPOATHOCTHOH Mephl OHA HE HaOIIO1aeTCsl.

[LnotHOCTH pactpenenieHus rpanul M -MepHO# rurepcayvaiiHoi
BEJINYMHBI (Xpso0n X ) OIpEeEINAIOTCS ClIe1y I0IUMH

HECPABCHCTBaAMU:

SoGos Xy VS f O /3 o xy ) oG [x) (), (1.27)
S o) G 5 o) G /W) (128)
3nceh  fo(X, /XX,y i (X, XX, ), (M=2,M) —

OTHOMCPHBIC YCIOBHBIC MIOTHOCTH pacHpenencHus rpanuty; fo(x, ),
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f‘](xl) — OIJHOMCPpHBIC 663}/CHOBHBI€ INIOTHOCTH pacClpCaCICHUA

rpaHun. [loka3aTeIsCTBO 3TUX HEPABEHCTB MOMKET OBITH NPOBEIACHO
METO/IOM MaTeEMaTUYECKOM HHJIYKIUK C UCIIOJIHE30BAaHMEM HEPABEHCTB
(1.25).

OTMeTHM, 4TO B TOM cJiydae, KOT/ia KOMIIOHEHThI THIepCITydaliHon
BEJIMYUHBI HE3ABUCHUMBI,

Js(Xsesxy) = fo (). f(x4)s
S nxy)= 1,000 (x,)-

Hua  BexTOopHOrO M -MepHOTO  2unepcayuatinozo  eexmopa
ONPEICINM CpeoHee 2panuy QYHKYuu pacnpeoenenus, cpeoHee
nromuocme pacnpeoenenus 2panuy U cpednee
XAPAKMepucmu4eckux QYHKYull 2panuy, COOTBETCTBEHHO CIICTYHONNIM
obpasoM:

F,G)=(FX)+F(X)/2,
JoX) =)+ [,(R)N/2,
0 (j0) = (Qs (jO) + O, (jo)) /2.

oTHn cpeaHuc CBs3aHbI MCKIOY coboii OUYCBUIHBIMU
COOTHOIUCHUAMU, aHAJTOTHYHBIMHU CKAJIAPHOMY ClIydaro:

L O"E(X)
f()(x)_axl...ﬁx,w

0,(j) = | fo(®)exp(jorm)dz.

B kadecTBe OCHOBHBIX UHCIOBBIX XapaKTCpUCTUK BCKTOPHBIX
FI/IHC]Z)CJIy‘-Iaf/iHBIX BCIIMYMH MOXHO IIPCANTIOXHUTH MamemamuuecKue

2

oocuoanus  zpanuy M -MepHOU  sexmopuoti  pynkyuu  O(X)
eunepcayuatinot L -mepuoii  genuyunnt X =(X,,...,X,) ¢
MIOTHOCTSMH  pacnpemencHust  rpanuy  fo(x,...,x;) ®

f;(x,,...,x, ), onpexenseMpie Kak
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MSH)()?)J:_]i...jj;(p(xl,...,xL)x (129
X fo(X)yox )dx, .. dx,,

M, [§(X)]= T of B, )%
><f,(x,,...,x,‘)d‘x, ...dx,

(ecau UHTErpabl CYLIECTBYIOT).
YactHpM ciydaem  xapaktepuctuk  (1.29), (1.30) sBnsroTes
MAMeMamu4eckue 0NCUOAHUS epanuy Mg, U M, SUREPCIYHAUHOZO

(1.30)

sexmopa X , NpeAcTaBIIOLINE cOOOH MaTeMATHUeCKHe OKUAAHHS
rpanuy ¢pyuxun ¢(X) =X :
g, =Mg| X ], i, =M, [ X ] (1.31)

Hua L -mepHoro  eunepcayuatinozo  eexkmopa X c
BCIICCTBCHHBIMU KOMITOHCHTAMH XapaKTCPUCTUKOW pa3bpoca MOTYT

D

MAaTCMATUUCCKUC OKUJAHUA I'paHUL] COOTBCTCTBCHHO (byHKLII/H\/'I
(_Iis(X) = ((X1 — Mg, )27 I[=1L),
6,(%)=((X,~m, ), 1=LI)

H  cpeoneksadpamuyeckue  OmKioHenusi GOy, O,

X

CIYXKHUTh OUCHepCUU epaHuy D

Sx

.., lpeacTaBisitomye codoi

epanuy,
KOMIIOHEHTHl KOTOPBIX, OTpesiesieHbl Kak BEJIWYUHBI, pPaBHBIE
KBQJIPATHOMY KOPHIO M3 KOMIIOHEHT BEKTOPOB DSY, DIX, rae mg, W
my, — [ -¢ KOMIIOHCHTBI BEKTOPOB g U 11, COOTBETCTBECHHO.

Hdast L -MepHOro rHOepciay4aiiHOro KOMIUIEKCHOTO —BEKTOpa
Z=X+ _])7 XapaKkTepHCTHKON  pa3bpoca  MOTYT  CIyXHThH
KOMMLEKCHblE OUCHEPCUY ePaHUY DSZ , D,Z , IpeAcTapAoIye codoit

L -MCPHBIC MAaTCMaTHYCCKHE OXXHNIaHHA BEKTOPOB
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((Xl _mel )2 +J(K _mSyl )29 Z :17L)=
(X, =m, )+ —m, ), 1= 1L,L)

H KOMNJIEKCHblE cpedﬁekeadpamuuecwe OMKAOHEHUA cparuYy aSz’

612, BCHICCTBCHHBIC KOMIIOHCHTBI KOTOPBIX pPaBHbBI KOPHK U3

COOTBCTCTBYIOIINUX BCHICCTBCHHBIX KOMIIOHCHT KOMINUICKCHBIX
mpucnepcuit  rpanny Dy, D
COOTBCTCTBYIOINUX MHUMBIX KOMIIOHCHT 3TUX K€ BCIIUMYWH.

BecbMa MONEC3HBIMM XapaKTCPUCTHKAMU MOTYT OBITH HaudibHblEe

4 MHHMBIC — KOPHIO U3

Iz 2

MOMEHMbL 2PaHUuy m H m nopsaka v=v,+...+v
Svi..vy Ivy...v; 1 L

L -mepuoii  runepciyydaiiHOW — BELIECTBEHHOW  BenmumHbl X,
onpeeseMble CICAYIOMNM 00pa3oM:

Mg, ., =M XX,

ViV

(132)
m,

— Vi VL
o =M XX
(v, — nenoe nonoxurensHoe uncno, [ =1, L), a takxke yenmpansuoie
MOMERMbL  cPARUY H’Svl...vL u ulvl...vL HOpﬂI[Ka V= V1 +...+ VL k4

OIIPCACTIACMBIC KaK

Mo, v =Mg[ (X =mg )" (X, =me )" ], (133)
“[VIA..VL = M[ |:(Xl _mlxl )VI (XL _mle )VL :I (134)

CMmemaHbbie [EHTPAIBHBIE MOMEHTHI TPAHUIl BTOPOTO MOPSAKa

Wg M [, BEIIECTBEHHbIX IMIEPCIyHaiiHbIX BEIMYNH X, n X,

MOXKHO Ha3BaThb KOBAPUAUUOHHBIMU MOMERMAMU cpaHuly, CMCIIAHHBIC
Ha4YaJIbHBIE MOMCHTEI TI'pAaHHL BTOPOroc Mmopsaxa mSH nu m,” -

KOpperadyuOHHbIMU MOMERMAMU cpaHuYy, a CMEIIAHHBIC HCHTPAJILHBIC
MOMCHTEI BTOPOT'O MOpsAJKa, HOPMUPOBAHHLIC Ha COOTBCTCTBYIOIIHUE

CPEIHEKBAAPATUYCCKUE OTKIOHEHUsS G, , O, U G, , O, TIDaHUL,
Sx; Sx2 Ix) Ixz

— KO3(hhuyuenmamy Koppeisyuu epanuy
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U K,
— 1t —_ 11
Fo=—S = (1.35)
GSXI cYS,\‘z GL\‘, cSL\‘z
KOBapI/IaHI/IOHHLIC MOMCHTHI I'PaHUI] MS], u MIH , KOppCIAONOHHBIC
MOMCHTBI I'paHuI] mS” u m[” U MATCMATUYCCKUE OXKWJIAHUA I'PAHUIL

mg. , Mg , M,

w W MMy JBYX THIEpCIy4aiiHbix Benuand X, n X,

CBA3aHbI MCXIY 000} COOTHOIIEHUSIMU
“Su = mSll - mSXl mS«"z ’
“[n = mlll _m[«\'lmb‘?’

AHATIOTUYHLIMU U3BECTHOMY COOTHOIICHUIO JUTA Cﬂy‘{aﬁHbIX BCIINYHH.

(1.36)

OHpeIleJ'II/IM KOPPEeIAYUOHRbIE MOMEHRMbL cPAHUY, mS” n m,”

KomnnexcHou — eunepcayuaunou — eenuqunvt L =X +]1Y  Kak

MaTEMATHYECKUE OXUAAHUS TPAHUI] MPON3BE/ICHUS JCHCTBUTEIBHON
W MHAMOMW 4YacTel dTOW BEJTNUYUHEI:

mg =M[XY],  m, =M,[XY],
a  KoeapuayuOHHblE MOMEHMbl cpPAHUY MSH n M[” — KadkK
MATCMATHUYCCKUC oXKnaanus FpaHI/IH HpOI/ISBe,Z[eHI/IH cC

[IEHTPUPOBAHHBIX BElIeCTBEHHONH H MHUMOM yacTen
Mg, =M [(X —mg )Y —mg,)],
W, :Ml[(X_mlx)(Y_mly)]‘

Tunepcayuaiinvie  eenuyuner X, n X, OyzeM 1a3pIBath
HEKOPPEeIUPOBAHHLIMY, €CIIM WX KOBAapPHALIMOHHBIE MOMEHTHI PAHMUIL
pagubl  Hymo: pg =W, =0. Ipu stom r;=7,=0 u
KOPPEAUNOHHBIE MOMEHTHI TPaHHMI, COTNacHO BeIpaxkeHHIO (1.36),

CBA3aHbl ¢ MATCMATHYCCKUMHU OXHWJIAHUAMU Tpanull CIACAYIOIMUMHA
3aBUCUMOCTSIIMHU!

mS” = me, mez > mlll = mlxl m[xz .
FunepCﬂyqadele 6EC€JIUYUHDBL Xl n XZ 6y1[eM Ha3bIBATH
OpMOcOHANIbHbIMUY, C€CIIN KOPPCIATMOHHBIC MOMCHTLI I'paHHWI paBHBI
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HYJIIO: mS” = m,” =0. HpI/I 3TOM KOBapHALlMOHHBIC MOMCHTHI

TpaHul [g W L, , KaK BHAHO U3 BeIpaXeHUs (1.36), OKasbIBatOTCS

CBA3AaHHLIMU C MATCMAaTUYCCKUMU OXUJaHUAMU I'paHUI] CICAYIOUIUM
obpazoM:

MS“ = _mel mez’ }"'1“ = _mlxl m[xz .

Ecnu runepciyyaiinbie BeluuuHbl X, U X, HEKOPPEIUPOBaHBI,

TO 1IPpH 1Ay BCKHUX HaxX IIPpCACIICHNA T'PaHHuI] N SJUNCo6
paccesuus OPACHTUPOBAHBI BAOJL ocell koopauHat (puc. 1.3). Ecau
CYHICCTBYET JIMHEWHAsA 3aBHCUMOCTD MEXK/y 3TUMU BCINMYUHAMHU, TO

¥ =¥, =1 W SIUUINCHI paccesHUs BBIPOXKAAIOTCS B OTPE3KH NPSAMBIX
(puc. 1.4):

Y Ix,
X+ My, — mg,,
o Sx) Sx) o Ix Ix)

Puc. 1.3.  Dnmuncel  paccesHWsT TpU  TayCCOBCKHX  3aKOHAX
pacnpeneneHns rpaHui; g =p, =0
"

Al
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Puc. 1.4. Dnmuncel  paccesHWS TpU  TayCCOBCKMX  3aKOHAX

pacnpeieNesus Ipanui; », =+, =1

HeTtpynHo mokaszaTh, 4TO W3 HE3aBUCHMOCTH THIEPCTyYaitHBIX
BemuuH X, U X, cieayer ux HeKOppemupoBaHHOCTb. OOpaTHOE
YTBEpKICHUE B 00IIEM Cliyyae HEBEPHO.

IMousTHsI HEKOPPEIUPOBAHHOCTH u OpPTOTOHATBHOCTH
PUIEPCIYYaliHbIX BEIMYMH MOXKHO 0000muTh Ha ciuydaid N
KOMITJICKCHBIX TUTIEPCTYYaitHBIX BCJIUYMH. Komnnexchvie
2UNEPCAyUaitble BeUYUHBI X Lseees X N Ha30BEM
HEKOPPERUPOBAHHbBIMU (nomapHo), ecau hinbi BCEX
n#m, n,m=1,N uUMEOT MECTO CIIe/IyIOIIHE PABEHCTBA:

M[X, X, 1= M [X, IM[X, ],

M,[X, X, 1=M,[X,IM,[X,],

Ht

U OpmoOcORAIbHbIMU (nonapHo), CCJIN IIPU TCX XKC YCIOBUAX

MS[XHX;] = MI[XnX;] = 0

3meck W Janee 3Be3M0YKOH 00O03HAUCHA ONCpaIysd KOMILICKCHOTO
COTIPSIKEHHS.
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B  BekTopHOM cnywyae And  CPeNHUX TpaHUN  (HYHKIHH
pacipeacneH|ss MOKHO BBECTH CICAYIOIUE XapPaKTCPUCTUKH, BEKMOP

CPEOHEe20 MAMEMAMUYECKUX OHCUOGHUY PanUY QYHKYUY (T)()? )

M, [ $(X) |=(M, [9(X) [+M, [$(X) /2,

6EKMOp cpedHezo mamemamudecKkux 0MCUOAHUL cparuy

eunepcayuainoeo  eexkmopa X @ m, =(mg +m,)/2, eexmop
cpeone2o oucnepcuii epanuy D, = (M, I:(X )~ My, ) :I , I=LL),
BEKMOP CPeOHe20 CPeOHeK8adpaMuieckux OmKIOHeHull zpanuy G, ,

KOMITOHEHTBI KOTOPOT'O PaBHbI KOPHIO M3 KOMIIOHEHT qucnepcuu 1, ,

CpedHee HAYAJIbHbIX MOMERNIOB cPAHUY,
mOle..v,_ = (mSVI.A.vL + m]v].“vL ) / 27
CpedHee YEHMPATIbHBIX MOMEHMOE cPAHUY

MOVIA..VI_ =(}’|'Sv].“v1‘ +}’|'[v|‘..v,_)/2

1.

JUnisi runepeiy4aiHbIX cKaspHeX Besimaud X, 1 X, OueBHIAHBIM
00pa3oM MOJKHO BBECTH CpeOHee KOBAPUAYUOHHBIX MOMEHMOE SPAHULY
Woy = (Mg, +1,0,)/2 ¥ cpednee  KoppersyuOHHbIX  MOMEHMOS

epanuy My, =(mg,, +m,,,)/2. Ecin rumepcnyyaiiHbie BETHYUHBL
HEKOPPEJIUPOBAHbl, TO CPEAHEE KOBAPHALMOHHBIX MOMEHTOB I'DAHUIL
Ly, DPaBHO HYNIO, €CIM € OHHM OpPTOTOHANBHBI, TO CpEIHEe
KOPPESLIHOHHBIX MOMEHTOB 7y, PaBHO HYJIIO.

KpOMe YKa3aHHBbIX XapaKTCPUCTUK, MOXKHO HUCIOJb30BaTh CLIC
Heﬂblf/‘l paa ApYyIrux XapakKTCpUCTHK, aHAJIOTUYHBIX IPUMCHACMBIM IIPH
OIMUCAHNU BEKTOPHBIX CHy‘IﬂﬁHBIX BCIIMYHWH.



I'JIABA 2

THIEPCAYYAUHBIE ® YHKIINA

Onpedeneno  nowsmue — zunepcayuauHol — @yukyuu U paspaboman
MAMEeMAMUYECKUll annapam ORUCAHUS 2UREPCAYHAUHBIX QYHKYUL DATULHBIX MUNOE
(CKanApHLIX U BEKMOPHLIX,  BEUECMBEHHLIX U KOMAAEKCHbIX).  Inagnvimu
XAPAKMEPUCTUKAMY, — UCHONbIYEMbIMU — ONA  NPEOCMAGACHUST  2UREPCIVHANHBIX
@GyHKYUl, A6TAIOMCS YCI06HbIE (DYHKYUY PACAPEOENEHUS, 6EPXHSSL U HUICHSS 2PAHUYbL
@ynkyuu  pacnpedenenus, a Maxdice NIOMHOCMU PACAPEOeNeHUst epanuy u
Xapaxkmepucmuieckue Qyukyuu zpanuy. Bcnomocamensuvivu xapaxmepucmuxamu
AGAIOMC  MAMEMAMUYECKUe — OJCUOQHUsT  2PAHUY,  OUCHEpCUuu  2Ppanuy,
KOPPENAYUOHHbIE Y KOBAPUAYUOHHBIE QYHKYUYU 2PAHUY U Op.

2.1. Cxansipable runepceiy4aiinbie GyHKUNH

IMon eunepcayuaiinoti  pynxyuerr  X(¢) OygeM IOHMUMATH
YHCIIOBYIO (YHKIMIO HE3aBUCHMOIO apI'yMEHTa !, 3HAYCHHE KOTOPOH
opu moboM (ukcupoBaHHoM 3HaueHu f €1 (rme T — o6nacts

OMpeNelicHHs apryMeHTa) MPeACTaBiIseT co0ol THIepCIy4ailHyrO
BEJINYUHY, Ha3bIBAEMYIO ceuenuem. MHOKECTBO 3HAUYEHHH BCEX
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CEUCHMH THUIepCclydyaiiHOH ((YHKIMH 00pa3yeT HnpoCmpaHcmeo
cocmosanui S (pazosoe npocmpancmeo).

[ -i peanusayueii eunepcayuaiinoi ¢gynxyuu X(t) (evibopounoii
ynryuelr) GyneM Ha3bIBaTh ACTEPMHHHPOBaHHYIO (yHKuHMIO X, (),
KoTopas jus (pukcupoBaHHOro onwbita i €/ u QUKCHPOBAHHOrO
yciosusi g € G craBuT B COOTBETCTBHE Kaxaomy [ €71 onHO u3

3HaueHnit x € .

[vnepciydvaiigas — GYHKOMS —~ MOXET  OBITh  IPEACTaBiICHA
MHOKECTBOM CIyYaiHBIX GyHKIMIA X))/ g:
X()={X(t)/ g€ G}. Ona uMeeT uepThl KaK THIEPCIYyYaiiHO
BEIMYUHBI, TaK W JETEPMUHHPOBAHHON (BYHKIMH: OpH (UKCALMH
3HAYEHHUS apryMEHTa MPEeBPaIlacTCs B THIIEPCIYYaiHYI0 BeIMUUHY, a
npu  (QUKCAIMM OMbITa M YCIOBHH — B JIE€TEPMHUHHPOBAHHYIO
¢dyHKUMI0O. MHOXecTBO peanuszaumii | rumepciaydaiiHoi GyHKIUH
MO?KET OBITh OTPAHMYCHHBIM, CYCTHBIM HIH HECYETHBIM.

Ckanspuyro  rumepciydaiinyro  ¢ymkmmro  X(f)  Gyzem

MIPEJCTABIATh COBOKYITHOCTBIO €€ CedeHuid. Jlig OnucaHuss MOKHO
UCIIOJIB30BATh VCI08HbIE DVHKYUU PACHDeOeneHUs

F(Zf/g)=P{X(t)<x,..X(t,)<x,/g},
rae X =(X,,...,X; ) — L -MepHbIi BEKTOp 3HAUECHUI TUIIEPCITYYalHOMN
bynkmmu X (¢) B Momentsl Bpemenu (f,,...,1; ), obpasyromme L -
MepHbIii BekTop BpeMenn [, P{A/g} — BepOATHOCTb BBIIONHEHHUS
nepaseHctBa A npu ycnoBusx <G, a TakKe ycrogHwie
AILOMHOCMU PACRPEOeNEeHUS
_O'F (%1 g)

xX;t/
S ) ==

VCAOBHBLE XAPAKMEPUCMUYECKUE (PYHKYUU

2

O 1g)= [ .| FGT I ) exp(jor)d

U JIp.
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KpoMe Toro, MOXHO  HCIONB30BaTh  LICHTPAIBHBIC U
HELICHTPAIbHBIC MOMEHTHI Cily4aiinbix GyHkunii X(¢)/ g (g € G),

B 4acTHOCTH, MaTeMaTWdeckue okumanus m,, (1) =M[X(7)/g],

JIUCTIEPCHUH
D, (0)=D[X(1)/ g]=MI(X(2)/ g —m, ()],
KOPPETAIMOHHBIE MOMEHTHI

Kx/g(tUtZ) = M[(X(tl)/g)(X(tz)/g)] >
KOBAapUALUOHHBIE MOMEHTBI
R (1,6) = MIU(X(4)/ g —m,, ()NX(t,)/ g =m,, (1,))]
U Ip.
Jlns onucanus runepcnydainoit gynkuud X (¢) Moryt ObITh

HCIIONTE30BAHBI TAKKe AHATOTHM TEPEUMCIEHHBIX XapaKTEPUCTHK |
apaMeTpoB.
K ducny BeposSTHOCTHBIX XapaKTEPUCTUK OTHOCSTCSA cpaHuybl

Gyrrkyuu  pacnpedenenus F.(%;0), F(X;1), RAOMHOCIU
pacnpedenenus epanuy  f3(X;t), f,(X;f) n xapaxmepucmuueckue

gyukyuu epamy Q. (i),  Q,(j®;f), ompenensemele
COOTBETCTBCHHO CIEAYIOIUM 00pa3oM:
F,(%;f)=sup P{X(t)<x,..X(,)<x,/g},

e 2.1)
Fy(%0) =inf PLX(0) X000, X (1) S 3/ 8}
ge

Lo O'F(E0) L O'F(%D)
S = ED= e @2
05 (j@;1) = [ ... [ fo(F:0)exp(j@¥)dX,
- (2.3)

0,(j&:1) = [ ... | f,()exp(jor)dr.
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DTH XapakTepUCTUKH 00JaJar0T TEeMU K€ CBOHCTBaMH, YTO W
AHAJOTHYHBIE  XapaKTePUCTUKU  BEKTOPHOW  THNEPCITyYaitHOU
BEeTHYHHBI (TIoapazgen 1.3).

[IupuHa 30HBI HEOMIPEICICHHOCTH ONpeAeISIeTCs] PYHKIMAMA

AF(31) = Fy(551) - F, (%),
Af(3%8) = fo(B0) = f,(55F)

AQ(j; 1) = O (j& 1) — O, (j&s 7).
Jlis cnydaitaeIx GYHKIOHE 5TH GYHKIUM paBHBI HyIo. [Ipu momHoi
neonpedenennocmu (momsoM xaoce [11 —12]) AF(X;7)=1.
[pencraBuM runepciydaiinyo Gynkumo X (f) COBOKYNHOCTBIO
L ee ceuenmit X(t)),...,X(f,). Pasmenum >t ceycHHs Ha IBE

rpynmnbl. K nepBoii rpynne orHecem mobsie M ceueHuit, Hanpumep,
nepBeie, a Ko BTOpoit — ocranbhbie L —M ceuenmit. Torma L -

MEPHBIC TUIOTHOCTH pPAaCTpefeNneHuss TPaHUIl [ (X ey X, 58 0esl, ),
S (XX, 30 t,)  cBsBaHBL ¢ M -MEpHBIMM  TUIOTHOCTSIMH
pacnpenencuust patull fo (X, yeeey Xy 3 seestyy ) s 7 (X seees Xyp 3 peestyy )

u  ycnoBHbiMu L — M -MepHBIMM  TZIOTHOCTSMH  pacrpe/IelIeHIs
rpaHuIy

S5yt X5 Eyprsenn b 1 Xy X3 8 is )

NZLC.7VIRPIE 5 FNTNNN JV D SN JPRY SN JP)
CIELYIOUIMMH HEPABEHCTBAMU

SO X588 S [ (X Xy s By ) X

fo(xMH,...,xL;tMH,...,tL/xl,...,xM;tl,...,tM),
S X5t ey 8,) 2 [ (X, Xy s by ) X
S J1 CYERISNNE 754 FYRIPRONY JiV/S IOONE V54 VNN 9 N

BBITCKAIONIUMU W3 AHAIOTHYHBIX COOTHOUIEHWH JUIS BEKTOPHOMU
TUTIEPCITyYaWHON BEITUYUHEI.
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Ceuenus t,, t, eunepcayuainon gynkyuu X (t) Oynem Ha3bBaTh

He3a8UCUMBIMU, €CITH JIBYMEpHbBIE TUIOTHOCTH PACIpe/IeNIeHUs] TPaHHUIL
(bakTopHzyroTCA:

Js(asxyst,t) = fo(x58) [ (x558,),
Si(xsx580,6) = £,(x56) f,(x,51,).

Ceuenus t,,...,1, eunepcayuainon gyuxyuy X(f) uasoBeMm

(2.4)

He3a8UCUMBIMU 6 COBOKYNHOCHU, €CITH HE3aBUCHUMbBl B COBOKYITHOCTH
3HAYEHWS BEKTOPHOU UMNEepCIydaliHON BEITMYHHDI, COOTBETCTBYIOMINE
3TUM CEUYEHHSM, T.€. BO3MOXHO CIIEAYIOIee TMpeACTaBIeHHE
IUIOTHOCTEH paclpeneieHns TPaHull;

L
fs (e X3t ty)) = [ [ fs Gesty),
I=1
) (2.5)
Jr s xys et =TT S, (i)
I=1
Kak u B cioydae cioydaliHbIX (GYHKOHH, W3 HE3aBHCHMOCTH B
COBOKYIHOCTH  CCUEHHII THHepciaydyaiiHod  (YHKIMH  CIEAyeT

HoIIapHas UX He3aBHCUMOCTh. OOpaTHOS e YTBEPKIACHHE HEBEPHO.
Mamemamuueckue OJICUOAHUSL epanuy yHryuu

o(X(1,),...., X(8,)) suauenuti zunepcayuaiinot ¢ynxyuu X(t) B L

toukax X, = X(¢,),...,X, = X(¢,) omuceiBaroTCs BRIPAKCHHAMH

M[o(X(#),.... X ()] =
= T T X,y X)) [ (Xees X, 501, ), . dx,,
M, [p(X(2,),.... X (1, )] =

ol N G VA C OO 29 s e

(2.6)

JIns XapaKTepUCTHKH Tumepciaydyainoil ¢ynkuun X (f) Moryt

ObITH MCIIOIBb30BaHbl MOMeHmHble (yHKyuu epanuy. Havanonoimu L -
MEPHBIMH MOMEHMHBIMU dyuryusmu 2paHuy nopsizika
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V=v,+...+V, eunepcayuaiinoi gyuxyuu X(t) OGyaeMm Ha3biBaTH
MATEeMaTHYCCKUE OKHIAHUS TPaHHII (GyHKIHH
o[X(@),.... XUt )=X"()... X" (t,):

Mgy, v, (tl""’tL) = 1\/15[)(VI (tl)---XVL (tL)] =

= [ o X1 d
- ] ; 2.7)
My, (tl7""tL):M1[X l(tl)"'XL(tL)]:

X (X, X5t )dx L dx,

Il
C——y
g ey &
Ra
=

rae v, — uenoe nonoxurensHoe unciao ([ =1,1).

Mamemamuueckue 0dcudanHus 2panuy 2Unepciyd4aiHou QyHKyuu
X(t) onpemenum kak

me (t) = MS[X(t)] > m[x (t) = MI[X(t)] .
l[eHmpaﬂbeZMu L -MCPHBIMU MOMEHMHbIMU qbyHKuwmu cparuy
nopgaaka V= Vl +...+ VL 6yI[CM Ha3bIBATH CJICAYROIINC (pyHKLII/II/I:

My, v, (Eoeennly) =

=M [(X (1) —mg, ()" ... (X () —mg ()" ],
My, (Goeenty) =

=M, [(X (1) —m, (1)) ... (X(5,)—m, (1,)"].

YacTHBIM CIydaeM 3THX (YHKUMH SBISIOTCS OuCnepcuu 2panuy
D, (t), D, (t), onpenensieMsie Kak

Dy, () = Dy [ X ()] = M[(X (1) = my, (1)1,
D, (t)=D,[X()]=M,[(X(t) = m, (8)]].

Maremarndeckde — oxumaHust  rpamun  mg (¢),  m ()

(2.8)

(2.9)

XapakTepU3yIOT CPEAHHE 3HAYECHUS THIIepCIydainon ¢pyukimu X (7),
paccuuTaHHble IS BEepXHEW W HIMKHEH TpaHull TUIOTHOCTH
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pacnpenenenns, a gucnepenmd rpamuny Do (f), D, () n
CpeOHeK8aopamuyecKie OMKIOHeHUs. ZPAHUY, OTIPEICIACMbIC KaK

04 (1) =Dy (1) , 6,(6)=+D,(),

XapaKTepU3YyIOT CTENCHb pa3dpoca 3TOHW rUnepciaydaiHol (DYyHKLIHUH
OTHOCHUTECIIBHO COOTBCTCTBYIOLIHUX MaAaTeMAaTUYCCKHUX O)KI/II[aHI/Ii/’I

me(t) H mlx(t) .
HerpyaHo yOemutbes, uro mg (f)<m, (t), a COOTHOLICHHE

mexay D (1) u D, (t) Moxer ObITb MHO0BIM.

YacTHEIMHA  cayyasMu  BeIpakeHmit  (2.7), (2.8) sBisroTCS
KOBAPUAYUOHHBIE (DYHKYUU 2PAHUY 2UNEPCIYUAUHON (DYyHKYUL

R (#,1,) = M[(X () — mg, (¢ )(X(2,) — mg, (£,))],
R, (tl > tz) =M, [(X(tl ) —m, (tl ))(X(tz) —m, (tz ))]
U KOPPENSAYUOHHbIE (PYHKYUU ePAHUY
KSx (tl s tz) = MS [X(tl )X(tz )], le (tl > tz) = M/ [X(tl )X(tz )] (2.10)
OHH cBA3aHBI MEXAY COOOH CIEAYIOMMH COOTHOIICHUSAMU:
R (4,8,) = K (8,8,) — mg (1) )mg (,),
R (t,t,) =K (¢,t,)—m, (t)m, (1))
KoBapuanmonsasie 1 KOppENANUOHABIC (GYHKIUH TPAHUIL, a TaKKe
HOPMUPOBAHHbIE KOBAPUAYUOHHbBLE (DYHKYUY 2PAHUY
R, (¢.t R, (1.t
er(llsl2): S,\(l 2) , rlx(tlat2): lx(l 2)
GSx (tl)cs.r (tZ) csIx (tl)clx (t2)
XapaKTePHU3YIOT 3aBUCHMOCTh CCUCHHI THIICPCITYYaiHON (YHKINHU.
Ceuenus t,, 1, eunepcayuaino gynxyuu X (t) Gynem Ha3bBaTH

@2.11)

(2.12)

HeKOPPENUPOBAHHBIMY, €CIU IS JTHX CEYEHHMH KOBAPHALMOHHLIE
¢ysxmmu rpannn R (4,t,) =R, (t,,t,)=0. Ilpu sToM, cormacHo
BEIpakeHnmo (2.11),

K (8.8,) =mg (t))mg (), K (8,8,) =m (¢)m,(1,).
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Ceuenus t,, t, eunepcayuainon gynkyuu X (t) Oynem Ha3bBaTh
OPMOZOHANbHBIMUY, €CITU JJIS HUX KOpPEIALUOHHBIE (YHKLUHA MPaHUILI
K (1,1,) =K, (1,,1,)=0.

IIpu 3TOM, cornacHo BeIpaxkeHuto (2.11),

R (4,8,) = —mg (t))mg (8,), R, (¢,8,)=—m, (¢)m,(£,).

TMonsaTus HE3aBUCUMOCTH, HEKOPPEINPOBAHHOCTH u
OPTOTOHAJIBHOCTH CEYEHMI THIIEpCAyYalHON (DYHKIMH aHAaJOTHUYHBI
TAKUM K€ MOHATHAM choy4YaiiHod ¢yHkumu. Ecim  cedenus
THIEPCITyYaiiHOW (YHKIUH KOPPEIMPOBAHHBI, TO OHH 3aBHCHMBEIL.
O6parHoe yTBEpKACHUE HEBEPHO. ECIH CeYeHHs HE3aBHCHMBI, TO
OHM HEKOPPEIUPOBaHbl. ECIIN CEYEHHS OPTOTOHANBHEI, TO OHH MOTYT
OBITh  KaK  3aBHCMMBIMH, TaK M HE3aBHCUMBIMH,  Kak
KOPPENUPOBAHHBIMH, TaKk M HEKOPPEIMPOBAHHBIMH.  Ecim
MaTeMATHYECKUE OXMAAHMS TPaHUI[ XOTd Obl OJHOTO M3 [BYX
pacCMaTPUBAEMbIX CEYEHHMH PABHBI HYJI0, TO M3 OPTOTOHAILHOCTH
CeueHui creayer ux HEKOPPETNPOBAHHOCTD, a u3
HEKOPPENNPOBAHHOCTH — MX OPTOTOHATBHOCTb.

2.2. BexTopHBbIe runepcayvaiinbie GyHKIUU

Bexmopnoti  cunepcnyuainoi  ¢ynxkyuenr  OyaeM  Ha3BIBaTh
BEKTOPHYIO (DYHKITHIO X (t), KOMIIOHEHTBI KOTOPOIl MpPEICTABISIOT
coboit CKaJIApHBIC THTIEPCITyYaitHbIC byHKIUH:
X(0) = (X, (s X, (1))

Bektopuyrwo H -MepHyo rumepeiydainyro  QyHKIHIO X (1)
MOKHO omucath B L cedenusix rpanutiamu L -mepHoi COBMeCTHOﬁ
bynxunn pachpeneacHus J N GG S
F(X,.oes X300y 0sly), Toe L-MepHBE BeKTOpH X, H [,
XapakTepu3yloT /l-e KOMIOHeHTHl BekTopa X (f) (K :m.

@Oyuknuio X (f)  MOXKHO — ONHCATh  TAKKE  MIOMHOCHAMU
pacnpedenenust epanuy
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Ss (X, xH’ X H) NLCT xH’ yoresly)
WY XapaKmepucmuiecKumu qbyHKuuﬂMu eparuy

QS(ja)la"'aja)H;Z;,...,;H)’
0,50, JO 385 s,
T'unepcayuaiinvie gynxyuu  X,(t) u X,(¢) Oynem HasbiBath

He3asucumbimMu, C€CJIX TPU  TIPOU3BOJIBHOM HATYypaJIbHOM L ee

2L -MepHBIE  COBMECTHBIE IUIOTHOCTH  PACOPEACIICHHS  TPaHMIL
(haKTOPHU3YIOTCA:

[5G Xp3h.6) = fGsh) f5 (33 ),
[ G X0, 6) = [(3380) f,(3:0).

Komnornenmol gexmopHot eunepcayuaiinol gyuxyuu X (t) Gymem

(2.13)

Ha3bIBATh HE3dEUCUMBIMU 6 COBOKYNHOCMU, eCH (haKTOPHU3YIOTCS ec
COBMECTHBIE TUIOTHOCTH PaclpeneIeHns rpaHHu‘

Js Qoo Xyitysennty) = HfS(xh’th)
(2.14)

Ji(Xse e Xyt ty ) = Hf[(xhath)

Eciii KOMIIOHEHTBI BEKTOPHOI runepciyvaitnoi ynkimu X (1)

MOMapHO HE3aBHCHMBI, TO He 0013aTeNIbHO HE3aBUCHMBI B
COBOKYITHOCTU €€ KOMIIOHEHTHI.

Mamemamuueckumu oxcudanusivu epanuy my(t), m,(t) Gynem

Ha3bIBaTh AETEPMUHHPOBAHHBIC BEKTOPHBIE (DYHKIHU, KOMIOHEHTBI
KOTOPBIX MPEICTABIAT COOOH MaTeMaTHYeCKHE OXHMIAHUsI TPaHMI]
COOTBETCTBYIOIIUX  KOMIIOHEHT  BEKTOPHOM  rumepcily4aHon

dyrxumn X (t):
mg(1) = M[X(D)], m,(t)=M,[X ()] (2.15)
Hucnepcusmu 2panuy l_)'g(t), 5, (t) sexmopnoil cunepcryuaiinou
yukyuu  OyOeM  Ha3bIBaTh  JCTCPMUHHPOBAHHBIC — BCKTOPHBIC
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(DYHKLUM, KOMIIOHCHTBI KOTOPBIX SIBISIOTCS THCHEPCHAMH T'PaHUILl
COOTBETCTBYIOIINX KOMITOHEHT (PyHKITHH X (t):
Ds(1)=Ds[X(®)], D, (1)=D,[X ()] (2.16)
Kosapuayuonnvivu ynxyusmu epanuy H -meproit eexmopHoii
cunepcnywaiinoti yuxyuu X (f) OyjeM HasBlBaTh KBaAPATHBIE

marpuusl R, R, pasmepom H x H ¢ anementamu
Ry, (1,,1,) = M[(X, (#,) - mg,, (ENX, (8,) - M., 9]

2.
Ry (8,6,) =M, [(X,(4) - my, ENX, (1) - m,., (#&)]- (

JuaroHanpHBle SJIEMEHTHl OTHX MaTpPHI[ HPEICTaBIAIT coGo
KOBapHALMOHHBIC (PYHKIMHM TPaHUL KOMIIOHCHT. HeamaroHaabHEIC
3JIEMCHThBI OIINUCHIBAKOT KOBapHallMOHHBIC CBA3HU MCKIY
KOMITIOHCHTAMU. Cssi3u MCKIY KOMIIOHEHTaAMU MOXHO
OXaPAKTEPU3OBATL TAKKE  HOPMUPOBAHHLIMU — KOBAPUAYUOHHBIMU
QyHKYUSMU  2paHuy, ONPCACTSCMBIMU OJHHUM H3  CICOYIONIMX
00pa3oB:

17)

7 ([ t )_ RShk(tl’IZ)
s\l ) = ,
\/RShh (4, )R (4,,1)
R, (¢,
P (11583) = i (l:1y)

VR ()R (1,1,)
RShk (tl 2 12 )

VR (1,1 R, (1.1)
th/c (tl i t2 )

Fou (f150,) =

P (858,) =

\/thk(tlatl)thk (t,,1,)
g ([ I ) = RSh/c (tletz)
suic\paly \/Ds;, (t)Dg, (t,)
Fon(t,1,) = Ry (t,15)
)TAUEL \/Dm (t)D, (1)



46 IJ1. 2. THITEPCJIVYAHUHBIE ®VHKIIHU

CrolicTBa MaTeMaTHUYECKUX OXHJIAHWUN TPaHMI], JAHCIIEPCHi
TpaHull, KOBAPHANMOHHBIX GYHKUWU TpaHUI] U HOPMHUPOBAHHBIX
KOPPETAUNOHHBIX (QYHKIUH TIpaHUI BEKTOPHOH THIEpCITyYaiiHON
(YHKIIMKM ~ COBMaJalOT  CO  CBOMCTBAMHM  COOTBETCTBYIOLIUX
XapaKTEePUCTUK BEKTOPHBIX CIy4alHbIX (HyHKUUH (noapasaen 1.3).

2.3. KoppeasiunoHHbIE 1 KOBAPHANIMOHHBbIE (DYHKINH
KOMILIEKCHBIX THIIEPCIYIAHHBIX (PYHKIUI

KoppensyuonHoimu QyHKyusmy epaHuy KSX (t.1,), K (&)

Komnaekcnou eunepcayuaiinot @gyukyuu X (t) OyneM HasbiBaTh

JBYMCpPHBIC HauyaJibHbIC MOMEHTHBIC (YHKIHM TpaHdl BTOPOTO
MOPSIIKA:

K, (6,1,) = M[X (1) X (1,)],
le(t] vtz) = M/[X(tl)X*(tz)]»

a xosapuayuorneimy Gyuxyusmu epanuy R (t,,t,), R, (t,,t,) —

(2.18)

JBYMEPHBIC ILICHTpaNbHBIC MOMEHTHBIC (DYHKIMH TpaHHI[ BTOPOTO
MopsIIKa:
RSx (tl ’tz) = MS[(X(tI)_ me (tl ))(X (tz) — Mg, (tZ))]a (2 19)
R, (t,,t,) =M, [(X (1) —m, (¢ WX (t,)—m,(8,))]
HetpynHo yb6emauTbes, 9TO KOBApHAITMOHHBIC H KOPPEISALHOHHBIS
(YHKIOUMM ~ TpaHMIl  CBA3aHBI  MEXKIY  CO0OH  ClIenyOIHUMHU
COOTHOLICHUAMH:

KS,\- (t,1,)= RSx(tl’tz) + g (¢, )m;c(tZ) ,

le(tl >t2) = Rlx(tl >t2) + mlx(tl )mjx(tZ) .
Eciu Maremarnueckue OXHUOaHWs T'paHHULl paBHbI HYJIKO, TO
KOppelsLIMOHHBlE (YHKUMM TIPAaHULl pPaBHBl COOTBETCTBYHOIIMM
KOBapUALIMOHHBIM (YHKIMAM TPAHHLL:

KSx(tl’tZ) = RSx(tPtz) > K]x(tl’t2) =R1X(t1,t2).
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3nauenuss KoMAAEKCHOU 2unepcayyaunou @QyuKyuu X (t) B
MOMEHTBI BpeMeHHU [, {, OyJeM Ha3bIBaTh HEKOPPEAUPOSAHHbIMU,
€C/IM KOBAPUALMOHHBIE (PyHKUMH rpaHn R o (t,t)= R R(8,6)=0.

IIpu sToMm

K (t11,) = ing, (t)mg (1), K (t1,1,) = iy (8)my (1)

3nauenuss KoMAAEKCHOU 2unepcayyaunou @QyuKyuu X (t) B
MOMEHTBI BpeMeHU #,, [, OyJdeM Ha3blBaThb OpMOSOHANbHLIMU, €CIIU
koppensimonssle  pyskuma  rpasun K (f,4,) =K, (¢,1,)=0.
Torga

RSx(tl’tz) = —ng (1, )m; (%), Rlx (t,1,) = —n,, (tl)m:\- (4,).

Bzaumnvivu xoppenayuonnvimu yHKyusmMu epanuy K s (E1515)

K, (t,,t,) W 63aumnbiMu KOBAPUAYUOHHBIMU (YHKYUAMU 2panuy

RSxy (t,t,), R Iy (t,,t,) KOMAAEKCHBIX 2UNepCayHalinblX YHKYUL

X(#) m Y(f) OymeM Ha3biBaTh [BYMEPHBIE COOTBETCTBEHHO

HadaJbHBIC ¥ [ICHTPAJIbHBIC B3aUMHBIC MOMCHTHBIC (PYHKIIMU TPAHHUI]
BTOPOTO MOPsiAKa:

K, (1,t,) =My [X ()Y (t,)],
K, (4,0) =M, [X ()Y (1,)],
Ry, (t,y) = M [(X (1)) = ting (t))Y " (t,) = my, (,))],

R, (t,t,) =M, [(X (1) —m, )Y (&,)—m,(1,))]
KoppensiyoHHble ¥ KOBAPHALIMOHHBIE CBA3H MEKIY CEUCHUSAMU

(2.20)

KOMIUIEKCHBIX THIEpCnyvainpx Gyuxkiuuii X(¢) u Y(¢f) B MOMEHTHI

BPEMEHHU t, t, OIHCHIBAIOTCS KOPPEIALHOHHBIMA u

KOBapHallMOHHBIMH MaTpHULlaMH I'PAaHHUII:
KSx(tlﬂtZ) KSxy(tl’t2)

K. (t,6,)=| . . :
s(ht2) Ky (t,) K (t,t)

(2.22)
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. K. (t.t,) K, (4.t
K[(tl’tz): 'Ix(l 2) ']Xy(l 2) , (223)
Klyx (tl > ZLZ) K]y (tl 4 t2)
. R.(t,8,) R, (4.t
Rs(tl,tz): .S,\(l 2) .S,\y(] 2) , (224)
RSyx (Zl ’ ZZ) RSy (tl s IZ)
. R, (¢,t,) R, (4.t
R[(tl,tz): 'Ix(l 2) .Ixy(l 2) ) (225)
Rlyx(tlﬁt ) R]y(tlat )

Komnaexcrvie 2unepciyuaiinsie yuxyuu X (t) n Y(t) 6yzem

MOMCHTOB BpeMmenu ¢, f, (f, #1,) B3aUMHBIC KOBapHALUMOHHBIC
(YHKIMH TpaHUIL

RSxy(tl’tZ) = RSyx(tl’tz) = Rlxy(tl’tZ) = R]yx(tl’tZ) =0,
T.¢. MaTpuLsl (2.24), (2.25) — AMaroHanbHEIE.

Komnnexcuvie eunepcayuaiinvie gynxyuu X(t) n Y(t) Oymem
Ha3bIBATh  OPMOCOHANbHBIMY, €CIAM  JUIS  JIByX IPOW3BOJIGHBIX
MOMEHTOB BpeMeHH ¢, ¢, (f, #1,) B3aUMHBIC KOPPECISALUOHHBIC
d)yHKuI/m TpaHUI]

Sxy(tpt )= K (t,5)=K,, (,5)=K
T.€. MaTpuibl (2.22), (2.23) — nnaroHansHEIE.

Hopmuposaunuwimu  KOBAPUAYUOHHBIMU (DYHKYUAMU epanuy OyaeM
Ha3bIBaTh (DYHKIINU

Syx Ixy Iyx (tl > t2) = O °

];'Sx(twtz) — RSx(tlatz) , ];'[,\-(t]atz) — Rlx(tletz) , (226)
\Y DS,\' (tl )DSr (tZ) DSx (tl )DS,\' (tZ)
RS\‘V (t] ’t ) . _ R[xy (tl 9t2)

o (8, 1) = , T (t,t)= . (227
(o) Dy (1,)Dy, (1,) i) \/sz(a)DSy(tz)( :

CRoiicTBa KOBapHAlMOHHBIX (GYHKIUH TPaHUI] KOMILJICKCHBIX
THNCPCITYYalHBIX (hyHKOUHA AHAJIOTHYHBI CBOICTBaM
KOBapHAIlHOHHBIX (DYHKIHH KOMIUICKCHBIX CIy4daiHbIX (yHKOmi. B
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YaCTHOCTH, KOBapHallMOHHBIC  (DYHKIMH  TpaHUI]  o0JajgaroT
CBOMCTBaMHU:

- 3PMHUTOBOCTH, T.C.
RSxy (tZ ’ tl ) = RSyx (tZ 4 tl ) 4 Rlxy (tZ ’ tl ) = R[yx (t2 ’ tl ) ;
- OTPAHUYECHHOCTH, a4 UMEHHO
. 2 . 2
[Rs, (111, < Dy (t))Dy, (1) | Ry, (11.1,)| <D, (8)D,, (1)

(3HaKu paBeHCTBa UMEIOT MecTo, korma Y (¢, )=aX(t,)+b,rne a n

b — xoucrauth);
—  HEeOTpULATEJILHON ONPEJENCHHOCTH, 1oJ KOTOpOI
NOJAPA3YMEBALTCH, YTO JUIsl MPOU3BONBHBIX {,...,[, A KOMILIEKCHBIX

L I
ZiyesZ;,  BETHYMHBI z R, (4,t,)z,z, , ZR,X (t,.t,)z,2,,

I.m=1 [,m=1

BCIICCTBCHHLI U HCOTPHULIATCIILHEL.

2.4. N'unepcayyaiiHbie GYHKIHOHAJIBI M ONEPATOPbI

HaGop mnpaBmi, KOTOpBIE CTaBAT KaKIOMY OOBEKTY X Kiacca
(MHOXeCTBa) A B COOTBETCTBHE OOBEKT ) Kiacca (MHOxecTBa) B,

Ha3bIBacTCA npeobpazosanuem WIM omobpasicenuem Knacca A B
kmace B .

BymeM pasmuuaTh TpU THIA IpecodpasoBaHuid. Eciu 31eMeHTHI
knaccoB A u B — BelIUYMHBI ONpeNETICHHOrO THIIA, TO ) SIBISIETCS

@yuxyuen apeymenma X . Eciu kiacc A — MHOXKeCTBO (YHKIMI, a
Kinacc B — MHOKECTBO BEJMYMH, TO ) SBIACTCH QYHKYUOHATOM X .

Ecimn ke o6a xmacca A u B — wmHoxecTBa (QYHKUHMEA, TO
npeobpa3oBaHue NPEACTABIACT coO0i onepamop.

DIIeMEHTHI MHOXKECTB A U B MOryT GBITH AETEPMUHUPOBAHHOTO,
CIAy4alHOro WJIM TUnepciydaiiHoro Tuma. CouyeTaHHsl pa3IMYHBIX
THIIOB 3JIEMEHTOB MHOXeCTBa A ¢ pPasIMYHBIMH TUIIAMH JJIEMEHTOB
MHOXKECTBA B IOPOXKIAOT AEBATH BO3ZMOKHBIX KOMOUHALIMI.
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Hon eunepcayuaiineim gyuxyuonarom X (@) OGyaeM NOHUMATH

runepcityyaitHyo GyHKIHIO, 3aJaHHy0 Ha MHOkecTBe D) dyHKIuMA

(¢ (meTepMUHUPOBAHHBIX, CIyYaHHBIX WIM THNCPCITyYalHBIX),
3HaueHWe KoTopoil nmpu Jobol  ¢ukcupoanHoit @ € D,

NpPEACTaBIACT CcOOOH TUMmepcaydaiiHyl0 BeNHYHHY, HA3bIBAEMYIO
ceyeHuem. MHOKECTBO 3HAYEHUH BCEX CEUYECHHUU TUMEPCIydailHOro
¢dyHKLIHOHANa obpasyeT npocmpancmeo cocmosnui S (pasosoe
NPOCMPAHCMEO).

i-0  peanusayuei  eunepcayuaiinozo  gynxyuonara  X(Q)
(sv160pouHbLIM DYHKYUOHATOM) OyneM Ha3bIBaTh
NETEPMHUHUPOBaHHBIA  (QyHKUHOHan X, (Q),  KOTOpbId s

(ukcuposannoro ousita i € I n duxkcuposansoro yciosus g € G
CTaBUT B COOTBETCTBUC KakIOH (PyHKUMH (0 OJHO W3 3HAUCHUI

xes.

Ianepcnydaiinbii (hYHKIHOHAT HAMEET YepThI Kak
THOEpCTydYalHoH  GyHKOMM, Tak H  ACTCPMHHHPOBAHHOTO
¢yaxuuonana. llpu ¢ukcanuu QGyHKUMH () OH TpPEBpaIacTCd B

THIICPCIIyYalHy0 (DYHKIOMIO, a TIpH (DHKCALUK OINBITa U YCJIOBHHM — B
JIETEPMUHUPOBAHHBIN  (GYHKIMOHAI. MHOXECTBO peanw3zanmii [
MOJKET OBITh OTPaHHYCHHBIM, CYCTHHIM HJIH HECHYCTHBIM.

Pe3ynbTaToM BO3ACUCTBUS TUICPCIYUYAHHOrO OnepaTopa SBASCTC
runepenydaiinag ¢yHkuA. IIpg 3ToM He HMeeT 3HadeHHsS THII
HUCXOAHOU (DYHKIMH, Ha KOTOPYIO BO3ACHCTBYET OmepaTop.

s OIUCaHUsA THUIEPCIYYaiHbIX (bYHKITHOHAJIOB u
TUIEPCIHYYalHbIX ONEPATOPOB MOMHO MCIOJb30BAaTh  MOJAXO/bL,
napaMeTpbel MW XapPaAKTCPUCTUKH, TPUMCHACMBIC JUJIA ONUCaHUA
THICPCITYYaMHBIX (PYHKITHIA.

Hampumep, cKamApHBIH THHEpCIyYadHbI (YHKIIUOHAT MOKHO
OpeacTaBuUThL COBOKYIMHOCTHIO CEeUeHUN. I[J'ISI OIIUCAaHUusA MOXHO
HCIIOJIb30BaTh TPaHUILIBI (hyHKIUH pacopeacacHus

Fy(%;0), F,(X;¢), mnotHoctn pacnpenencaust rpanun  fo(X;9),
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f,(X;¢) wu xapakrepuctuueckue ¢yukuuu rpanun OJc(jO;0),

O, (j®; ), onpenensieMble COOTBETCTBEHHO CICIYIOLIAM 00pa3oM:
Fv(f;({j) = supP{X((p]) < xl:maX((PM) < Xy g},

geG
F,(f;(_[})=ir€1£P{X((pl)le,...,X((pM)SXM/g},
2o OTF(E:9) 2oy OTF(%:9)
S =, B0

0,(6:9) = [ .. | fy(7:®)exp(jdR)dE,

0,(j:) = [ .| /3 (E @) exp(jaE)dE,

rie  X=(X,,...,X;) —  L-MepHBii  BeKkTOp  3HAYCHHN
runepcnyuaiinoro ¢yskimonana X (¢) s Bekropa (QyHKIMA
(95--,0,), P{A/ g} — BeposTHOCTH BHINMOMHEHUS HEpaBeHCTBa A

npu ycnosusix g €G.

Jnsa  rpaHul  (GYHKOMH  pPACOpPEACICHHS  TUICPCIYYalHOro
(YHKUHOHANA  MOTYT OBITh  PACCUMTAHBI  LCHTPAIbHBIC H
HElEHTPANGHEIE MOMEHTHI, a TakKiKe JIpyTHe XapakTepUCTHKH,
Hecyllue  0OOOIICHHOE  MOPEACTABICHHE O  paccMaTpUBACMOM
(hyHKLHOHANE.



I'JTABA 3

AJIBTEPHATUBHBIE METO/bI OIIUCAHUA
I'NNEPCIYYAUHBIX BEJIMYWH U @PYHKIIUU

Paccmompen anomeprnamugrulii nOOX00 K ORUCAHUIO SUREPCAVHAHBIX GENUHUH U
GYHKYUL, NOBONAIOUUT XAPAKMEPUZ08AMb SUNEPCAYYAUHbIE AGTCHUs,, He npubeads K
pacuemy epanuy pynxkyuu pacnpedenenus. Ezo ocrnoeoti ciyorcum eviuucienue epanuy
YEHMPATbHBIX U HEYSHMPATbHBIX MOMEHMOB: ZPAHUY MAMEMATNULECKO20 ONCUOAHUS,
OUCHePCUU, KOPPETAYUOHHO20 MOMEHMA, KOGAPUAYUOHHO20 MOMEHMA U OP.

Tpu evivucienuu epanuy MoMeHmo8 He mpeGyemcs WHOOpMAyUU 0 SPAHUYAx
@yuryuu pacnpedenerus. Ilosmomy, 8 omauuue om MOMEHMO8 2PAHUY, UX DACHEN HE
conpsaicen ¢ GOTbUUMY GbIMUCTUMETLHBLMU 3AMPAMAMU.

3.1. XapakTepucTHKH U MapaMeTPbl BellleCTBEHHBIX
THNEPCAYYAHHBIX BeJIHYUH

B HepBOﬁ rJaBe JJisd ONUCAHUST CKAJIAPHBIX BCHICCTBCHHBIX
FHHCpCJIy‘-IaﬁHLIX BCJIINYNH HCITIOJB30BAIUCH (byHKI_II/II/I

pacnpenenennss Fy(x), F,(X) u paccuuTaHHBIe Ha HX OCHOBE
PasIMYHBIE  XApAaKTEPUCTUKH W HapaMeTpbl:  IUIOTHOCTH
pacnpenenennss  rpamnn  fo(x), f,(x), xapakrepucruucckue
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dyskimmu rpanun Q. (jo), O,(j®), MaTeMaTHYECKHE OKHAAHUS
rpaHun  mg,  m, , gucmepcun  rpammn Do, D, ,
CPENHEKBANPATUIECKUE OTKIOHEHHUS IPAHULL O , G, H Ip.

I[Hﬂ OIMMCAaHUA FI/IHepCquaﬁHBIX BCJIWMYMH MOTYT TNPUMCHATHCA
XapaKTEPUCTHKH W MapaMeTpsl JPYroro THMA, He OCHOBAHHBIE Ha
rpanunax GpyHKIUH pactpencienus, HapuMep, TPaHHIBI IUIOTHOCTH
pacmpesiclicHUs M TPAHHIBI  XapaKTEPUCTHYCCKOM  (YHKIWH,

OIpeneaeMble IS CKAIIpHOH BENIECTBEHHON BeNMYMHBL X
COOTBETCTBCHHO CJICAYIOLIUM 00Pa3oM:

S (x)=sup f(x/g), fi(x)=inf f(x/g) (3.1)

geG
u
Q,(jo) =supQ(jo/g), Q,(jo)=infO(jo/g),
ge
rie  f(x/g) — IIOTHOCTL paclpeneieHus THIEpCayYaiHoN

peauuunbl X npu yeiaoun g € G u Q(jo/ g) — coorrercTByOMIAs
XapaKTepHCTHIECKast QYHKIUs Ty yeioBun g € G'.

Jiis  onuMcaHus —TUNEPCIy4YaiiHOW  BenuuuHbl X = MOXKHO
WCTIONB30BaTh TPAHUIGI MATEMATHYECKOTO OXHUJIAHUS HEKOTOPO ee
bynximu O(x):

o

M, [p(X)]=sup [ p(x)f(x/ g)d,

geG

o

) (3.2)
M [p(N)]=inf [ o(x)f(x/ g)dx.

K YUCIIy TIpaHULl MOMCHTOB OTHOCATCA 6€pXHASA U HUOICHAA
ZPAaruybl HAYAJIbHOCO MOMEHmMA V -TO OPAAKaA:

m,=M[X"]=sup [ " f(x/ g)dx,

geG

sl

m (3.3)
m =M,[X"]=inf [ x"f(x/g)dx,
geCG i
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a TAKXE 2paHUuybl YeHmMpAibHO20 MOMEeHma V -TO NOPsJKa:

b =M =) T=sup [ Comm ) £/ g)d
geG
(3.4)

b= MK =m,,, ) V=inf [ (x=m,)" f(x/ g)dx.

rae m,,,= M[X / g] — MaTematuueckoe oxunanue pacpeaeneHus

npu ycnosuu g, M[:] — oneparop MareMaTiHIecKoOro 0xuAaHus.

YacTHBIM CIy4aeM TpaHWLl MOMEHTOB SBIAIOTCS TPaHULBI
MaTEMAaTHYECKOT0 OKHIaHHsI THIIEPCTyYaiHOM BemuanHbl X :

o0

m,. = sup j xf(x/g)dx, m, =inf j xf(x/g)dx. (3.5
¢eG ° geG =

I'paHuIel  MATEMATHYECKOTO  OKHAAHHS, KaK CIEeAyeT u3
BeIpakeHnit (3.2) u (3.3), IBIAIOTCS I'paHHAIIAMHA HaYaIbHOTO MOMEHTA
neproro mopsaxa. [ paHMIaMH LEHTPANTbHOTO MOMEHTa BTOPOIO

Mopsifika SBIAIOTCS TpaHUUBl aucnepemn D =u,, D, =p,.

Kopuu wu3 stux Benmunn G =.D_, o, =D, upexacrasisior

c000il TPAHHIIBI CPEIHEKBA/IPATHYECKOTO OTKIOHEHHS.
B obmem cryuae omepatroper M.[], M || He coBmamaror c

oneparopamn M [, M, [], a rpanuupl MoMeHTOB runEpciyYaiiHOit
BEJIMYUHBL M, , M., W, W, HE COBIAJAOT C MOMEHTaMH I'DaHHMI|

GbyHKUMK pacnipeneneHus Mg, My, W, M, PACCMOTPEHHBIMU B

riaase 1.

I'paHuIEBl MIOTHOCTH pacnpeelcHUi U IrPaHuIbl MOMEHTOB HECYT
HHGpOpPMAIMId HE O TpaHHLaX (YHKOUH paclnpeAcicHHs, a o
JIdara3oHe HW3MEHEHWA COOTBETCTBYIONIMX XapaKTEPHUCTHK  TpU
M3MEHEHNH YCIIOBUM ¢ B Mpeaenax MHoxecTBa ycinosuil G . Takum

o0pa3oM, TIpaHHUIBl IUIOTHOCTH U IUIOTHOCTH TpaHMIl — pPa3HBIC
XapaKTEPUCTUKH, a TPAHUIIEI MOMEHTOB 1 MOMEHTHI TPAHUIT — PA3HBIC
mapaMerphl, IO0-pa3HOMY  MPEACTABISAIONIME  THUIEPCIYYalHYIO
BEJINYHHY.
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Jns  mOsACHEHWS TIPUYMH  BO3MOXHBIX — OTIHYHHA  TPaHHI]
XapaKTEPHCTHK OT COOTBETCTBYIONMX XapaKTEPHCTHK TPaHMI], HA
puc. 3.1 mpuBeIeHB HECKOJBKO TPHUMEpPOB (GYHKIMI pacnpeacIeHus
THIEPCAYYaiHOM BETUUMHBL X .

W3 pucyHKa BHIHO, YTO YCJIOBHBIC (YHKIHMH paclpeacicHHs
MOTYT He mepecekaThbes (puc. 3.1 a, 0), a MOTYT IepeceKaThCs MEXIy
coboii (puc. 3.1 B, 1). B cnyuasx «a» ¥ «0» rpaHuiBl JIBYX MEPBBIX
MOMEHTOB COBIATAIOT C COOTBETCTBYIOIMHMH XapaKTEPHUCTHKAMU
IpaHHfll, B CIydac «B» HAOMIOMACTCS YACTHYHOE, a B CIydae «I» —
[I0JIHOE HECOBIAJICHUE COOTBETCTBYIOIIMX XaPAKTEPUCTHK.

Jlns  omucaHMs ~ BEKTOPHOW  THIEPCIYyYaHOM  BEIMYMHBI

X=(X,,..,X,), wHapany c rpanumamu L -MepHOil (yHKIMK
pacrmpeneneHus Fi(X), F (%), L -mepHO#tT  moTHOCTH
pacnpenencuus f(X), f,(X) u L -MepHOH XapaKTepHCTHYECKOH

(DYHKIIMH, MOXHO HCTIONB30BaTh pAJ MapaMeTpoB, OCHOBAHHBIX Ha
ONIPEJICNICHUH SPAHUY MAMeMamu4ecko2o odxcuoanus M -mepHoR

BeKMOPHOU yHKYUU (p()? ) eunepcayyaiinoil genutuHbL X/ g:

M,[$(x)] = ngg]c T(pm(xl, X)X

x f(x,....,x, / g)dx,..dx, €,

M, [§(%)] = me J fcpm(xl, X)X

m=1%
><f‘(x1’ 'xL/g)dxl d')CL m’
rae ¢, (X,...,X;) — M -5 KOMIIOHeHTa BekTopa O(X,,....X, / g), €,

— M -BIH OPT 3TOTO BEKTOPA.
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F(x)a
1

Fi(x)

Urw /7 /] e

me = mix’ ml.\’ = m.s'x’
DSX :Dix >Dl,\‘ :D.s'x
0

0)

F(X)A

Puc. 3.1. Pasnuumsle Tumel QyHKNuE pacnipeneneHus. TOHKUMH
JVHHUSIMU M300pakeHbl yCIoBHBIE PYHKITMH pacnpenenenus F(x/g),

a UPHBIMU — TpaHUIlbl QYHKIMM pactipesienenus F.(x), F,(x)
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K 9TuM mapametpam  OTHOCATCS  epaHuybl L -MepHOro
MAMeMAmu4ecKo2o 0ACUOaHUs M., M, 6EKMOPHOU UNEPCAYIAliHOU

geauyunsvt X :

i, =M [X], m, =M[X]

X X

u epanuybl L -MepHOH Jucnepcuu:
D =M, [(X, m\[/g), [=1L],

D, =M[(X,-m, ), [=1L]

rac mxl/g - [-3 KOMITIOHCHTA BCKTOPA YCIOBHOI'O MaTCMAaTHYCCKOTO

OXUNAHUA 11, , = M[X / g].

C  nmoMomplo  rpasmn  gucnepemdn DD, MoxHO
ONpPEeNeNUTs  cpanuybl L -MepHOro  cpednexksadpamuueckoeo
omknoHeHusi G, ,G,  KAK BEKTOPbI, KOMIIOHEHTHI KOTODPBIX

OPEICTABIAT COOOH KOPHM M3 KOMIIOHEHT COOTBETCTBYIOLHMX
TpaHUI] TUCTIEPCHUH.

IMapaMeTpaMud BEKTOPHON TIHMOEPCIyYaiiHOM BETHYUHBL X

SABJIAIOTCA I'PaHUIBI HAYaJIbHBIX MOMCHTOB le v 7’1’11-\/l v
SV YV Vg

nops/aka
V:VI +...+ VL , OMPCACITACMBIC KAK
= Vi M2 — vy vy
msvlu. 7 Ms[Xl XL ]7 mivl,u v, Mi[Xl XL ],

M epanuybl YeHmpaibHelx Momenmoe W -, W, =~ TOpsika

V=V, +...t V, , ONPEACIACMEBIC KaK
usv,...v, M [(X m\ /g)Vl"'(XL_mx,/g)VL]’
uivl...v,:Mi[(Xl_mxl/g) (X mx,/g) ]
B JABYMCPHOM cl1iydac (L = 2) cpanuybl CMEeuarnHoz20

HAYATbHO20 MOMEHmA 6mopozo nopsaoka Mg, H m,, OyleM

Ha3BIBaTh cpARUYAMU KOPPEIAUUOHHO20 MOMeEeRmd U 0003HayaTh KS
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u K., epanuyvl cmewannozo yeHmpambHo20 MOMEHMd 6MOpO2o
nopsaoka |, U W,, — epaHuyamiy KOBAPUAYUOHHO20 MOMEHmMAd W

o6o3Ha4aTh R M R,, a KOPpENIIHOHHBIE MOMEHTBI, HOPMUPOBAHHBIE

R R

S i

Ha cpez[HeKBanpaTquCKHe OTKJIOHCHUS, l’_'c = , I/; = -
C.O 6,0,

sxp 78Xy

epanuyamit Koagguyuenma Koppeisyuu.
I'paHunel MOMEHTOB  HAaxomATCs B pe3yiIsTaTe  OTOOpa
3KCTPEMAIBHBIX 3HA4YEHUM n3 MHOKeCTBa 3HAYCHHH,

COOTBETCTBYIOLIMX pa3HbiM ycioBusiM g € G. Tlpu 5ToM pasHbIM
MOMEHTaM COOTBETCTBYIOT B OOIIEM Clydyac pasHble YCIOBHA £ .
TTosToMy rpaHMIlbl KOBapHallMOHHOIO MOMEHTA

R #K, —mg,m R =K, —m, m, .

5%, ?
Tunepcayuaiineie  eenuuunvt X, w X, Oynem Ha3bIBarh

HEKOPPETUPOBAHHbIMY  NPU  6CeX  YCI0BUAX, €CIIU  TPAHMIBI  UX

KOBAapHALMOHHBIX MOMEHTOB R ¥ R, paBHHI HyJIIO.

Tunepcnyuaiinvie  genuuuner X, u X, OygeM Ha3bIBaTh
OPMOSOHANLHBIMU — NPU  6CEX  YCIOBUAX, €CIIM  TPAHMIBI  HX
KOppemALHOHHBIX MOMEeHTOB K 1 K, paBHBI HYIIO.

OtmeTnmM, 470 HIOHSTUS HEKOPPEJIUPOBAHHOCTH u
OpPTOTOHATHHOCTH THIEPCIYHalHBIX BETMYMH IIPH BCEX YCJIOBHAX
OTJINYAIOTCS oT BBEJICHHBIX B rjiaBe 1 HOHATUI

HEKOPPEINPOBAHHOCTHU n OPTOTOHAIILHOCTH, CBSA3AHHBIX C
PABEHCTBOM  HYJIIO  COOTBETCTBEHHO  KOBAPUAIMOHHBIX M
KOPPENAHOHHEIX MOMEHTOB IPpaHull (YHKIHU PacIpeaeIcHuUs.

Crnenyer oOpaTuTh BHHMAHME HA TO, YTO COBOKYIIHOCTb I'PaHUI]
BCEX MOMCHTOB, B OTJIMYUEC OT COBOKYIMHOCTU BCEX MOMCHTOB I'pDAaHUI]
pacnpencicHHs, HEOMHO3HAYHO OIPeAcscT TIPaHHUB  (DYHKIHU
pacrpesieseHus.

I'paHuLbl MOMECHTOB HE HCIOJB3YIOT HH(MOPMAIHIO O TpaHHIAX
¢dbyaKun pacnpeaciacHus. [loatoMy UxX pacueT TpedyeT, Kak IpaBuio,
MCHBIINX BBIYUCIIMTCIIbHBIX 3aTpar, 4€M pvaéT MOMCHTOB I'paHHIl.
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3.2. [TapamMeTpbl KOMILUIEKCHBIX THIIEPCIYYAHHBIX
BEJTHYHH

Jna onucaHus L -MEpHOTO THIEPCAYYAHHOIO KOMIUIEKCHOTO

BekTopa Z = X + jY MOXKHO HCIOJB30BaTh 2PAHULYbI KOMILEKCHO2O

MAMEMAMUYECKO20 ONCUOAHUS

i, =M,[X +j¥]= i[ T X f(x, /g, )dx, +

=l _x

i SO g )dv 18,

. . —_ L= L %
i, =MLY +j71= Y[ [ x,.f (/g ), +

= %

+JJ. y»f/g,)dyv e,

rnc g, H g, — 3Ha4YCHHUA g, TpPH KOTOPBIX JOCTHUTAKOTCA

COOTBCTCTBCHHO BCPXHsIA M HYKHAA I'PAaHHUIbI (I)}/HI(LII/II/I
4 2 ‘ 2
([ xS/ g)de) +([ v /g vy,
u FpaHI/IHBI p;ma MOMCHTOB, onpenen;{eme C IIOMOIIBIO

2PaHUY KOMIJEKCHO20 Mamemamuyecko2o odxcudanus M -mepHoi

KOMIIEKCHOU 8eKMOPHOU (DYHKYUU (T)(Z ):

MLGETD [ [ 6o (oo 1)

m=l v

><f‘(xl’.yl"""X'.Lﬁ.yL /g.wn)dxldyl”'d‘deyL]ém’
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M © oc

MG e[ 0, (D107,

m=1 . .o
><f‘(xl’.yl"""X'.Lﬁ.yL /gim)dxldyl"'dedyL]ém’
raie O, (X,¥,--»X,,¥,) — M -1 KOMIOHCHTA BEKTOpa (p(Z), Zos

g,, — SHAUYEHWA g, NPU KOTOPHIX JOCTHIAIOTCH COOTBETCTBEHHO

BEPXHSA U HUKHASA TPaHUIlbl PYHKIHUN
2

I G T A S VC T A O LT RN

K qHUCTy I'paHHull MOMCHTOB KOMIIZICKCHOT'O BCKTOpa OTHOCATCA, B

YaCTHOCTH,  epauuybl  Kommiekchou  oucnepcuu D, .

OIPCACIACMBIC KaK TI'paHUlbl KOMINUICKCHOIO MAaTCMaTH4YCCKOIro
OXKHUJIaHUA BEKTOpa

L
DX =m, ) + i =m,, ) Jé,.
I=1

C noMompl0  IpaHMIl  KOMIUIEKCHOM  JIUCIIEPCHUHM  MOKHO
ONPENENHTh  ZpaHuybl  KOMNIEKCHOZ0 — CPEeOHEeK6aopaAmu4ecKozo
omiionenus G, , G, KaK BEKTOPBI, BEILECTBEHHbIE KOMITOHEHTHI
KOTOPBIX PpaBHBI KODHIO K3 COOTBETCTBYIOIIMX BEHIECTBEHHBIX
KOMIIOHEHT I'PaHML KOMIUIEKCHOM AMCIepCUH DSZ, Dl.z, a MHHMMBIE

KOMIIOHCHTBI KOTOPLIX PaBHBI KOPHIO M3 COOTBCTCTBYIOMINMX MHHMBIX
KOMIIOHCHT 3THX I'DaHHII.
FpaHuuamu KOppeIAUUORHO20 MomeHnma KOMNJIEKCHOU

eunepcayuainot eenuuunst Z = X + jY Haz0oBeM BeTHYMHBI
K. =M][XY], K. =M,[XT],

a PAHUYAMU KOBAPUAYUOHHO20 MOMEHMA — BETINYHHBI
R, =M[(X —m, )Y —m, )],
R, =M[(X —m, )Y —m, )]

OtmeTnmM, 4TO JUIst HUHTErPajIbHOU XapaKTEPUCTUKHU
CUNEPCIyYaliHbIX BEJIMYUH KAK BEIIECTBEHHBIX, TAK U KOMILIEKCHBIX,
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MOXHO WCIOJB30BAaTh CPeJJHHE TPaHWI[ PACCMOTPEHHBIX BBIIIE
apaMeTpoB.

3.3. XapakTepuCcTHKH BellleCTBEHHbIX THMEPCIyYalHBIX

pynkunii

JUis omnmcaHWs CKaIApHOH TrumepciaydaidHo ¢yHxkoun X (),
KPOME PaCCMOTPEHHBIX B IVIaBe 2 XapaKTePHUCTHK (IpaHuil (yHKIHH
pactpenenenus  F(X,f),  F,(X¥,f), Tpamum  mIOTHOCTH
pacnpenenenus  f,(X,f), f,(X,f), TpaHMl XapaKTEPUCTHUECKOM
dynkimu - QO (j®,7),. Q,(j®,7), MaTeMaTHUECKUX OKUIAHUH
rpanun  mg (t), m, (t), aucmepcuit rpanun Dy (1), D, (¢),
KoBapuanuoHueix R (¢,t,), R, (f,{,) ¥ KOPPEIILHOHHBIX
K, (t,t,), K, (,t,) QyHKIMIl PPaHHIL ¥ 1IP.), MOKHO UCIONB30BATh

pAn  APYIHX XapakTEPUCTHK, AHAIOTUYHBIX PACCMOTPEHHBIM B
noapassene 3.1 /s TUnepCnyYaiiHbIX BETHYHH.

OcHoBoit 3TUX XapaKTEPUCTHK SBIISIIOTCS epanuybl
MAMEMAMULECKOCO OJICUOAHUA ¢yHm¢uu

OX;E)=0(X,,.... X, it,,...,1, ) eunepenyuaiinoii dhynxyuu X (1)

M.[o(X7]=sup [ .. [ 0, (D) f (& )i,
88V v —w

M [p(X:D]=inf [ ... [ o, (50) /(0 / g)dv.

YacTHBIM ~ cloydYaeM SBISIOTCA  2paHuybl  MAMeMAmu4yeckozo
O2AHCUOAHUS

m, (t) = M [X ()], m,(t) = M,[X (D],
epanuybl oucnepcuu

D, (1) =M,[(X()—m,,, ()],
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D, ()=M,[(X()—m,, ()],

rae m_, (t)=M[X(t)/ g] — 3uadeHne MaTeMaTHYCCKOTO OKHIAHMA

x/g

B YCIOBUAX g € G , 4 TAKKE cparUlybl HAYAIbHbIX MOMERMOE

oot ) =M [X(2).. X (1)1,

msvl... vL( 1

My (Gaeent,) = MY (1), X (1))

ivy...

NopsiAKa V=V, +...+V, U epanuybl YeHmpaibHbiX MOMEHMO8

ooy, (toeens ) = MU[(X (1) =, (1)) .0
AX () =my ()™ ]

Mivy..ov, (G £) = MUI(X (1) = (1))
A X (1) =my ()]

nopsaaka v=v, +...+Vv, .

['paHulBl CMEMIAHHOTO HAYAIBHOTO MOMEHTA4 BTOPOTO MOPSIKA
m,(t,t,), m, (t,t,) OyaeM Ha3bIBATh epAHUYAMU KOPPEISAYUOHHOU
¢yukyuu  u  obosmasate K _(¢,t,), K, (¢,t,), TpaHHULBI
CMELIAHHOIO [IEHTPaIbHOTO MOMEHTA BTOPOTO HOPSUIKA — 2PAHUYAMU
KosapuayuonHoil gynkyuu u obosnauate R (t,t,) R _(¢,t,), a

HOPMUPOBAHHbIE SPAHUYbL Koeapuauuom-tod gbyHKuuu - 0603Ha‘{aTB
CJICAY UM 06p330M:

I3 (t t )_ Rsx(tl’t2) 7 (t t )_ Rix(tl’tZ)

sx\1s%2/) ™ s Tix\f1ot2 ) T 5
Gsx (tl )Gsx (tZ ) Gxx (t] )Gsx (tZ )
rae Gsx (t) — BCPXHAA I'paHHIa CPCAHCKBAAPATHYCCKOI0O OTKJIOHCHHS B
MOMEHT [ , OpCACTaBIAKONIIAA CO601>1 KOpPCHb U3 BerHeﬁ I'paHUIbI

nucnepcuu D ().
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Kak u B crnydae rpaHul] KOppETAUOHHOTO W KOBapHALMOHHOTO
MOMEHTOB THIEPCAyJIalHbIX BEIUYHH, H3-3a TOTO, YTO TPAHUIIHI
KOPPEJIALHOHHON (YHKIMH, TPaHHUIB KOBapUAIHOHHON (QYHKIHUH U
TPAHUIIBI MATEeMATHYECKOTO OXHJAAHUS MOTYT OMNPEIENATHCS TpU
Pa3NIMYHBIX YCIOBUAX g , B O0IIEM cllydae

‘Rsx (tl > t2) * K.w (tl s tZ) - m.wc (tl )m.vx (tZ) s
Ri,\‘ (tl s t2 ) # Ki,\‘ (tl > tZ) - mi\‘ (tl )mi,\‘ (tZ) .

Omcuemvl eunepcayuaiinoi ¢gynxyuuy X(f) B MOMEHTHI f,, 1,
Oy/lieM Ha3BIBATh HEKOPPEIUPOSAHHBIMU HNPU 6CeX YCA08UAX, €CIH
R _(t,t,)=R (f,,t,) =0, u opmoconarvneimu npu 6cex YCioGusx,
ecu K (4,,5,)=K, (¢,,,)=0.

Otmerum, 41O HOHSTHS HEKOPPEJIUPOBAHHOCTH 1%}
OPTOTOHATIBHOCTH OTCHETOB TUNepCiIyYaiHon byHKIUH,
NpUBEJCHHBIC B [JlaBe 2, Ui OINWCAHUS CUTYyallWii, Korja
COOTBETCTBYIOIINE KOPPEISHHOHHBIE H KOBapHAMOHHBIC (YHKIIHH
IPaHUIl  pacHpesesieHuss  PaBHbI  HYJIO,  OTIMYATCA  OT
HPE/CTABISIEMbIX TOHATHH.

W3 HeKoppenupoBaHHOCTH W OPTOTOHAIBLHOCTH OTCUYETOB HE
cieyer COOTBETCTBEHHO uX HEKOPPEIUPOBAHHOCTh 1%}
OPTOTOHATIBHOCTh TPU BceX YyclIoBuUAX. B ofmiem ciaywdae u u3
HEKOPPEJIIMPOBAHHOCTH M OPTOTOHAJIBHOCTH OTCYETOB IIPH  BCEX
YCIOBHSX HE CJEJAyeT COOTBETCTBEHHO HMX HEKOPPEIMPOBAHHOCTH U
OpToroHaNbHOCTh. [locieiHee CcBA3AHO ¢ TEM, YTO TPAHHIIBI (hYHKIIHH

pactpenenenus F.(X;f), F,(X¥;f) wHe Bcerma mpuHammeRar

MHOJKECTBY yCJI0BHBIX (yHKIMit pacnpenenenus F(X;1/g), ge€G.

Ecinu e rpanunpl GYHKIHAH pacIpeleIeHHs BCe JKe MPHHAIICKAT
9TOMY MHOXCCTBY, TO U3 HCKOPPCIUPOBAHHOCTU U OPTOTOHAJIILHOCTHU
OTCUECTOB npu BCCX YCIIOBHUAX caeayer COOTBCTCTBCHHO ux
HCKOPPEIUPOBAHHOCTh U OPTOTOHATBHOCTH. OOpaTHOE YTBEPXKICHUC
HEBEPHO.
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CJ'ICI[yCT O6paTI/ITI> BHMMAaHHC, 4YTO TaK XC, KaKk H B CJydac
FHHepCHy‘-Iaf/iHbIX BCJIMYWH, MHOXCCTBO TIpaHHI] BCCX MOMCHTOB
HEOJHO3HAYHO ONPEACIIACT I'PAHUIIBI PACTIPCACIICHNA.

3.4. XapaKTepUCTHKHN KOMILICKCHBIX THIIEPCIYy1alHBIX
byHKUmMi

OCHOBOH OmMHCAaHHA KOMIUIGKCHOH THIEpCIydalHOH (QYHKITHH
Z({t)y=X()+ Y (f) MOTYT BBICTYNATb 2panuybl MAMEMAMULECKO2O

0ICUOAH UL KOMNIEKCHOU Dyrryuu

VAL O S G ATIN AT

o

Ms[(b(Z;t)]z _[j 016 /%5 USRS S5 L0 NN 7 B

—o0 —0oC

Xf('xl’yl"""xlﬁyl‘;tl?'"?tl, /g.v)dxldyl“'d'xl‘dylﬂ

MAGZOT= [ o [ G Py Xy Vit ) X

x f(xl 7yl ?'“7xl,7yl‘;tl ""Btl‘ /gl)dxldyl "'dxl‘dyl,’
rne g,, &, 6 — 3HAUeHUsA g, IPH KOTOPBIX JOCTHUIAIOTCA

COOTBCTCTBCHHO BCPXHAA N HYM)KHS I'paHHUIbI (bYHKI_[I/II/I

|J- I O(Xs Vyseees X0 V3t ens b)) X
Xf(‘xl 5yl 7"‘5‘xl,>yl,;tl""’tl, /g)dxldyldxldyl
B gacTHOCTH, KOTZa
O(Z()=X@)+)Y (1),

MNONIYYacM cpaHuybl MamemamuiyecKoco OXHCUOAHUSL

(0= [ of (vt g )dx+j [ f (3] g,)dy.

2
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i (0) = [ (et g)dx+5 [ yf (st g)dy,
Korjaa

PZ(0) =(X(0)=m,, () + (Y (@)= m,, (1)),

UMEEM 2paHULbl OUCHEPCUL
D.(1)= f (o=, , (O f(xit/ g,)de+
+ JJ (e, O f(r:t/ g,)dy,
Do) = j (x=m,,, (O f(xit/ g )+

5[ G, OF (it g ).



I'JIABA 4

CTAINOHAPHBIE U SPTOJUYECKHE
IF'NIEPCIOYYAUHBIE ®YHKIHNU

Dopmanuzo6anvl noHIMUSL, CMAYUOHAPHOCIU U 3P2OOUYHOCIU SUNEPCAYHAUHBIX
Gynryu. Ipednooicenvrt  paznuunsle Xapaxmepucmuxu, ORUCHISAIOWUE
CmayuoHaprsle U Ipeoduteckue sunepcayuaiinsle pynxyuu. Hecnedosanvl ceoiicmea
amux  xapaxmepucmux. Paszpabomanvl  cnekmpaibible  Memoobl  ONUCAHUS
CMAYUOHAPHBIX SUREPCAYHAUHBIX (DYHKYUIL.

4.1. CtanuoHapHbIe rTunepcayvaiinble GyHKIUHH

Tunepcayuaiinyio gynxyuro X (t) = {X(t)/g € G} ,tme X(t)/ g
— cnydaiiHas QYHKIMSA TPU YCIOBHU g, HA30BEM CMIAUUOHAPHOU 6

yakom  cmbicne  (cmpoeo), €CnM  TpaHHIBl  ee L -MepHBIX
pacmpeie/icH!i mpu JroO00M L 3aBHCAT TONBKO OT JUIUTEIBHOCTH

HHTEPBaNOB [, —I,...,[, —f, W HE 3aBUCAT OT IIOJIOKEHUI OTHX
UHTEPBAJIOB Ha ocu ¢ . [ unepcnyyatinvie (pyHKyuy, He OTHOCAIINECS K
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9TAM (QYHKOUAM, OyIeM Ha3BIBaTh HEeCMAYUOHAPHbIMU 6 VIKOM
cuplcre.

CBolicTBa CTallHOHAPHOH THUIepCIydaiHol GYHKIHHA MOT00HBI
CBOICTBAM  CTAallMOHAPHOHM  CNIyYaiiHOH  (pYHKIHU:  TPaHMIBI
MHOTOMEPHOH (PYHKIUH pacupeAcicHUs, MHOTOMEPHBIC IIIOTHOCTH

pactipeAelicHnsT  TpaHWIl, MHOITOMEPHBIE  XapaKTEpPUCTHIECKHE
(YHKIIMM TpaHUI He 3aBHCAT OT cMelleHHs 1o f. Kpome Toro,

TEPCUNCIICHALIE  OAHOMCPHLIC  XAPAKTCPpUCTUKN HEC 3dBHUCAT OT
aprymcHTa t, a JIBYMCPHBIC XapaKTCPUCTHKH 3aBHUCAT OT Pa3HOCTH

T =1, —[, 3HAUCHU} apryMeHTa [, T.c.
Se(0)= fo. (%), fr(x0)=f(x),
S x58,0) = [ (x,%557),
Jr(xx0580,8) = fr,(%,%,57).
MoMeHTHBIe (YHKUHH TPaHHIl CTAHOHAPHOHM THIEpCIydalHoi

$hyHKIIH X(t) obagaroT CICAYOIUMUA CBOWCTBAMU:
MaTeMaTHYECKHE OXKHJIaHWs TPAHHUIl U JTUCTICPCHU TPAHHUIl TTOCTOSTHHBI
(mg,()=mg,, m()=m,, Do ()=Ds, D ()=D,), a
KOppesALHOHHBIE (PYHKIUY TPaHHII
KSx (tutz) = MS [X(tl)X(t2 )] > KIx (tlatz) = M[ [X(tl)X(t2 )] >
KOBapHaIlHOHHBIC (hYHKIIHH TPaHHUII
R (t,,t,) = M[(X () — mg (X (2,) —mg )],
Rlx (tl ) tz) = Ml[(X(tl ) —m )(X(tz) —m )]
M HOPMHPOBaHHBIEC KOBAPUALIMOHHBIE (DYHKIIUH TPAHHMI]
R (#,1,) R, (,t)

Dy (1,) Dy, (1,) D,.(1)D,(t,)
HE 3aBUCST OT [10JIO)KEHUS HHTepBana T=1/, —f, HAa OCH [

Ko (t,6) =K (D), K, (4,5)=K, (1),

R (1,1,) = Ry, (1), R, (t,t,) =R, (1),

(D) =Ry (0)/ Dy, 1, (1) =R, (v)/ Dy,

Kt t) = s 1 (858)
J J



'L 4. CTAHIMOHAPHBIE U
68 OPI'OJIMYECKUE T'MITEPCIIYHAWUHBIE ©@YHKIMN

T'unepcnyuaiinyio  gynkyuio X (1) nasosem cmayuonapnoi
WUPOKOM  CMbICTe, €CIIH MAaTeMAaTHYeCKUe OKU/AHHS €€ [PaHMIl
nocrosiuubl  (mg () =mg,, m, (f)=m, ), a KOppeIALHOHHBIE
(yHKIHH TPaHHI] 3aBHCST TOJBKO OT Pa3sHOCTH 3HAYCHHI apryMeHTa
t:

K, (t,t,) =M [X()X(,)]=K, (1),
K, (t.6,) =M, [X (1) X(t,)]=K, (7).
I'nmepeny4aiinele QYHKUMH, CTAlFIOHApHBIC B Y3KOM CMBICTC,

CTAallMOHApHBl U B WIHPOKOM. OOpaTHOE YTBEP/KICHHE B OOIIEM
cITyuyae HeBEpHO.

NIBe cunepcryyaiinvie pyuxyuu X (t) u Y(t) nasosem coemecmino
CMAYUOHAPHO — CEA3GHHLIMU 6  WUPOKOM — CMbicle,  eclu
MaTEMATHYECKHME OXKMJIAHMS MX TPAHMI[ IOCTOSHHBI, a MX B3aUMHBIE
KOppeJSILMOHHble (PYHKLUM TIPaHUL WMHBAapHAHTHBl K CMEILECHHIO
BJOJIb OCH [ :

Ky, (t,,6,) =M [X ()Y ()] = K, (v),
K, (t,5)=M,[X(#)Y()]=K, (7).

OTMETUM, YTO CTAIllHOHAPHOCTh THICPCAYYalHBIX (YHKUMHA B
IIMPOKOM CMBICIIE HE TapaHTUPYET UX COBMECTHYIO CTAIMOHAPHYIO
CBA3AHHOCTD B IIHMPOKOM CMBICIIE.

KoBapualiioHHslc  (YHKIMH TPaHUl W  HOPMHPOBAHHBIC
KOBApUAIMOHHBIC (DYHKIIMH TPAHUI] BCIICCTBCHHBIX CTAIIHOHAPHBIX
runepcayyaiineix  Gyaxuuin X (¢), Y(t) oGnagaror creayrommmu
CBOMCTBaMU:

1) |RSx (T)| <Dy, er(T)‘ <1, Rlx(T)| <D,, r[x(T)| <I;

2) MakCHMyMbl  KOBAPUALMOHHBIX  (DYHKUMH  TIpaHHl H
HOPMHUPOBAHHBIX KOBapHALMOHHBIX (byHKIHH TPaHHIL
runepeaydaitHoi GpyHKuuu uMeroT mecto npu T=0;

3) dyuxkmuu R, (1), R, (1), ro (1), 1, (1) — ueTHBIE;
4) RSxy (T) = RSyx (_T) > Rlxy (T) = R[yx (_T) > ery (T) =
= rSyx (_T) > r[xy (T) = r]yx (_T) , IAc RSXy (T) > R]xy (T) — B3aUMHBIC
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KoBapuauMoHuble  Gynkumu  rpammn,  7g (1), 1, () -
HOPMHUPOBAHHBIC B3aUMHBIC KOBAapHALMOHHBIC (YHKUHU TPaHHIL
R, (1) R, (7)
rSXy (T) = - 4 r]xy (T) = - b4 DSxy = RSxy (0)7 D[xy = R]xy (O)'
Sxy Ixy

Tunepcnyuaiinyo  gyuxkyuro X () = { X(@)/ ge G} HA30BEM

CIMAYUOHAPHOTL 8 Y3KOM cmbicie npu ecex yeaosusx g € G, ecn npu

BCEX g YCIOBHBIC ¢e L -MepHbIe pachpeacicHUs mpH JdooM L

3aBUCAT TOJNBKO OT OJIUTCILHOCTH MHTEPBAIOB [, —I,...,[;, —, 1 HE
3aBUCAT OT MOJIOKEHHUS 3TUX HHTEPBAJIOB Ha OCH f.
T'unepcayuaiinyio  gynxyuro  X(¢) HazoBeM cmayuonapnoi 6

wupoxom cmeicie npu ecex ycaosusx g €@, ecnn mpu J0O0M
(PVKCHPOBAHHOM YCIIOBHHM £ VCIIOBHOE MAaTeMAaTUYeCKOe OXHIaHUE

oG

m,, (1) = '[ xf(x;t/g)dx He 3aBUCHT OT aprymeHta [

(m,,,(t)=m,,,), a ycloBHas KOppensuuoHHas GyHKLHs

Kx/g(ll’ZZ) = J. J X%, f (x5 %541, / g)dxdx,

—o0 —oC

3aBUCUT JIMIIb OT PAa3HOCTU 3HAYCHUH apryMCeHTa t u yCiloBua g :

Kx/g (t17t2) = Kx/g(’t) .
OTMCTI/IM, YTO IIPH 3TOM YCJIOBHAA KOBapHallMOHHAaA (byHKI_II/I)I

Rx/g(tDtZ) = I _[ (x, _mx/g)(xZ _mx/g)x

x f(x,%,58,8, / g)dx,dx,

TAKXX€ 3aBUCHUT TOJIBKO OT T U £ .

HCprI[HO Y6CI[I/ITBC5], 4YTO I'PaHHIbI MAaTCMATHYCCKOI'O OXKHAaHHA
msx (t) = Sup mx/g (t)9 mix (t) = lnf mx/g (t)
geG 2eG
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CTAUMOHAPHOM B INMPOKOM CMBICIE IIPH BCEX YCIOBUAX &
THIepCIydYaiHo  (yHKUMM He  3aBUCAT OT BpEMCHH 7,
Te. m_(t)y=m_, m (t)=m,, a TrpaHALUB KOPPEILHUOHHOMN
(hYHKIHH

K. ()=supK, (1), K ()=inf K (1)
gsG ) geG -

W I'paHULbI KOBapHaHHOHHOﬁ d)YHKHI/II/I
Rsx (T) = Sup Rx/g (T) ’ Rz‘x(T) =inf R\»/g (T)
2¢G geG 7

3aBUCAT TOIBKO OT T .
Tunepcnyvaiinbie ¢yukinuu X () u Y(f) HasoBeM COBMECTHO
CTallHOHAPHO CBA3AHHBIMU IIPH BCEX YCIOBHUAX £, €CIIU YCIOBHBIE

MaTeMaTH4ecKue Oxuianus dtux Qynxumi m, (t), my, (f) nHe
3aBHCAT OT aprymenta ¢ (m (&)=m,,, m, ()=m,), a

YCIIOBHAA B3aUMHO-KOPPEIAIUOHHAS (hYHKIHA

ny/g(tl’tZ): J. J‘xyf(xayszlszz/g)d)(:dy

—00 —o0

HHBApPHAHTHA K CMCIICHNIO BAOJIb OCH t:
ny/g (tl > ZZ) = ny/g (T) .
HpI/I 9TOM YCJIOBHas B3aMMHO-KOBAapHallMOHHAA (byHK]_II/IH

ny/g(tlstz) = T T (x_mx/g)(y_mx/g)x

-0 —o0

x f(xay;tlatz /g)dXdy
TAKXKC MHBAPHAHTHA K CMCIICHUIO BAOJIb OCHU t:
ny/g (tl H tZ) = ny/g (T) -
HCpr,Z[HO YGCHI/ITBCH, 4YTO TI'paHHUIBbL BSaI/IMHO-KOppCHHHI/IOHHOﬁ

(hYHKIHH
K., (v)=supK (1), K (t)=inf K _, (7)

2eG geC

¥ TPaHHLIBI B3aMHO-KOBapHAITHOHHON (hyHKITHH
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Rsxy (T) = sglelg ny/g (T)’ Rixy (T) = lgrig RX}’/E (T)

3aBUCAT TOJIBKO OT T .

Cnenyer oOpaTUTh BHUMAHHE, 4YTO IIOHATHS CTallHOHApHOU B
IMHPOKOM  CMEBICIIC THIEPCIydaiiHOH (YHKIHM H  (QYHKIHH,
CTaHHOHapHOﬁ B IIHWPOKOM CMBICJIC TIPU BCCX YCJOBHAX, — PA3HLIC
noHsaTusa. OOIUMH U1 HUX ABJISIOTCS OCCKOHEUHAs IIHTEIBHOCTH
peanu3aldii ¥ BapUaHTHOCTh K CABHTY OIPEACICHHBIX (IIPH 3TOM
pasHbIX) XapaKTEPUCTHUK.

4.2. CnekTpajbHOe ONMMCAHUE THIIEPCTYIAHRHBIX

pynkunii

CriekTpalibHOE MPEACTABICHHE TUICPCIYIaliHBIX (hYHKIUH B pszc
ClyyacB CYIIECTBEHHO 0oOJieryaeT X aHaius. B mepByro odepenap 3To
KacaeTcsl pyHKIMHA, 00JaIaF0IINX CBOWCTBOM CTAIIIOHAPHOCTH.

HazoBeM crexmpanvHulMu HAOMHOCHAMU MOUWHOCHU 8EPXHEN U
HUsICHeU — 2panuy  (IHepzemuyecKuMuy  CHEKmpamMu  2paHuy)

CTAlMOHAPHOM Tunepcnyyaitnoi dyuxuun X (¢) dynxmuu S, (f),
S,.(f), cBa3aHHBIC C KOPPENAUMOHHBIMA (DYHKIHSIMH TPAaHHL

K (f), K, (f) cnenyronmmn COOTHOIMICHHSMH:

Ssu(f) = [ K (D exp(-j2nft)dr,
S ()= [ K (v)exp(-j2nft)dr,
Ko (= [ Sy, (D exp(i2afod,

K (0= [ S, (/)exp(i2nfr)df.
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CrekTpanbHble  IUIOTHOCTM  MOIIHOCTH  TPaHHll  OOJafaiT
CBOMCTBAMH, XapaKTEPHBIMH  JJIi  CHEKTPAILHOM  IUIOTHOCTH
MOIIHOCTH CJTy4aiiHOTO IIPOIIECCa: DHEPreTHYECKUE CIIEKTPHl (BHE
3aBUCHMOCTH OT TOTo siBaserca u (GyHkimsa X () BeleCTBEHHON
WIH KOMIUIEKCHOM) JeHCTBUTEIbHBl M HEOTPULATEIbHBI, T.C.
Se.()z0, §,.(f)=0; croexkrpaibHble IUIOTHOCTH MOIIHOCTH

TpaHMi] JeHCTBUTEIBHON THIEpCaydainoi ¢pyukunu X (f) deTHbIe,

r.e. S5 (f) =S5 (=f)> S (f) =S, (=f) (310 crenyer u3 Toro,

YTO  KOppEeNANHOHHBIC  (YHKIHH  TPaHUIl  CTAI[HOHApPHBIX
TUIIEPCITyYaiHbIX GYHKUUI YETHBIE).

HazoBeM cumepciyuaiineiv  6erviM  wyMoM  CTAIlMOHAPHYIO
runepciydaiinyo Gyukiuo N(f) ¢ HyJdeBHIMM MaTeMaTHYECKUMU

OXKUAAaHUAMN FpaHI/IH, y KOTOpOﬁ CHeKTpaJ]LHLIe IUJIOTHOCTHU
MOIIHOCTH I'paHUL] NPCACTABIAKOT c000i1 MOCTOSIHHBIE BCJIINYUHEHI, T.C.
Sy, = s 5, =

N 9 > Minn T 9 s

rae Ny, N, — KOHCTaHTBL.

HeTpyaHo yOeauThes, 4TO KOPPESAIHOHHBIC (YHKIHH TPaHHI]
TUMEPCIYYaiiHoro 0enoro Iiyma OIMMCHLIBAIOTCS C MOMOINIBID O -
(hYHKILHH:

Ko (=280, K, (0= 2L3(0).

3amMeTHM, YTO DBTUM JK€ BBIPAKEHUEM  OMHCHIBAIOTCS U
KOBapHAIIMOHHBIC (GYHKITUH TPAHUI] THIIEPCITyYaitHOro 6enoro myma.

Crnenyer oOpaTHTh BHHMaHHE Ha TO, YTO [PH OMNpEAC/ICHUH
rurepcnyyaiHoro 0enoro Imyma, Tak *e, Kak U MpH OINpeJeTeHUH
ciydaitHoro 6esoro myMa, He UCTIONb30BaHbl MOHATHS TAYCCOBOCTH U
HE3aBHCHMOCTH CEUEHHUI. ITO 03HAYACT, YTO THICPCIYIaliHbIi OeIbIi
IIIYM MOET OBbITh HETAYCCOBCKUM U C 3aBHCHUMBIMHU (B TOM CMBICIIE,
Kak »9T0 TMOHHMAacTCi B TCOPUH THUICPCIyYAHHBIX SBICHHIA)
CEUYCHISIMHU.



4.2. CieKTpalibHOE OMMACAHNE THIEPCaYYaHHBIX (QYHKIHMA 73

Meroa CHEKTPaIbHOTO OMHMCAHHUA THIEPCIYYaRHBIX (DYHKIMA
JOTMycKaeT o0000ulcHHE Ha ciydail CTallMOHApHO  CBS3aHHBIX
THOCPCTYyJIalHBIX (YHKITHEL.

Bzaumnviyvu cnexmpansHuiMy RAOMHOCWAMU MOWHOCIU 2PAHUY
IBYX CTalMOHAPHO CBA3AHHBIX TUNepciaydaineix (ynkuuii X(¢) u

Y(#) Gynem maseiBaTh ACTCpPMHUHHPOBAHHBIC (HYHKIMH SSxy( f) m
S, (f), ompenensemeple kak mpeoOpasosanue Pypbe B3AMMHBIX

KOppenaurHoHHbIX Qpynkuuii rpannn K¢ (1) n K, (1) :

S0 (1) = | Koy (Dexp(-i2nfi)dr,

S ()= | K, (@ exp(-j2nfi)dr.

B3auMHBIC KOppeIAlHOHHBIC (YHKIUH TPaHUIl CBS3aHBI C
B3aMMHBIMH  CIICKTPAJIbHBIMH  IIJIOTHOCTAMH MOINHOCTH I'PaHUI]
00paTHBEIM IpeobpazoBadueM Dyphbe:

K () = [ S5, (f)exp(i2nfr)df.

K, (0= [ 8, (f)exp(j2nf)df.

B ornuume ot CIICKTPAJIbHBIX TIOTHOCTEN MOIIHOCTHU TPAHUIL
OJHOW rumepciy4yaiiHoil  (YHKIUH, B3aWMHBIC CICKTPAJIbHBIC

MIOTHOCTH MOLIHOCTH IPaHHUII SSxy (f)usS 1 (f) B obwmem crnydae

HC SBJIAKOTCSA BCIICCTBCHHBIMM d)YHKLII/IﬂMI/I. KpOMC TOro, OHM HEC
ABJAOTCA YCTHBIMHM, OJHAKO 06J'IaIlaIOT CBOICTBaMHU 3pMI/ITOBOﬁ
CONMPAXKCHHOCTH!

S ()= 85,0,
S ()= S5.(f).

HetpyaHo yOemuThesi, YTO B3aMMHBIC CIICKTPAIbHBIC TUIOTHOCTH
mommoctH Tpamun Sg (f), S,,(f) dymxmai X() m Y(1)
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CBA3aHbBI CO CHEKTpaJH)HI)IMI/I IJIOTHOCTAMU MOIIHOCTHU FpaHI/IH
Ssec(f)s Sp(f) 1 Sg, (), S, (f) >mux dynkunit cneayroummu

HCpaBCHCTBaAMH:

[S6 ()] < S5 (NS5, (1),
18,0 (N[ <S4S, ().

JInsi XapaKTEPUCTHKHM CTENEHH M XapaKTepa CBA3H MEKIY
runepcayyaiinpiva Gyuknaamu X (£) u Y(f) MOXHO UCIOIB30BaTh

DYHKYUU 4aACMOMHOU KO2ePEHMHOCIMU 2PAHUY yéxy (f, y?xy (N,

ofnpefensieMple MOA00HO (PYHKIMM YacTOTHON KOTEPEHTHOCTU IBYX
CNy4YafHeIX (HYHKIIHH:

S
S NS5’
o e[
=g sy

®DYHKIMM Y9aCTOTHON KOTEPEHTHOCTH TPAHUIL JIEKAT B UHTEPBANIE
[0,1]. Ecin ¢pyuximn X () u Y(¢) HekoppenupoBaHbl, TO s BCEX

Vi () =

f#0 yéxy(f) = y?xy(f) =0, ecnu xe OHM JHHEHHO CBSI3aHBI, TO

yéxy ()= y?xy (f)=1. OyHKIMM YaCTOTHOH KOTEPESHTHOCTH TPaHHULl

NOJOOHBl HOPMHPOBAHHBIM KOBAapHALMOHHBIM (DYHKIHAM TpPaHHII
o, (1),  7,(T), oOAHAKO B OTNMYME OT TOCTEAHUX, OHH
XapaKTepHU3ylT HE TOJbKO JMHEWHBIe, HO W HEJIUHEWHBIE CBS3U

MEKIY THICPCITyIaiHBIMU (OYHKITFISIMH.
Menoeennvim CHEKMpoM 2UNePCYUAUHOl yHKYUY

X()= {X )/ ge G} npu yciaopun g  OydeM  HasbIBaTh

KOMIUICKCHYIO THIICPCIydalHy0 (QYHKIHIO S (f), cBszanHywO C

x/g
HaOmozaeMbiM — 0Opu ycnoud g npoueccom X (f)/ g
npeobpaszoBanueM Dyphe:
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$..()= [ X()/ gexp(-j2nfidr.

MrHOBEHHBIH COEKTP CTAalMOHApPHOM NpU BCEX YCIOBHAX &

CHIEpCIyYalHoi GyHKIMH 00agacT CBOHCTBAMH, HOA0OHBIMU
CBOMCTBAM MIHOBEHHOTO CIIEKTPA CTAIMOHAPHON B IIMPOKOM CMBICIIE
cny4aiHoil (QyHKIuH. B 4acTHOCTH, YCIIOBHOE MaTeMaTHIECKOS

OKUHUE M (f) MrHOBEHHOrO CHEKTpa TIHIEePCIyYaitHOH

¢dyukimu X (¢) cBs3aHO ¢ YCIIOBHBIM MAaTEMAaTHYCCKUM OKUAAHHEM

m,,, bynkmuu X (f) seipaxenuem m; (f)=m,,0(f).
Onpenemum ycrosuwii cnexmp mownocmu S, ., (f)  dynxuumn

X(¢t) xak npeobpazoanue Pypbe YCIOBHOH KOPPENALUOHHOM

dynximun K, (7):

Swie ()= [ K\, (exp(-j2nftydr,

rie K, (1) cBwsama ¢ S

00paTHBIM IIpeoOpa3oBaHAEM
xx/g P p Y

dypbe:
K ()= [ S, (exp(i2nfr)df .

HeTpyaHo MOKa3aTh, YTO VCAOGHYIO KOPPENSUUOHHYIO (DYHKYUIO
menosennozo  cnexkmpa K¢ /g( fi»f,) crausoHapHOW mpu Bcex

YCHOBUSX THUNepchaydaiinoi ¢yokiun X (f) MOKHO NpenCTaBUTH
CIIEeIYIOIUM 00pa3oM:

K o (115 /2) = Ser o (S8, = 1) - (4.1)

W3 Belpakenus (4.1) cueayeT, 9YTO MIHOBCHHBIH CIEKTp
CTAallMOHAPHOW  THUIEpCOydYaiiHoH  (QYyHKOMH  HE  SBJISCTCH
CTallMOHApHOH  (PyHKIHEH; OTCYCTHI  MTHOBCHHOTO  CIICKTpa,
COOTBETCTBYIOIIHE PAa3HBIM YacTOTaM, OPTOTOHANBHBI, NIPH HYJIEBBIX
MAaTCMATHUCCKUX OKWJIAHUAX T'paHul] OTCUCTBI MITHOBECHHOT'O CIIEKTPa,
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COOTBETCTBYIOIIUE PA3HBIM YACTOTAM, HE TOJIBLKO OPTOrOHAIBHbI, HO U
HEKOPPENMPOBAHbI.

OtmeTuM, 4TO ycnoBHBIH criekTp Mowmmoctd S, (f) cBsasan ¢
YCUOBHBIM MTHOBEHHBIM crektpom S, . (f), 3agaBaeMbiM Ha

HHTCpBAJIC T , CJICAYHOMKM COOTHOIICHUCM

SN =M, (NS, ()]

Tpanuysl  onepeemuueckoco  cnekmpa  MOXHO — ONPEACIUTH
CICAYIOIUM 00pa3oM:

S, (/Y =SUpS,. (/). S, (/) =MfS,., (/).

Hetpynno y0Oemuthbcsa, WTO TpaHHIBl JHEPTETHUECKOTO CIIEKTpa
CTAallMOHAPHOMN TUTIEPCITYYAHHOM (PYHKIIMU CBS3aHBI C €€ MTHOBEHHBIM
CHEKTPOM MPH YCIOBUU £ COOTHOIIECHUSAMH

S..(f) = limsup-MIS, . ()8, ()],

© ¢eG

5. (N = liminf ZMIS, (DS, ()]

HazoBeM cunepcayuaiinvim beavim wWymMom npu 6cex YCI0BUAX
CTALIMOHAPHYIO TPH BCEX YCIOBHAX TUMCPCIYUYAHHYIO (QYHKIHIO
N(t), y koTOpO#i YCIOBHOE MATEMATHUECKOE OKUAAHKE PABHO HYIIIO,

a YCIIOBHBIH CHEKTp MOINHOCTH HE 3aBHCHT OT 4YacTOTHI, T.€

S

mig = > Tae N, — KOHCTaHTa, 3aBuCAIas B OGWIEM Clydae OT

ycIloBus g .
YcioBHas KOppesAIUOHHAA (BYHKIUS TAKOTO [IyMa Mpe/CTaBIsIeT

coboit & -dynkimo: K, /g(r):7g5(t). DTUM Ke BbIPAKEHHEM

OIMMCHIBACTCS U €T0 KOBapHALIMOHHAA (DYHKITHUS.
3aMeTHM, 9TO THIePCIyYaiiHblil OCNBIM IIyM IIPH BCEX YCIOBHAX
MOJKET OBITH HETayCCOBCKHM.
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Onpenenum ycrosuviii esaumnviii cnexmp mowrocmu S (f)
CAYUOHAPHBIX NPU 6CeX YCI08UAX 2unepcayyatinbix gynkyuti X (¢) n
Y(tr) xak npeobGpasoBanue  Dypbe  YCIOBHOHW  B3aHMHO-

koppensuronnolt gynkumn K, (1):

$un(N= [ K, (exp(-i2nf)dr,

rie K_, (T) cBszaHa ¢ S’xy/ .(f) obparneM npeoGpasoBannem

xylg

dypbe:
K, (@ =[Sy, (f)exp(i2nfr)df

FpaHML;bl B3AUMHOCO SHepcemuiecKkozo cnekmpa MOKHO
OIPCACIUTh CICAYIOINUM O6p330MI

Ser (/) =sUp S, (/). Sy (/) =inf S, ()

Craenyer oOpaTHTh BHHMAHHE, YTO YCIOBHBIN B3aHMHBI CIIEKTp
momuoctd S, (f) ¥ TpaHMIBI B3aHMHOTO SHEPrETHYCCKOTO
cmektpa S, (f) m S, (f) B obmem cnydac He sBusIOTCA

BEIICCTBCHHBIMU (DYHKIMAMH, HE SBJISIOTCS YETHBIMH W 00JajaroT
CBOMCTBOM IPMHUTOBOM CONPSHKEHHOCTH:

Sure (=80, S (=500, S, (N)=S,.(f).

Jii  XapaKTepuCTHKM CTEEHM M XapakTepa CBA3H MEXIY
runepcnyyaiinsiMu pyukuusmu X () u Y(f) MOKHO MCTONB30BaTh

SPAHUYLL PYHKYUU HYACOMHOU KO2ePEeHMHOCHU yfxy( ), Yl_ny( ),

ONpEACIACMBIC KaK
. 2
1S, (1)
S (NS, (1)

S (N
S (NS ()

Vo (f) = Vo ()=
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Cnenyer oOpaTUTh BHEMAaHHE, YTO YCJIOBHBIIl B3aUMHBIN CIIEKTP
momuoctH S (f) CBA3aH C YCIOBHBIMM B3aMMHBIMH CIIEKTPaMU

mouoctu S, (f) u S, (f) cremyromum HepaBeHCTBOM:

S €8s (NS, (),

OJHaKO TI'paHHIIbL B3aMMHOM CHeKTpaJIBHOﬁ INIOTHOCTH MOIITHOCTH

Sm (. S’ixy (f) He wumeroT mnomoOHOW CBA3M C TpaHULIAMU
CMIEKTPANBHBIX MioTHOCTel MomuocTH S, (f), S, (f) u S, (f),

S.,(f), T.e. He BCerna cpaBe/AMBbI HEPABEHCTBA
. 2

S (| <8,.(NS,, (1),
. 2

1S (] <SS, ().

. 2
Tosromy rpanuibl QyHKIMK yacToTHOH KorepentHoctn Y (f),

2
Yiy (J) MOTYT IpUHMMATh 3HAYEHNS, IPEBHIIAIOMINE €AMHHUILY.

4.3. CxoquMoCTh IrHNEPCayYaiHbIX BeJHYHH H (PYHKIMH

I[J'Iﬂ JanbHCHIICr0 H3I0KCHUA HCOGXO,I[I/IMO BBCCTH [IOHATHC
CXOJHUMOCTH IT0CJIC10BATCIIBHOCTH mnepcnyqaﬁﬂmx BCIINYUH.
HYCTB HMCCTCs MOCJACAOBATCIIBHOCTE THIICPCIYYaWHbIX BCIIHYHH

X={X,,...Xy} wu runepcnydaiinas BemmuuHa X . Jlus Bcex

X,,...X, u X onpemeneHsl MHOXecTBO ycnoBuit G U ycloBHbIE
GYHKLIUM pacnpeacacHus
F(x/g),..Fy(x/g), F(x/g) (geqG).

Toraa noclienoBaTeNbHOCT X
1) cxooumca k X no @yuxyuu pacnpeoenenus, €ClId TpH Beex
yenosusix g € G B kaknoii Touke X, e F(x/g) HempepriBHa,

F,(x/g)—>F(x/g) npu N > o,
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2) cxooumeca k X 6 CpeOHeKk8adpamu4eckom, €CIHM TPH BCEX
yenoBusx € € G yCloBHBIE MATEMATUYECKUE OXKUIAHUS

2
M[| X, - X[ /g]
CTpeMSTCS K Hynto nipu N —> 00, T. € npu GUKCHPOBAHHBIX YCIOBHSIX
g clydaiHasd  TOCIEI0BaTEIbHOCTh X/g CXOOUTCS B

CpelHEKBaIPaTUIECKOM K cily4aiiHoi Benuuube X /g . Ilpu Takoii

CXOJUMOCTH MOKHO ITHCATh

Lim. X, =X;

N—o0

3) cxooumes k X noumu HasepHoe, €CIM TIPU BCEX YCIIOBHSX
g € G ycnosras BepositHocTs P(X,, — X/ g) paBHa enuHuLe npu

N >, 1. e. npu (UKCUPOBAHHBIX VYCIOBHIAX g CllydalHas

OCIIEA0BATENBHOCTE X/ CXOMUTCS ¢ 6EPOSMHOCHbIO COUHUYA K

chayyaitHoi BenuunHe X / g . [IpH Tako# CXOIMMOCTH MOKHO MHCATh
lim X, =X;

N-ox
4)  cxooumca k X no eeposmuocmu, eCin
P(X, - X|>¢lg)
CTPEMHUTCS K HYJIHO 1Ipu Beex yenoBusix € G, €>0u N 5w,

OTMeTUM, HYTO TOHATHUSA CXOAWUMOCTH TOCJIEJOBATEIHHOCTH
TUIEpPCIyHaliHBIX BEJIMYNH JIOITYCKAIoT 006001IeHUS Ha
MOCNEA0BATENBHOCTh TUIEPCITYYaiHBIX (YHKITHI.

[lycth uMeeTcs MoCIeI0BaTeNIbHOCTD TUTIEPCTYYaiiHBIX (OyHKITHI

X(#) ={X\(1),... Xy ()}
u runepcyvaiinas pyukuus X(¢) (t€T), JUIst KOTOPBIX
OIIPEICIICHBI YCIOBHBIC (DYHKIUU PacpeacICHHSA
E(x;t/g),...Fy(x;t/g), F(x;t/ g).

Toraa nocneaoBaTeabHOCT X(f) :

1) cxooumes k X(t) 6 cpeonexsadpamuueckom, eClm I BCEX
tel uscex geG
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MIX, (1) - X () / g1 0
npu N — o, 1.e. IA};HQ'XN (H=X(@);
2)  cxooumea k X(t) noumu naeepnoe, ecnv s Beex t€T u
Beex g€C
PX, (1) > X(1)/ g)=1
npu N —> o, 1. €. }jig}oXN(t)=X(t).

Cxo0umocms nocred08amerbHOCIY 2UNEPCIVYAUHBIX YHKYU nO
GyHryuu pacnpederenus U NO BePOSMHOCHY MOKHO OMPEACIHTH

AHATOTHYIHO CXOJMMOCTHU  TIOCICAOBATCIIBHOCT TUIICPCITYYaWHLIX

BCIINYWH.

4.4. Iproguueckye runepceaydaitipie GyHKUMH

Hexkortopsie THIEPCITyYaiiHbIe (hyHKIHH ob6nanaoT
cretu(puYecKuM CBOMCTBOM 3PrOJUYHOCTH. PaccMmoTtpum
runepenyvaiinyo gynkumio X (¢), DOMyCKAONIylo paslokeHHE Ha
OT/IC/TbHBIC CyJaiiHbie (hyHKIHH, OTpe/ICTICHHBIC Ha
HeTlepeceKaoNMXCsl MHTepBanax 7, JmTenbHOCThio 7', Ha KOTOphIX

YCIIOBHSL g COXpaHstoTes HemsMeHabiMd (g =0, £1, £2,...).
[ycts X, (f) — dparmentsr Qpynkumn X (t), cooTBeTCTBYIONIME
unrepsanam T, u npusenenubie k untepsany [—1'/2,7/2):

X(t), ecmu teT

X (t-T(g+0,5) = €7
s (8 ) {O, ccmu teT,.

Oynkups X (f) Tmpu GUKCHPOBAHHBIX YCIOBHAX NPEICTABIAET

coboit  cnywaiinyro  Qynkuuro  aprymenta te[-1/2,T/2).
MHOXECTBO BCEX TaKMX (YHKLHMH NPY HEOMPEIEIECHHBIX YCIOBHAX
(g=0,£1,%2,...) o0pasyeT TUIIEPCITYYaliHY IO GYHKIIHIO
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Y()={X,(), g=0,%l,..}. Tonoxum, uro npu 7T —>o©
rumepeiydaiinas  yHKUOUs Y() o0mafaeT  CBOWCTBOM
CTaLMOHAPHOCTH JUTS BCEX YCIOBUH g .

JwbGas dyuximus (Y (Z,),...,Y(¢,)) OT MHOKeCTBa 3HAYCHHUI
runepcnyyaiinoi  ¢yukuuu  Y(f) B (PUKCHPOBAHHBIX TOYKax
tyoont, €[T/2,T/2) sBnsiercs TrumepcaydyaiiHol BEIHUHHOM.
Ecnu osra ¢ysxmus @Y (Z,),...,Y(¢,)) wunrerpupyema, To mpH

nepeMeHHOM 1 cpejiHee ee 3HaYeHHe

1, (T=ML (Y (1,),..., Y (2, )] =

177 4.2)
= j (Y (1, +1),... Y (1, +1))dt
-T/2
MPEACTaBIACT COOOH THIMEPCIyHaiHy0 (YHKUHIO, KOTOPYH) MOYKHO
TPAKTOBATH KaK IMOCJICA0BATCIIBHOCTDb mnepcnyqaﬁﬂblx BCJIIMUHNH.

Tunepcayuaiinyio  gynkywro X (f), craupoHapHy TpHU  BCEX
yClIoBMsAX, OyjeM Ha3blBaTh apeoduueckoti, eciau 1pu Beex g€ G u
T'—oo cpemee m (T) dynxmn  @(Y(1),...,Y({,)) mnourn
m, = Mlo(Y(z),....Y (£,)]:

lim m, ()= m, . (4.3)

T—ow

WHbIMA CIOBaMH, €€ TUIepciydaiinyo ¢yHkumo X (f) MoxHO

Pa3NoKKTE B PA IProAMUECKUX CITyqaiinbix Gynkumit X (£):

X(t)z}i_t}I}OZXg(t—T(g+O,5)).

B otom ciyuae cpeamee sHauenme M., [o(v(2,),..., v(t,))]
byoxkmmu  @(y(¢,),...,¥(f,)), paccuutaHHOE [O TPOH3BOJIBHO

BLIOpanHON peanusanuu X(f) rumepcaydaiinoro mpoiecca X (f) na

OCHOBE YCpeNHCHMsI MO BPEMCHH [, OMHCHIBACT C BEPOSITHOCTHIO,
paBHOW  eQWHHUIE, CpeJHee, paccuuTaHHoe Uil (YHKIWU
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o(Y(1,),....,Y(¢,)) Ha ocHOBe yCpeAHCHHS MHOXECTBA pPCANU3ALA
paccMmatprBaeMoro mportecca X (¢).

Korma  ycnoBust  MOCTOSHHBI, THNEPCIyYalHBIA  mpolecc
BRIpO’KIacTCd B caydaiinerii. Torma u3 BelpakeHuid (4.2), (4.3)
clefyeT OOIICTIPUHATOE ONPEACICHUE CTALIMOHAPHOTO 3PTOANYCCKOrO
caydaiiHOro mporecca [2, 16].

HasoseM epanuyamu cpeonezo peamusayuu Xx(t) speoouueckoir

eunepcayuatinoi gynkyuu X (t) cnenyromue Gyuxmuu:

I 1
i, =Sup— [x,@d, =1glg£?jxg(t) dr, (44
T}!

g6 L7,

Zpanuyamy KOppersiyoHHol yuxyuu pearuzayuy — GyHKIAU

K, (1)= sup% j X, (t+7) x, (1)de,

G
g Tg

_ 1
K, ()=inf— Tj X, (t+7) x, ()dt,

a SPAHUYAMU KOBAPUAYUOHHOU (DYHKYUY pearuszayuy — QYHKITIH

= 1 _ _
R (@ =sup— lx,(t+0) =, , 1[x, (-7, 1dr,
Tg

g

= o _ _
R, @=inf— [l (0 ~, ,]lx, ()=, , Jdr
T,

£

1
rae i, =?ng(t) dr .

T

[pu 1 —> 00 rpaHULBI CPEAHETO peanu3auuu 7, M, T[0YTH

HABEPHOE COBIAJAIOT ¢ [PAHHLAMH MATEMaTHYECKOTO OXKHIAHMSL:
m_=m_, m, =m,, TPaHUIBl KOPPENSILHOHHOW  QyHKIUH
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peammsamu K (t), K, (T) 1outH HaBepHOe COBMAiAOT C
rpanuiamu koppensuuonnoit ¢yukmun K (1), K, (T), rpanunml
KoBapMalMOHHOH ynkimn peammsamin R (1), R.(1) - ¢
rpanuiamMu Kosapuanuonsoi Gyukuun R_(t), R (T), a Bepxuss u
HIKHSS ~ TpaHWIBI  mucmepcun  peammsamu D, = R (0),

D, = R, _(0) nourn HaBepHOE COBNAJAIOT C TPAHHUIAMH JUCHIEPCHH
D_,D,.

OTMeTHM, YTO Tak e, KaK W B TEOPUH BEPOATHOCTEH, s
OmpeleleHns  OProAMYECKOl rumepcaydaiinoit  ¢yukuuu X (¢)
MO3KHO HCIIOJIb30BATh JPYIO TUI CXOJMMOCTH IPAHUI] YCPETHEHHBIX
3HAYCHUH (YHKUUN: HAIIpUMEpP, BMECTO CXOTUMOCTH IIOYTH HaBepHOE
CXOJTUMOCTE B CPETHEKBAIPATHICCKOM.

IIpuBcacHHBIC  pe3ybTaThl  JONYyCKarlOT  00OOIllcHUA  Ha
MHOTOMEPHBIH  clydail. B YacTHOCTH, ecpanuyamu  83aUMHOU
Koppensyuonnoti Gynxkyuy peamusayuii x(t), y(f) Iproamueckux

runepcnyyaiinbix pyukuuit X (¢), Y(f) Moxuo HazBaTh QyHKIUY

_ 1
K., (@ =sup— [ x,(t+7) y, (6)dt,
N s Iy,

_ 1
K, (=inf Tj X, (t+1) y, (t)de,

a SPAHUYAMY 83AUMHOU KOBAPUAYUOHHOU (DYHKYUY ITUX Peanu3ayull
— (hyHKOUA

— 1 _ _
Ry, (0 =sup— [ (x,(6+0) =7, )7, (0 =T, )
g Tg

= o1 _ _
Rop (@) =inf — [ (x, (0 +0) =, )7, () =7, )t
T,

8
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Ipu T — o0 rpaHMIBl B3aUMHOU KOPPEIAMOHHOW (OYHKIUH

peanusatmii K (1), K, (T) moutm HaBepHOE COBMAAKT C

ixy
TPAaHULAMH KOPPCIALUOHHOM B3auMHOH QyHkumn K (1), K iy (1),
a TpaHMIBI B3aUMHOH KOBapHALMOHHOH (YHKIMH pealu3allui

R, (1), R, (T) mouTn HaBepHOE COBMANAIOT C TPAHHLIAMH B3aHMHOH

KoBapuauuonHoi dynkunu R, (1), R, (7).

AHalornyaeiM o0pa3oM MOryT OBITh OIpPEICICHB H APYTUC
YCPEHEHHBIE XapaKTEPUCTHKH.



I'JIABA 5

XAPAKTEPUCTUKU THIEPCJIYYAMHOU BHIBOPKU

Dopmanuzoeano nowamue 2UnepPCIyYAlHON GblOOPKU U ONPedeNeHbl ee CROUCMEd,
NPEONONCEHA MEMOOOA02U YOPMUPOBAHUSL OYEHOK XAPAKMEPUCIUK SUNEPCTYHAUHOU
BENUUUHbL U UCCTeO08AHA  CXOOUMOCHb  SUNEDCAVYALHbLIX — OYEHOK K
COOMBEMCIMBYIOWUM  HOYHBIM XAPAKMEPUCTHUKAM. I SUNEPCAVHAHBIX OUEHOK
onpedeneHbl YCa08Us CXOOUMOCIU OYEHOK HO 8EPDOSIIMHOCHU K MOYHIM 3HAYEHUSM.
Joxazana npedenvhas meopema, ONPeOe/IOUAs 3AKOH PACHPEOeNeHUs OYeHOK

epanuy PYyHKYUU pAcnpedeneHus CpeoHe20 Rpu yCmpemaleHuu obvema eblbopKu K
BeCKOHEUHOCIU.

5.1. BpiGopka rumnepcy4aiiHoil BeJTHYHHBI

[mnepciyyaiiHylo BenuMuuHy X B OOIIeM Ciydyae MOKHO
OPEACTABUTh ~ MHOXECTBOM  CIIYYalHbIX  BEJIUYMH X/g,

Habmoaempix 1pu yenosusx g € G: X = {X lge G} . B wacTHOM
ciydae, korga X /g mpeicraBiaser coOOH JETEPMUHMPOBAHHY KO
BEJIMYMHY, OJHO3HAYHO  CBs3aHHyl0 ¢  ycioBuem g<€G,
runepciyuaiinas  BenuunHa X = {X lge G} BBIPOJK/IAETCS  BO

MHOXCCTBO ACTCPMHUHHUPOBAHHBIX BCJIUYKWH.



I'JL 5. XAPAKTEPUCTUKH
86 TMIEPCIIYYAMHOU BBIBOPKH

lenepanvHoti  COBOKYNHOCMbBIO — 2UNEPCIYYAUHOU — BEIUYUHBL

X = { Xlge G} Oy/ieM Ha3bIBaTh OECKOHEUHOE MHOXKECTBO BCEX €€

peanuzamyii (WICHOB KM 3JIEMEHTOB), HAONIOMAEMBIX IPH BCEX
ycnoBusx g € G. DTO MHOKECTBO MOXKET ObITh KaK CUETHBIM, TaK U
HeCUeTHBIM. [ €HepalbHYl0 COBOKYIIHOCTH MOJKHO OIHCATh C
TMOMOIIBIO YCTIOBHBIX (yHKImi pacnpenenenns F,, (x) (g€G),

BepXHel W HWkHeW rpanni GyHkuuum pacnpenenenus  Fo (X)),

F,(X), MOMEHTOB TrpaHWIl, TpPAaHHIl MOMEHTOB M JPYIHX

XAPAKTCPUCTHK.
KonedyHoe MHOKECTBO YJICHOB FCHCpaHBHOﬁ COBOKYITHOCTH

X=(Xx,..,xy)= {x/g € G} ,
TUATIEPCITyYaliHON BeurHbl X , TOJYYEHHOE NPH KOHEYHOM HHCIIe
N oubitoB Bo Bcex ycnopusx g € G, GyneM HasbIBaTh 6b100PKOI U3
CeHEPaNbHOU  COBOKYNHOCMY, & €€  DIEMEHTBI  X,..,Xy  —

6bl60p0‘lelMu SHAYEHUAMU WU peanu3ayuimu. Ka)l(ﬂaﬂ KOMIIOHCHTA

x, /g (nzl,_N) BeKTopa X/ g THWIepcilydaiiHON BBIGODKH X B

yenopusx g €(G  mpeacraBuser  cobol  A€TEPMUHUPOBAHHYIO

BCIINUUHY, a KOXOasa peanusaiiisa X, BEKTOpa X 0¢3 KOHKpCTU3alln
YCHOBI/Iﬁ — MHOXKECTBO JCTCPMUHUPOBAHHLIX BCJIMYUH.
By,Z[CM noJjararb, qaTo BBI60pKa Xiseees Xy NPUHAOJICKHUT

runepciyvaiHoii  BenmunHe X = {X lge G} C  YCIOBHBIMH

$ynkumsamn pacnpenenenus F, (x) (g€ G), ecnm oHa moayueHa
U3 TeHEPATbHON COBOKYITHOCTH, OIMCBIBAEMOM MpPU (PUKCHPOBAHHBIX

yenosusax g dynkumeii pacnpeaenenns F, (x).

BeckoHneunoe MHOXECTBO BBIOOPOK o0beMOM N,
chOpMHPOBAaHHBIX W3  OJHOH  TreHepalnbHOH  COBOKYITHOCTH,
npejacrapiseT co0oit N -MepHbIi runepeiydaiHbiil BEKTOP

X=(X,..X)={X/geq},
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Ha3BIBACMEINl B JAJNBHCHIICM cunepcayyaiHol 6blOopkoil  WIH
gvL60pounoii cosoxynnocmoio. Kommonentst X,/ g (n=1,N) storo

BEKTOpa B YCIOBHAX & eG MPEACTABIAIT CO00H CiyHailHbIe
BEJIMYUHLBI, a KakJaad KOMIIOHEeHTa X” BekTopa X  0Oe3
KOHKPETH3AMK YCIOBUH — TUNEPCIy4YailHyl0 BelnuuHy. [Ipu sTtom
Cny4yallHbIC KOMIIOHEHTHI X”/ g HMEHT 3dKOH pacupeueicHus,

COBIQJIAIONIMIT € 3aKOHOM  DPACHpPEJEIEHUs.  [EeHEPAIBHOM
coBokynHoctH F, (x).

—

Kommonentsr X, runepciy4aiiHoii Betbopku X Oynem momaratsb

#

B3aMMHO HE3aBUCHMBIMH. Ilpu 3ToM rpammisl  F. (X), F.(X)

pacmpelelcHusl  THIEpCaydaiHoit  BeiOOpkM X JOHYCKAwoT
TIPEICTABITEHNE B BU/E

Fe@)=]]F.&). FG=]]F.x,).

n=1
Cmamucmuxoui OylieM Ha3piBaTh MPOU3BOJIBHYIO  (DYHKIHIO
Y=Y ()Z' ) BBIGOPKH X , APUAYUOHHBIM (CIAMUCIUYECKUM) PIOOM
B ycinoBusix g € G — peanmsaunu BbIOOPKH X/ g, YIOPSIOUYCHHBIC
MO BO3PACTAHHMIO WIH YOBIBAHUIO, A PAHICUPOSAHHBIM PAOOM B
yenosusx @ € G — peanuzauyu BEIGOPKU X/ g, yIOPALOYEHHEIE O
yOBIBAHHIO.

Ilo reHepadbHOW COBOKYMHOCTH THIEPCAYYalHON BEIHYMHBL
MOKHO BBIYUCIHTH PA3NIMUYHBIE €€ XapaKTEpPUCTUKH, HaIlpUMep,

ycnoeusle (ynkumn pacnpenenenus F,, (x), rpannns QyHKumMn
pacnpenenenus  Fo (x), F,(x), ycnoBHble MaTeMaTHYECKHE

OXUIOaHUA M MaTEMaTUYICCKUE OXUJaHWusd rpanun wig , m;,

xlg?

m.

ix?

rpaHinObl MATECMaTHYCCKOIO OXHUIAaHHUA Ml YCIIOBHLIC

sX 2

mucnepeun D, , aucnepeuu rpanun Dy, D, , rpaHuibl JUCepcHy

D

sx 2

Dix H 1Ip. Ilo pain3danuiaM € UCIOJB30BAHUCM OIIPCACICHHBIX
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CTAaTUCTUK MOXKHO BBIYHCINTh OIICHKH 3THX XC XapaKTepI/ICTI/IK B

YACTHOCTH, OIEHKM YCIOBHBIX (yHKumi pacnpenenenus £, (x),
* *
OLICHKH TpaHul ¢yHKOuH pacmpenencuus Fg (x), F, (x), oueHku

as *
YCJIOBHBIX MAaTCMAaTHYCCKHUX OXXHIOAHHUH m

g OLIEHKH

- * *
MAaTCMATHYCCKUX OXWIAAHUM TpaHul mg , m, , OUCHKH TIPaHUIl

& *
MATEMATHYCCKOI0  OKHIaHHUA m m

X ? ix?

OLCHKHN  YCJIOBHBIX

JIUCTICPCHIA D’

/g» OUEHKU JIUCTIEPCHM TPaHMIL Ds., D,

> D), OLEHKH

rpanu wcnepcun D, , D, w fip.

sx 2

5.2. OneHka XapaKkTepHCTHK THIIEPCIy4daiiHoi
BCJINYUHBI

OYHKUMH  pacrpeneieHus F, . (x), rpamuusl  Qynxuumn
pacnipenenenns Fg (x), F, (x), momeHTtsr m
D D,

ix® x/g? X ?

me’ mlx , M

x/g X *

m D,, D_, D, wu up. sBiforcs

JIETEPMHAHUPOBAHHBIMU XapaKTepI/ICTI/IKaMI/I. COOTBeTCTBy}OHII/Ie Ke
m., D

X2 ix > x/g?*

*

ouenxu F, (x), Fg(x), F(x), my,, mg, m,, m
Ds)u D,Y, D D U TIp. ABJIAIOTCA AETEPMHHHPOBAHHBIMH, €CIH
HOJIyYeHBl TIO KOHerTHOfI peau3aliy THIEPCIyYaiiHOM BBIOOPKH
X, u CIIy4alHBIMHM, €CJIM TIOJTYYEHBI 110 TeHepallbHOH COBOKYITHOCTH
TUTIEPCITyYaliHON BENUUMHBL X .

[Tpouenypa hopMHpPOBaHHS YKa3aHHBIX OLICHOK MOYKET CTPOHUTHCA
no crmenyromeit cxeme. s Bcero MHOokectBa G ycioBuit g
thopMupyeTcs BEIOOPKa

X= {xl,...,xN lge G} .
ITlo arToii BBIOOpKE [N KaXkAOTO YCIOBUS £ B OTACJIBHOCTU
PacCUMTBIBAETCS  OIIEHKa yCJ‘IOBHBIX XapaKTepUCTHK:  OLEHKa
YCIOBHOU (YHKIMHM pacnpeaencHus [ g(x) OIICHKA YCJIOBHOTO
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*

MAaTCMATHYCCKOTO OXHUIOAAHUA Ml

E3
D xlg
BBIYHUCIIAKOTCA OLCHKHW I'PaHUI] (byHK]_II/II/I pacipCacicHuAa

Fo(x)=sup F, (x), Fru(x) =inf F,(x)
ge

x/g
2eC

U OLCHKH XapaKTePUCTHK, XapaKTEPH3YIOIIWE OTH TPAHULIBL:

/¢ » OLCHKA YCIOBHOH IHUCIEPCHH

u 71p. [To olieHKam ycroBHO# (yHKITHM pacnpenenenus £, <(X)

* * .
MAaTCMATHYCCKUC OXHWAAHMS IpaHul mg , M, , OLNCHKHM JUCIICPCHH

* ¥
rpanun DSx’ D]x u T1p. Ilo onecHKam YCIIOBHBIX BCIIUYWH
OMPEACTIAIOTCA OILICHKHU rpanuly COOTBCTCTBYIOIINUX BCIINYHH,
as *
HanpuMmep, o OUCHKaM MAaTCMaTHYCCKUX OXHIAaHHH mx/g — OLICHKH

* *
rpanun MaATeMaTNnuYCCKOIro QXnJaHusA msx = Sup mx/g N
geG
* . * o *
ml.x =1nf mr/g , MO OLCHKAM YCIOBHBIX AUCIICPCHU Dx/g — QUCHKHN
b ocG

* * * - *
rpanvu gucnepeun D, =supD,,,, D, = 1n£ D,,
geG 8¢

Onpe/enieHHbIC TPYIHOCTH MOYKHO OXXHIATh TIPpH (hPOPMHUPOBAHHH

HT.1.

BBIOOpKH X = { XXy /g €G} m3-3a cnoxHOCTH OGecmeueHnus,

KOHTpOJIL W momuepxkanus yciuosuid g €G. Opsako BOmpoc
obyieryaercss TeM, YTO AJIsl pacyeTa HCKOMBIX XapaKTCpHUCTUK He
TpeOYIOTCSI 3HAHUS TOTO, B KAaKHX HMEHHO VCIOBUSAX MOJYYCHBI
yCIIOBHBIE XapakTepHcTUkd. [ 1aBHOE, 9T0OBI OBUIH MPEACTABICHEI Ha
VPOBHE YCJOBHBIX XapakTEPHCTHK BCE BO3MOXKHBIE YCIOBHS g

MHOXecTBa (G U B MACCHB JAHHBIX, UCTIOJIB3YEMBIH IS pacueTa STHX
XApaKTCPUCTHUK, HC MHOoIaaalul JaHHBIC, COOTBCTCTBYIOIIHWC APYIUM
ycioBusaAM. OOBIUHO MocleqHee TPeOOBAaHHE MOXKHO OOECHEYMTh
orpaHudeHNEM 00beMa JAHHBIX N, IOCKOJBKY YCIOBHS, XOTS M
MCHAIOTCA 3a4acTyd HCIOPCPBIBHO, HO MCHAIOTCA JOCTATOYHO
MEJUICHHO, W I03TOMYy HA OCHOBE HEKOTOpPOH anpuopHOMH
UHbDOpMaMK OKa3bIBae€TCd BO3MOXKHBIM YyKa3aTh MAaKCHUMalbHOE

HYHUCJIO0 ITOCIACIOBATCIIPHBIX 3JICMCHTOB N

max » AV KOTOPBIX yCIIOBHS

MOXHO CUUTATh IIPAKTUICCKHA HCU3MCHHBIMH.
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DTo mo3BoJigeT cobupaTh JaHHBIC Ha JOCTATOYHO OONBIIOM
WHTEepBaJle HaOIIOcHUS, He 3a00TACh O TOM, KAKOBEI B KOHKPCTHBIH
MOMEHT BPEMEHH VCIOBHS U B KAaKOW TMOCHENOBATEIHHOCTH OHHU
yepenyioTcea. llomydeHHble AaHHBIE Jajee MOXKHO pa3aenirTh Ha

(l)paI‘MCHTLI 1o Nmax NOCJIICAOBATCIIBHBIX JJIEMCHTOB B Ka)XXAOM H
HUCIIOJB30BATL JUIA pacdeTa IMNPOMCKYTOYHBIX YCJIIOBHBIX KW 3aTCM

KOHEYHBIX HCKOMBIX OLEHOK. [J1aBHOE IIpyd TaKOM MMOAXoAC —
00eCIeynTh OXBAT BCEX BO3MOYKHBIX yCJIOBI/Iﬁ Ha6J'HOIl€HI/I$I.

5.3. CX0AUMOCTD OLIEHOK

BaxupiM CBOHCTBOM psiia TUTIEPCITYYAMHBIX OICHOK SIBNSCTCS TO,
4YTO MpHU YBEIWYCHHH O0BEeMa BBIOOPKH 3TH OLIEHKH CXOJATCA MO
BEPOATHOCTH K COOTBETCTBYIOIIMM XapakTepucThkam. HetpymHo
yOeUThCA, UTO CIIPABEeAIHBO CIEYOINee MOJTOKECHHE.

Mycrs X|,..., X, — Bbibopka runepciy4aiiHod Bemuumubl X

o6semom N, O/ g — chopMHpOBaHHAas O BEIOOPKE B YCIOBHSIX &

ciydaiiHas OLEHKa, OOJiafarolias CBOHCTBOM CXOAMMOCTH IO
BeposTHOCTH K mapamerpy O/g. Torma rumepciydyaiiHas OILICHKA

®*={®* lge G} CXOAUTCS MO BEPOSITHOCTH K MHOKECTBY BEJHUHH
9={6/g € G, a rpanuust onesxku @, =sup® /g, @f:ing Q/g
geG 8¢

— K COOTBETCTBYOIMM rpanunam 6 =sup8/g, 0, =in£ 0/g.
geG 8¢

Orcroga cienyer, 4YTO NPH YBEJIHYCHHH o00beMa BBIOOPKH
(N —o0) ouenku rpaHui] BHIGOPOUYHON (GYHKIMH pacrpeiereHus

* *
Fo(x), F,(x) cxomarcs k rpanunaM (yHKUHH DPacTIpeACICHHS
F,(x), F, (x), OueHKH MOMEHTOB IPaHUIl — K MOMEHTAM TPAHHLI, a
OIIEHKU TPaHHIl MOMEHTOB — K IPaHHIaM MOMEHTOB. B dacTtHOCTH,
* *
OLICHKH MAaTEeMaTHYCCKOTO OXHIAHMS TPAaHUL Mg , M, CXOAATCS K

MATEMATHYCCKOMY OXHAAHHIO T'PAHHUIL me, m,x , OICHKN AUCTICPCHU
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TpaHuIl Dsw D — Kk aucnepcur rpanun Dg , D, , OlleHKH IpaHuI]

*

*
MATEMATHYCCKOI'O OKHIaHUA m m. - K rpanuiamM

sx 2 ix

MATEMATHIECCKOTO OXKUAAHUS M1, M, , a OUCHKHU I'PaHULl JTUCTIEPCUU

D. , D, —xrpaaunam qucnepcun D, D, .

sx 2 ix sx
5.4. IlpeneabHas Teopema

Dyukyurw  pacnpedeneHus — CIyHAuHOU  6eUMUHbl  HAa30BEM
(bpaemenmapro-eayccosckoti, €ClIi OHAa OMHUCHIBACTCS (hparMCHTaMU
rayCCOBCKMX (PYHKIMH pacrnpeaeicHuil. ®parMeHTapHO-TayCCOBCKOE
pacupeaCciIaCHUC aHAJIUTUICCKHA MOXKHO IIPCACTABUThL B BUJC

= X—Xx,
G(x)=Y_ F(x/m,,D,)rect —

Jj=0 j+l j

x—m,
rae  F(x/m,D)=0 —  rayccoBcKas  (pyHKLHUS

D

pacnpeacacHus ¢ MaTeMaTHYCCKUM OXHAAHUCM mj H zmcnepcnei/i

D,, rect[x] — IT-o6pa3nas GpyHKIHS:

0 mpu x<0, x>1,

rect[x] =
Il mpu 0<x<l1,

XgsX|s.0., X, — HOCTCNOBATCIBHEIA P TOYECK HA OCH X, B KOTOPBIX

MPOMCXOJNT U3MCHCHUEC BUA PaCOPCACIICHUS, X, —> —0, X, —> 0.,

Jnga  runepcny4alHBIX ~ BEAMYMH  CIPaBE/IMBa  TeOpeMa,
AHAJIOTMYHAS ~ LEHTPAJIBHOU  IpEJEeNbHOM  TeopeMe  TeOopuu
BEPOSITHOCTEH.

Teopema. Tlycth rumnepcnyuaiinas BeamunHa X ={X /ge G}
MMEET KOHCUHBIC YCTIOBHBIC MAaTEMAaTHUECKHUE OXHAAHUA M, W

KOHCYHbBIC YCJIOBHBIC OHCIICPCHUHU Dx/g' HpOBOﬂﬂTCH HC3aBHCHMBIC
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ucnpitanusi 10 N UCHBITAaHUE B KakIBIX yciaoBusx. Torja npu
N — o0 Bepxuss u HWKHAA rpanuusl £ . (x), F, .(x) Gynkuuu

* *
pacnpesienieHnss  BBIOOPOYHOrO  CPENHEro M, = {mx g € G} , TOe

s 1

N
M, =—ZX ,/ g, CTpeMsTCS MO BEPOSTHOCTH K (hparMeHTapHO-

n=1
rayCCOBCKUM PaCTIPEACIICHUSM.
JoxazarenscTBO TEOPEMBl OCHOBAHO HA IEHTPANIBHON MpeaensHoi
TeopeMe IS cIyJaiHBIX BelUuHH (Teopeme Jlesu — Jimaenbepra). B
COOTBETCTBHH C DTOH TeopeMol (PYHKIMA pacipeneicHus Fm’; /q(x)

*
OLCHKH CIYyYanHOU BCJIUYHHBI mx/g npu N —> CTPEMHUTCA TIO

BEPOSITHOCTH K TayCCOBCKOMY PACIpEsICIiCHUI0 ¢ MaTEMATHYCCKUM

D

x/g .

OXKUIAHHUEM /M, ,, U JUCIEPCHEH

. (m;/g_mx/g)“N
lim P
N—ow ’D

x/g

<x;=F(x/0,1) Vged.

I'pasuupr  Qynkumm  pacnpenenenus  F .(x), F, .(x)

- o *
TUNepCiIyvYanndon BCIIUYHUHBI mx (I)OpMI/IpyIOTCﬂ Hu3 (bpal“MeHTOB
#
(byHKI_II/II/I pacnpcaciicHusd Fm*/ (X) CJIYYanHbIX BCIUYUH mx/g (pI/IC.
x'8

5.1 a). OTcroza cieayeT CrpaBeIMBOCTD YTBEPIKACHHUS TEOPEMBI.
I'pannuel pynkumn pacnpenenenus F, . (x), F . (x) cpenmero

& v
m, mpu N —> 00 u KOHEYHOM KonudecTBe ycnoBuit G HeTpynaHo

paccuutarb IO HN3BCCTHBIM q)yHKHI/IHM pacnpcaciicHusd Fm*/ (x)
x'8

*

YCIOBHBIX CPEIHHUX M1 (N — o0), npuHuMas BO BHUMAaHHE, YTO

x/g
JH00BIE JBC KpHMBBIC, OIIMCBIBAIOIIMC TI'ayCCOBCKHC (I)YHKI_II/II/I
pacipeacicHus, IIepecCKarTCA HE GOHCC, YyeM B OJHOH TOYKe.



5.4. llpenenpHas TeopemMa

Puc.5.1. Beep ¢ynkuuii pacnpepenenus F . (x) caydaiHBIX
m.ig

*
BCINYHUH M

g (TOHKHE KpHBBIC), BEpXHss E (x) (xupHas

CIUIOLIHAA KPHBAsA) M HIKHAA £ .(X) (KUpHas UITPUXOBas KPHBas)
i,

rpanuibl GYHKIHH pacTipefeenus THIepCIyaifHoil BenHdnnbl m_,
N=const: a) - obumi ciydaii, 6) — TmTpH TOCTOSHHOM
MATEMaTHIeCKOM OXUJaHuH (m,, =m, ), B) — NP MOCTOSHHOH

mucnieperu (D, =D, )

93
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Jns OpakTHKH MOTYT MPEACTABISATE 0COOBIM MHTEpEC CIECACTBUS
U3 TEOPEMBI.

Caencrue 1. [IycTh BRIMOTHAIOTCS YCIOBHUS TEOPEMBI M TIPH BCEX
ycnoBusix g € G yCIOBHBIE MATEMATHIECKHE OKUIAHUS OJTMHAKOBbIE

(m,,, =m,), aycnosubie nucnepcun D, — pasHbie.
Toraa npu N —> o0 BepxHsis rpanuia GYHKIMH pacipejieieHus

*
F ot (x) cpemnero m, CTpeMHUTCs MO BEPOSITHOCTH K (hparMEeHTapHO-
X

rayCCOBCKOMY PacOpEIe/ICHHIO, OIIUCEIBAEMOMY (hYHKIMEH

D
Flx/m —=|, em x<m.,
X N X

F,,. (%)= lim

D_
Fl|lx/m —& eciii x> m
x° N 9 X9

a HIKHAA TpaHdla Flm (x) - K (parMeHTapHO-TayCCOBCKOMY

pacnpeieIcHUI0, OTIHCEIBAeMOMY (DyHKITHCH

D,
F x/mx,ﬁ, ecnmm x<m,,
F .(x)=lim

Now

D
Flx/m —= ecad x> m.
x? N ’ x°

rae D, D, — COOTBETCTBEHHO BEpXHSS M HIDKHAA T'PaHHULBI
JUCTICPCHH THITEPCIyHaiiHON BeNHUHHb X = {X /ge G} .
JlokazaTensCTBO OCHOBAHO HAa TOM, YTO (PYHKLHUH pacrpereieHUs
CIYYaiHbIX BEIUYUH mi /¢ TIPH BBILIOJIHEHUH OTOBOPEHHBIX yCIIOBHH
0o0pa3yloT  Beep rayCCOBCKUX $yHKUMI  pacnpemencHui,
nepecekaromuxcs B Touke x =m, (puc. 5.1 6). Orcroga ciexyer

CIIPABENIMBOCTDL YTBEPIKACHUS.
Caenctue 2. [IycTh BBINOIHAIOTCSA YCIOBHUS TEOPEMBI M TIPH BCEX

YCIIOBUAX gEG YCJIOBHBIE MaTEMATUYCCKUE OXHWJIaHUuA }’}’lx/q —
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pasHble, a YCIOBHbIE aucnepcun — oaunakoseie (D, = D, ). Toraa

npu N —> 00 OIleHKa BepXHEd TpaHHuilbl (PYHKIMU pacrpe/ieNieHus

*
CpEeaHero m, - CTPpEMHUTCA IO BEPOATHOCTH K IayCCOBCKOMY 3aKOHY

X

pacmpeneneHust ¢ HapameTpamu | m,, , 4 OIEHKa HIDKHEH

rpaHuLbl  (QYHKOUM paclpedeficHuss — K TayCCOBCKOMY 3aKOHY

X
sx°
N

COOTBCTCTBCHHO BCPXHAA W HMWXHAA TI'paHHULBl MAaTCMaTHYCCKOI'O

m. -

sx? ix

pactpeneneHus ¢ mapamMeTpaMud | m , THe m

OXMIAaHUs TUTICPCIYYaiiHOW BeTMUUHBl X = { X/ge G} , T.C.

(mz/g - m[x)\/ﬁ

lim sup P <xpy=F(x/0,1),
N> geg ’DA ( )
fiming p | e = ONN L g0,

N-oow geG D
V%

JlokazaTenpCTBO OCHOBAaHO Ha TOM, 4YTO TIPH BBINOJIHEHUU
OTOBOpPCHHBIX ycloBUH (QyHKIMH pachpedeneHus  caydalHBIX

BEJIMYUH mi/ o TIPEJCTaBIAIOT COOON Beep HENEPECEKAIOUHNXCs
rayCCoOBCKMX (hYHKIHUI pacnpeaenacHuit (puc. 5.1 B). Orcroma cneayer
CTPABE/UIMBOCTD YTBEPKACHHUA.

Caeacreue 3. U3 nenTpanbHO NpeAenbHON TEOpPEMBI TEOPUH
BEPOATHOCTEH I  cay4daiiHoi Bemmumbbl X ¢ KOHEYHBIM
MAaTeMAaTHYECKHUM OXXHIAHWeM m_ W gucnepcueit D, cimenyer, yto

npu N — oo  (yHKUHS pacnpeaeicHus Fm* (x) BBIGOpPOYHOTO

1 N

* .

CpeOoHero m_—= lim — X crpeMurcs K HKOHUHW C€OUHUYHOTO
x n y

N—ow
n=1

.
cKauka B Touke m_ (puc. 5.2 a). IIpu 3TOM BBLIOOPOYHOE CpeiHEe M,

CTPEMHUTCA K ACTCPMUHHMPOBAHHOM BenuuuHe M1, . U3 paccmMoTpenHoM
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BBIIIC TEOPEMBI JUISl TMIEPCIyYaiHOH BenuuMHbl X CJlEIyeT, 4To
npu N —> o0 rpaHuisl  (GyHKIMH  PaclpesieieHus — CPeJHEro
CTpeMATCd K  (DyHKUMAM  €IMHHYHOTO  CKadka B  TOYKAax
MaTEMATHYECKUX OXKUIAHUH TpaHull Mg , M, (puc. 5.2 0). Ilpu sTom

anepCquaﬁHaﬂ BCJIMYKHA BLI60quHOI‘O CPCAHCTO HpI/I6.HI/I)KaCTCﬂ K
HHTCpBaJ’ILHOﬁ BCIIUYHMHC.

6)

Puc. 5.2. Cxemnel ¢opmupopanns QyHKUHH pacHpeacicHUs Fn - (x)

BBIOOPOYHOTO CPETHErO CIy4aifHOW BeTHYMHBI (a) U IpaHuil GyHKIHUK
pacmpepenennst  F . (%), F/m (x)  BEIGOpOuHOrO  Cpemmero

THIIEPCIyYaiiHOi BenuuuHel {0) npu N — o«

Humepsanvuvie senuuunst [13,14, 28 — 30] UConp3y1oTes 00BIYHO
JUTST OTMCAHUSI HETOYHO MOJIYYEHHBIX JAHHBIX. DTH BEIWYUHBI HE
SBIIFOTCS CIy4alHBIMHU. s HHTEpPBAILHOM BECJIMHWHBI
BEPOSITHOCTHASI Mepa HE OINpeAcieHa, OMpeaeieH JHIIb THANA30H
3HAYCHUH 3TOH BenuuuHel. [IpubIIKeHHO WHTEPBANBHYIO BEIUYHHY
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X =[x,,x,] MOXKHO paccMaTpuBaTh KaK IHIICPCIYYalHYIO BETHYHHY
X, nna koropoir G =[x,,X,] ¥ ycnoBHas QYHKUHMs pacrpeacneHus
F,,(x) onuceBaetcs ans Beex ycnosnit g €[x,x,] dynximeii
eIMHUYHOrO CKavKa:
0, ecnn x<g,
F(x)=40,5, ecm x=g,
1, ecin x> g.

Ecnu ycnoBHBIC MAaTEMATHUCCKHC OKUJAHUS THUNEPCIYyYalHON
BCJIHNYMHBI X OJHNHAKOBBI (BBIHOHHﬂIOTCS[ yCloBusa CICACTBUA 1
paccmartpuBaeMoii Teopembi), TO mpu N —> o0 rpanuibl QyHKIHH
pachpeaencHnsT BBIOOPOUHOTO CPEHErO COBMAAOT M MPEACTABISAIOT
co00i (PYHKIMIO €ANHHYHOTO CKauka B TOuke Mg =m, . Ilpu atom

rHnepciyyvaiiHas BeIMYMHA BEIOOPOYHOTO CPESOHErO BHIPOXKIACTCS B
CIy4JallHyl0 BENWYHHY, CTPEMALIYIOCA K JACTEPMHUHHPOBAHHON
BemuuMHe. ECIMH K€  YCIOBHBIC MATEMATHYCCKHE — OKHJIAHUS
rHOepciayyaiiHoii  BenmuunHbl X pasHeie, TO npd N —
BBIOOPOYHOE CPEHEE SBISACTCS THIEPCIYYaiHOH BETNUYUHOM.

TaxumM o0pa3oM, npu OECKOHEUHOM yBETHUYCHUH 00BeMa BEIOOPKU
THIT BEJIMYUHBI, ONUCHIBAIOIIEH BBIOOPOUYHOE CPENHEE, ONPENEIAETCS
MAaTEeMaTHYECKUMH OXHIAHWSAMH TPAaHHI IIPH COBMAJCHUH OTHX
MaTeMaTHYCCKUX OXKUAAHWH BBHIOOPOYHOC CpelHee — CaydaiiHas, a
OpH HECOBMAJAECHUM MAaTEMAaTHUYECKUX OXUIAHWN — THHepcrydaiiHas
BEITMYHHA.



YACTH IT

TUITEPCJIYYAWHBIE MOJEJH
I'’IABA 6

TUIEPCJIYYAWHBIE OLIEHKH
JAETEPMUHHUPOBAHHbBIX BEJINYUH

Onucanbl MO4eYHbIl U UHMEPBATbHLI MEMOObl OYEHKU OemepMUHUPOBAHHBIX
BENUYUH, OCHOBAHHbIE HA NPEOCMAGICHUU OYEHOK 2UNEPCIVHANHbIMU Modeaamu. [{ns
MOYEYHbIX — 2UNEPCAVHAUHBIX — OYEHOK  66e0€Hbl  NOHAMUS — HEeCMEWeHHOU,
COCHOAMERbHOU, Ipexmuenol u 0oCmamounol OYeHoK, @ OAs UHMEPBATbHBIX
SUNEPCTYHAUNBIX OYCHOK — HOHAMUA O006EPUMENbHOZ0 UHIMEP8And U  PaHuy
dogepumenvholi  geposimuocmu. Jlokazanbl meopemvl, Onpedensiouue SpPAnUYbL
6epXHell ZPAHUYbI  MOYHOCHU MOYEYHOU OYeHKU U 2PDAHUuYybl O08ePUMENbHOZO
UHMEPBANA UHIMEPBATLHOL OYEHKY.

THokazano, wmo u3-3a HEKOHMPOAUPYEMOLl UIMEHHUBOCU YCAO8UL HABII00eHUTi
SUREPCTVHALINbIE  OYEHKU OCMEPMUHUPOBAHHBIX GENUHUH HE COCHOSMENbHbI, a4
MOYHOCHb USMEPEHUS — OSPAHUYEHA.

6.1. Moaenu n3MepeHus pU3IHIECKHX BeJIHYHH

ITpu mocTpoeHun HU3MUCCKUX MOJICICH H3MEPICMBIX BEIHYHH U
nux OILICHOK, KaK rpaBuJjio, mpeArnojaramoT, qTO BCIINYHUHDI,
[OJIEKAINNE U3MEPEHUIO, HOCAT JICTEPMUHUPOBAHHBIN, a UX OLEHKU
H3-32 BO3ACHCTBHS pa3MYHBIX MEHIAOIIUX (HaKTOPOB — CIIy4aiiHbBIi
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xapakrtep. [looTomMy A/ MaTeMaTHYeCKOTO OMHUCAHUS H3MEPAEMBIX
BEJIMYUH YaCTO HUCHOIb3YIOT JICTEPMUHUPOBAHHBIE MAaTEMATHUECKHE
MOJIeNH, a [T OMFICAaHHA MX OLICHOK — CIlydaiHbIe (CTOXacTHUECKHE)
MOJIENIA C ONPEAETCHHBIMH 3aKOHAMM pacnpenenenus. Ha stom
[OCTPOEHA BCS COBPEMEHHAS KIACCHYECKAs TEOpUs W3MEPEHUH,
ABJIAIOIIAACS TeopeTHdeckoil 0a30il MOBCEMECTHO HCIONB3YyeMOM
HPUKIIAAHONW METPOIIOTUH.

Ha puc. 6.1 — 6.2 jqus cransipHON uU3MepsIieMON BEIUYHHBI M €€
OLICHKH CXEMaTHYHO HU300paxeHbl (BYHKIMHU  pachpeicieHus,
COOTBETCTBYIOLINC YKa3aHHBIM  OemePMUHUPOGAHHO-CIVHALHOU U
CAVYAUHO-CYYAUHOU MOOCTAM UBMEDPEHUSL.

£ F.(8)

£y (9)

¢a

—
-

/ -
0 1) m 0

Puc. 6.1. leTepMUHUPOBaHHO-CITyYaiiHasi MOJIENh H3MEPEHUS

i

o
) - F.(0)
/) .
Oy »|f- O
o / -
0 Ty me. 0

Puc. 6.2. Cnyqaiino-cirydaiiHasi MOJIEIb H3MEPEHUS.

[TpuGnmkeHHO  AETSPMHHHPOBAHHYIO BCJIHYHHY MOJKHO
paccMaTpMBaTh Kak  CIOyYaliHYI0 BeIHYMHY ¢ O -00pasHoii
IVIOTHOCTBIO pacOpenencHus. IlpuHHMas 3T0 BO BHHUMAaHHE, Ha
puc 6.1  geTepMHHHpOBaHHAs  BEIHMYMHA 0 NpeACTaBJICHA
CKauK000pa3HOH PpyHKIUEH pacnpeacIcHus.
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Ha puc. 6.1 — 6.2 F.(0) — dynkums pacnpenenenus crydaitnoit

onenku O, F(0) - dynxums pacnpenenenus u3MepseMoit
cIyyaitHOU BenmudnHbl ® , €, — CMEIICHUE OLICHKH (€CITH U3MepsieMast

BETHYHHA ICTCPMUHUPOBAHHAS, TO £, = M. — 0, ecan — cyuvaiinas,
TO €4 =M. —my), m,. — MaTeMaTHYECKOe OKHUIAHUE OLEHKHU S

M, — MaTEMaTHIECKOE OXKHUJAHUE U3MEPACMON CIy4allHOU BENNYHMHBI

@, Oy, 09* — CPCAHCKBAAPATUUCCKUC OTKJIOHCHHSA COOTBCTCTBCHHO

H3MepaeMoii clyJaiinoil BenmuunHel O 1 ee onenku O .

O000ImenneM  eTCPMUHHPOBAHHO-CITy4aliHOH MW CIIydaiiHo-
cnyYailHoH Monenci SIBISIOTCI OemepMUHUPOSAHHO-2UNEPCVYATIHASA
(puc. 6.3) u cryuaiino-eunepcryuainas (puc. 6.4) modenu. B neppoit
MOJETN M3MepsAeMasi BEITUYHHA OMMCHIBACTCS JIETEPMUHUPOBAHHOM, a
BO BTOpOH — clyyaiiHOH BenuumHOH. B 00eHX MoJensX oIlcHKa
HPEACTABISAECTCA UIIEPCIyYaiHON BETMYHHOMU.

F,(9)

Puc. 6.4. CnyuaiiHo-runepciryyaiiHas MOJIellb H3MEepeHHS



6.1. Moneau m3Mepenns GU3HYSCKUX BETHUUUH 101

Ha pucynkax F,.(8) m F,.(0) — coorsercTBeHHO Bepxmas

HIKHsAA TPaHULBI QyHKLUY paclipeieecHNs THIIEPCIIyYaliHON OLCHKU
O, €4 ¥ €,, — CMellleHHUs BEPXHel U HUKHEH rpaHul] GyHKIUHU

paciipe/iefIeHUs IUlepciiyyaiHoN OIIEHKU OTHOCUTENBHO U3MEpseMOn
BEJIMYMHBl  (ecoM  3Ta  BENMYMHA  JICTCPMUHUPOBAHHAS, TO

Ego=mgy.—0, e,=m,.—0, ecm cmyuaiinag, TO

R mm* — MaTCMAaTUYCCKHEC

OKMJIAHUS BEpXHEH W HIDKHEH TpaHWI] TUIEPCIYYaliHOU OIEHKH,
9

€59 =M e —My, E1g =M . —My), M

R Gm* — CPCAHCKBAAPATUICCKHUC OTKIIOHCHUA COOTBCTCTBYHOIIHNX

FPaHMI]  TUMEPCIYYAMHOW  OIEHKH. 30HA  HEOINPEAENESHHOCTH
THIIEPCITyYalHOM OTICHKH MIPEICTABIICHA 3aTeMHEHHOM 00JI1acThIO.

OmnpeneneHHbIl  MHTEpEC TPEACTABIACT  OemepMUHUPOBAHHO-
UHMEPBATIbHAS MOOeTb U3MepeHlsl, B KOTOPOH n3MepsieMas BEIHYMHA
paccMarpuBaeTCi Kak JIETEPMUHUPOBAHHAs, a OIEHKa — Kak
HWHTCPBAJIbHAA BEJIMYWHA.

Ha puc. 6.5 ana Benmuuunl 0 u uHTepBanbHOM oneHku O

CXCMaATHYHO H306pa>x<eHa Takasg MoOJeCIb. 30HA HEONMPECACICHHOCTH
HHTCpBaJ'IBHOﬁ BCJIMYMHBI IIPCICTABJIICHA 3aTeMHEHHOH 00NaCThIO.

11\

0 0

Puc. 6.5. leTrepMrHUPOBAaHHO-NHTEPBAIBHAA MOAETh H3MEPEHUSA

Crenyrouum 1maroM o0o0IICHIS MOKHO CUUTATh SUREPCAVYALHO-
SUNEPCIYYATHYIO  MOOelb  UsMepeHus, B KOTOPOH H3MepseMas
BeIMYMHA W €€ OICHKA MNPEACTABNIAIOTCS THUIEPCIyJIaiHBIMU



[JI. 6. TUTIEPCJIYUAMHBIE
102 OLIEHKU JETEPMUHNPOBAHHBIX BEJIMYH

BeJIMYMHAMM. DTa MOJelb Hanbojce TOUYHO U aJCKBATHO OTMCHIBACT
POl Py U3MEPESHHUS.

AKTyalbHOCTh ONHCAHHUS pPEATBHBIX BEIMYWH C  [OMOIMIBIO
JIOCTATOYHO CIIOMKHBIX JIETEPMUHUPOBAHHO-TUTICPCITYIANHBIX,
CIyYaliHO-THTIEPCIYYaUHBIX W THUIEPCIYYaHHO-THIePCIYYalHBIX
MojacleH HM3MEpeHHs cIeAyeT H3 BBUIBHHYTOH B padore [19]
eunomesvl cunepcayuaiinocmuy. Kpatko ee MoXHO cpopMyIHpoBaTh
CICAYIOMNAM 00pa3oM: 6ce peanvHble SGACHUS, 34 UCKTHOUEHUEM,
BO3MOJICHO UL, HEOONLUIOS0 YUCTA BETUUUH, DACCMAMPUBAEMBIX
COBPEMEHHOU HAYKOU KaK MUposvle Qusuieckue KOHCMAaHmol, d
maxkdice  8ce  0e3  UCKUIOUeHUs  pealbHble  OYEHKU  HOCAM
2UNEPCAVUAUNBLIL Xapakmep.

BrinBuHyTas rumnoresa 6azupyeTcs Ha ToM (akte, 9TO YKa3aHHOE
OOJBIIIMHCTBO PEANbHBIX SIBICHUN (COOBITUH, BENHYHH, MPOIECCOB U
nojei) W Bce peaJbHBIC OICHKH 3aBHCAT OT CTATHCTHYCCKU
HEOTIpeIeTICHHBIX ¢buzHIeCKUX YCIIOBHIA, MEHSAIOTIHXCS
HETIpe/ICKa3yeMbIM 00pa3oM.

[IpuMEHUTENBHO K M3MCPSIECMOM BCIMYMHC M €€ OIICHKC B
HACTOSIIEH JIBYX TMOCNIEIYIONIUMX TJIaBax »JTOU THUIOTe3e JaeTCs
MareMarndeckoe 000CHOBAaHHE.

6.2. ToueuHble runepcayvyaiiHnble OLEHKH
AETEPMUHHUDPOBAHHLIX BCJIUYUH

PaccMOTpUM 3allayy OLICHKH JICTCPMUHHUPOBAHHON BEIUUYMHBI O
Mo  pe3ynpTaraM  HaONIOJEHUA  TUIEPCIyYaiHOH  BEJIMYHHBI

X = {X /ge G} . Toueunyio cunepcayuaiinyio oyenky ©° Gyzem
pacCMaTpHBaTh KaK HEKOTOPYIO CTATHCTHKY — (yHkmmo Y = Y(X)

BeiGopk X  oO0pemMa N W3 TIHIOEpCIy4YaliHOH TeHEpaTIBHOIM
*
cookymHoctd. OrneHky ©®  MOXKHO  OmMHMCaTh  MHOMXKECTBOM

“ #*
CIIYUauHLIX  BCJIMUWH ® /g, COOTBCTCTBYIOIINX  pa3JIMYHBLIM

yenomwiM g€ G: O = {®* /g€ G}. Cnyuaiinas ouenka © /g

sBIseTCs QYHKUMEN ciyvaiinoi Beibopkn X / g .



6.2. Toueunble THNIEPCTyYaHBIC OI[EHKU JIETEPMUHUPOBAHHBIX
BEJIMYHH. 103

KoHkpeTHy10 BenuuuHy 6" TUNEPCAYYAHHON OLIEHKH ®" MoxHO
MpEACTaBUTL MHOXKCCTBOM JACTCPMUHUPOBAHHBLIX BCIUYHH 9* /g,
COOTBETCTBYIOIINX pa3sIUYHBIM YCIIOBHUAM geG:
0" ={0"/gcG}.

B zaBucuMocTH OT MNOCTAaHOBKH 3ada4u mMOYHOCMb MoYeyHou
oyeHKy MOXKHO XapaKTepH30BaTh Mo-pasHoMy. IlpH (pHKCHPOBAHHOM

*
yCJI0oBHU g B KAUCCTBE TOYHOCTH OLCHKH ©® MoxeT BBICTYIIATH

BemmunHa A2 ¢ CPENHETO KBajpata nozpewrocmu 7~ 2=0"/g—0:

2
2 _ *
A2, =M[lO"/g—6 1.
I[HFI XAapaKTCPUCTHKH TOYHOCTH OLCHKH oe3 NPpHUBA3KH K
OMpPEACIICHHBIM  YCIIOBHUAM MOJXKHO HMCIIOJIB30BAaTL HWHTEpPBajl, B

2
KOTOPOM HaxOJUTCA BCIHMYHHA Az/g . BCpXHHH rpaHdla B3TOIo

HHTEpBaa
2 2 A2
Amax - maX[ASz ’ AIz ]’

2 2
2 . 2 .

rae Ay, :MS[|® —9| 1, AL =M,[|® —9| ] — epeonue reaopamer

NOZPEUHOCMY, PACCUNTAHHbBIE C HUCIOJIB30BAHHEM COOTBETCTBEHHO

pepxueit £ .(0) w  mwkweit  F.(8) rpanmn  Qynxumn

pacnpe/ieaeHus!.
TOYHOCTH TOYCYHOW OICHKH MOYKHO O0XapaKTCPHU30BAaTh TaKKe
ZPAHUYAMU CPEOHe20 K8AOPAmda NOZPEUHOCTU:

* 2 * 2
A% =infM[|®"/g—6'], AL =supM[|® /g—6|].
geG g€G
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6.3. HecMeleHHbIEe H COCTOSITEbHbIE THNEPCAYYAHHbIE
OLHCHKHU JCTCPMHUHHPOBAHHLIX BCJIUYIUH

~ * s
Tunepcayuaiunyro oyenxky ®  JNeTEPMUHHUPOBAHHON BeIMYHHBI O
OyIeM HasBIBaTh HeCMeujeHHOU (HecCMeujeHHOU npu 6cex YCAO8UAX
ge(G), ecmn ana Becex ge(G  MaTeMaTHYECKOe OXKHUAAaHHE

* o o - *
me*/gZM[(’D / g] ycnoBHo# chydaiiHol BenuumHbl ® /g paBHO

OLICHUBACMOM BEIMYHUHE: m9+/g =0.B IIPOTUBHOM CJIy4ac OLCHKY

Oyaem Ha3bIBaTh CMELICHHOM. Benuuuna CMELLICHUSA
(cucmemamuueckas noepewHocms) B YCIOBHSAX g OIMUCHIBACTCH

BBIDKCHHEM €0, = M., —0.
HeoOX0AMMBIM ~ YCIIOBHEM — HECMELICHHOCTH — THIIEPCIydYaiHON

OLICHKH SIBIACTCS PABCHCTBO MEkAYy Co0Off MaTreMaTHYecKuX
OXHIaHHH 11 . e Vg € G . O1croaa BBITCKACT, YTO MPH Pa3THIHBIX

MaTCMaAaTHYCCKHUX OXKHUAAHUAX me*/g AJis pa3sHbIX yCJ'IOBI/If/i g OLICHKa

* ar
®  oxasbiBaercs CMCIICHHOMU.
Cnez[yeT 06paTI/ITI> BHMMAHHC, 4YTO JaXC JIA HECMCUICHHOMN

OLCHKH MATCMATHHUCCKHUC OXXHUAAHUA T'paHHI] m%*, mm* HC BCCraa

paBHBI MATCMATHYCCKUM OXHIAAHHUAM me*/g YCIIOBHBIX cnyqai/iHbe

#*
peauunH @ /g . PaBencTrO HMeeT MECTO, €CJIHM YCJIOBUA MOCTOAHHLI

(mpH 3TOM THUMEpCIydYaiiHas BETHYMHA BBIPOYKAACTCS B CIyYalHYIO
BCIMYHUHY ).

2 2 2 2
Ipanuner Ay, A, u A, , A MOXHO NPEACTaBUTH CJIEIYHOIINM

iz ?

o0pasoM:
A§22m§2+6§2, Afz:m122+cfz’ (61)
A} = igrelg[mj/g +02,1, A% =sup[m?,+02,]1, (62

g€G
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rae mg=m. —0=¢gg, m,=m_.—0=¢g, -

1G]
MAaTCMATHUCCKUE OXUJAaHU I'paHULl MOTPCUTHOCTH, NIPEC/ACTABIIAIONNE
co00if  CMCINEeHHS OIEHKH (CHCTEMAaTHYCCKHE  IIOTPEIIHOCTH)
OTHOCHTEIBHO COOTBETCTBEHHO BEPXHEH U HIDKHEH IpaHul GyHKLIHH

pacrpeneneHus, Géz :Msl(Z—mSz)zJ, GZ :Mll(z_mlz)zJ -

2 2 _
Olig =04, M

(®*/g—me*/g)2

MOTPEUTHOCTH, COBMANAOIIAA C YCJIOBHOH JUCNEepCHEr OICHKH (pHC.
6.6).

- yCJIOBHasd AUcrepcus

F. (0)

o/g

Fy ©) // 9" —0 F.(0)

€10
y X
€ sq
/A y

4 W, >

m_ . *

m .

2(5 i T

N >

Puc. 6.6. Beep ycnosubix dynkimii pacnpenenesus F,. (0) (ronkue
k4
KPUBBIE) Ul PasIUYHBIX YCIOBUH g , BEpXHAd F; " (8) (CxupHas

CIUIOLLIHAA KpUBas) U HIXHAA F[ o (8) (kupHas myHKTHpHAs KpHBas)

TpaHUIBl PYHKIHUY pacpeaecHus
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JInsi XapakTepUCTHKU MOTPEHIHOCTH Z MOXHO HCMONB30BaTh
HHTEpBa [eso— kO, €,0+ko ], OTpeAeNAeMbIi

CUCTCMATHYCCKUMH MOrpeUIHOCTAMU €qp> €0
CPEIHCKBAIPATUICCKUMI OTKJIIOHCHUAMH TPAHUIl NOTPENIHOCTH G ¢, ,

G, ¥ HEKOTOPOil KOHCTAHTOH K , Ompenensomeil CTeeHb J0BepHs.
WuTepBan HaXOXIeHHS H3MEPSEMOU BeNWuMHBL O npu Hanuuuu

olieHKH 0 /g OMUCHIBAETCS HEPABEHCTBOM

* *
0 /g—e,—ko,<0<0 /g—e, +ho,,.
;
Ecnu ycnoBuble (GyHKIME pacmpesenenus omnenkn © /g wHe
NEPeCCKAr0TCA U ¢ POCTOM YCHIOBHBIX MAaTCMATHYCCKHUX O)KI/II[aHI/IFI
2
OUEHKU /M,. WX YCIIOBHbIE MCMIEPCHH G . = YBENHUUBAIOTCS (tum
pacnpCIcICH «a» B COOTBCTCTBHHU C KHaCCHd)HKaHHCﬁ, BBCHQHHOﬁ B

nonpazaene 3.1) Wi yMEHBIIAKTCS (THI PACTIPEACICHUST «0»), 3TOT
VWHTEPBAN ONPEJCNIACTCH TPaHHIaMW CMEIeHnst €,, €, H

N

rpaHubaMy CpCAHCKBAAPATHICCKOIO OTKIOHCHHA OLCHKU Gie* , O o

st acmpecneHus THIA «an OH aBEH
pacip p
* *
[0 /g—e,—ko .,0 /g—e,+ko ], a mana pacnpenenenus

mima «6» — [0° /g —€,—ko .0 /g—g,0+ko .].

*
Tunepcayuaiinyio oyenky ®  demepmunuposannoii senuvunst 0
HA30BEM COCTHOAMENbHOU, eciu mpu Beex yciosusix g € G ona
CXOJHMTCS TI0 BEPOATHOCTH (nioapaszaen 4.3) K 9ToH BeJIUIHHE:

lim P{®*/g—9‘>e}:0 Vg ea,

N—oc
rae N — o6GbeM BBIOOPKH IS KaKA0TO BekTopa g, € > 0 — Kak

yrogao Majoc 4ucio. CoCTosTeIbHOCTh OLIEHKH 03Ha4acT, 4TO OHA
YAOBJICTBOPACT 3aKOHY OONBUINX YHCEI.
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Herpynno  yOemutbesi, 4TO  HEOOXOAMMBIM  YCIOBHEM

BCIWYMHBI SIBISETCS BBIPOKICHUE €€ B CIAYYAHYH BEIMYMHY MpHU

N —>o. Dro o3Hagaer, YTO  OIEHKH,  COXPaHSIONIHE
rHOepCayvaiiHpiii  xapaktep mnpu N —> 00, OKa3bIBAIOTCS  HE
COCTOSITETTHHBIMH.

Cnez[yeT OTMETUTL, YTO PCAJIBHLIC CTATUCTUYCCKUC YCJIIOBUA
HAOMIOACHUS  BCIIMYWH MOCTOSHHO  MEHSIIOTCA. IToaToMy
MPEICTABIASTCA BEChMa IPABAONONOOHBIM MPEANOJIOKEHHE, YTO
OLICHKH BCEX pealbHBIX JETCPMUHHPOBAHHBIX BEIHYUH, OOBIYHO
paccMaTpuBacMbBIC KakK cnyqaﬁHme, B ,E[EﬁCTBHTeJIBHOCTH HOCAT
TUMEPCIydaliHbI XapakTep. JTa OCOOEHHOCTh COXpAHSACTCS W TpH
OeckoHEeUHO OONBIIOM HHTEpBaje HabmroaeHua. OTCIoa CIeayeT, YTo
8ce  OYEHKU  PeanbHblX  OEeMEePMUHUPOBAHHLIX — GeTUUUH — He
COCMOSIETHIbL.

6.4. DdpexTHBHBIE U JOCTATOUHDbIE THIIEPCAYUAITHbIE OIIEHKH
NETEPMHUHAPORAHHBIX BeJTHYHH

BaxHOlH XapakTepUCTHKOH OIEHKH SABIACTCA ¢€ d(PPEKTHBHOCTS.
. * .~
Tunepcayuaiinyo oyenky ®, OemepmuHuposannoli eauuunbl O

HA30BeM 3¢hpexmusHol npu écex ycnosusx g € G, eCiid yCIOBHbIE
*
MaTeMaTHUECKHe OXUIAHNS KBAPATa OTKIOHEHHs olleHkH ©,/ g oT

BEIMYUHB O TO COBOKYMHOCTH BBIOOPOK 3aJaHHOro oObeMa N He

OoJIBIIlE, YeM I JIFOOBIX JAPYTHX OLCHOK @j / g:
M[(®/g—0)*1<M[(®;/g—0)?], 63)
i=1,2,.. VYgei. '

Benuunna M[(G*/g—e)z} B O0IIEM Cciydae He SBIIETCS

~ 2 o
JUCTIEPCUEN OLICHKH 66*/g' Ona OKa3bIBAETCS TAKOBOW JIHMIIIb JJA
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HCCMCIICHHBIX OLCHOK. Z[J'ISI TAKUX OLCHOK YCJIIOBUC S(b(bCKTI/IBHOCTI/I

<ol ,i=1,2.. VgeG.

/g 0./g’
a(l)q)eKTI/IBHOCTB OLOCHKH, KaK M HCCMCHICHHOCTH, 3aBHCHT OT
HaJIUYUA anpyuoOPpHBIX AJaHHBIX O pacnpeaciICHUU FHHepCJ’Iy'—IaﬁHOﬁ
BeIUYUHBL X WM OT BHJA paCnpCaciICHUA.
MCpOI‘/'I B(b(beKTI/IBHOCTI/I MOTYT CIYXHUTb I'PaHHUIIbL OTHOCUTEIBHOM

sddextuBHOCTH oueHku [, [, omnpenenseMble Kak TPaHHUIIBI

2
MOKeT OBITh 3aITMCAHO B BUAE O o

OTHOIIEHHSI MATEeMATHYeCKOT0 OXXHIAHHA KBaApaTa OTKJIOHEHHS
3¢ exTHBHON oneHKH ® , K MaTeMaTHUeCKOMY OXXHIaHHIO KBajpaTa

OTKIIOHEHHS PACCMATPHBAEMOIT orteHKn O
M©/g—0)] M[®/g—6)]
[, =sup - =, [, =inf . .
26 M[(® /g —0)7] g6 M[(® /g —0)7]
['paHuIb OTHOCHTEIBHOM 3((MEKTUBHOCTH HaXOAATCS B MHTCPBAIIC
[0,1]. B cy4ae, korna ouenka sbdexrusna, [ =1, = 1.

I'paHMIIBI MOTPEITHOCTH MOKHO OICHUTH C TIOMOIIBIO CIICTYHOTIHX
TEOPEM.

Teopema 1. Tlycte mo BeIOOpKe X 00beMoM N IS KaskaAOro

yenoeus g €G runepenywaitHoro  Bektopa X = {)? /g€ G}

OIICHUBACTCS ACTCPMUHUPOBaHHAs Benunua O . TIpu 9TOM rpaHuIp!
obmactn  ompenenenuss N -MepHOW  YCIIOBHOHM  IUIOTHOCTH
sepostHOocTH [ (X) He 3aBucaT or O, sTa nuotHOCTH

BEPOATHOCTH a0COMIOTHO HHTErPUPyeEMa MO X W JABaXKIBI
muppepeHupyema mo 6 u, xpoMe TOro, Ui YCIOBHOM CIydaiHOM

onenki © /g CyIeCTBYIOT TepBHe 1Ba MOMEHTA. TOr/a rPaHMITI

2
0

*

2 2 2
cpeanero ksajipara norpemnoctd AL, AL W rpanuubl 6., ©

o 2
YyCJI0BHOU AUCTICPCHH OLICHKHU 69*/g ONpCACIAIOTCSA HCPABCHCTBAMHA
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2

Ot
A2 >cl. Zsup|[l+—25| J,
d g€G 89

(6.4)

2

Oe
AL >cl. >inf||[l+—25| J 1|,
! g€G 00

rae J, — ungpopmayus no Quuiepy:

o \2 -
81nfx/e,g(X) o’ lnfz/e,g(X)

J,=M| |20 = M :
¢ 00 062

M[+] — omepatop MaTeMaTHYCCKOTO OXHIAHUs, ACHCTBYHOLIMN B

JAHHOM ClIy4ae Ha BEKTOP X,

JokazaTenbCTBO TEOPEMBl OCHOBAHO HA H3BECTHOM HEPAGEHCHIBE
Kpamepa — Pao nns cnyqaiinsix onieHok [3, 4, 31]. Ilpu Brinonnennu
YKA3aHHBIX YCIOBHIl JUIA CyYailHBIX Benmmuna © /g crpaBe/umiBo

CICOYIOIICC HEPABCHCTBO!

2

Ot
* 2 2 0/g -1
M[(©" —0) /g]zce*/gz HW J,'. (6.5)
Ha ero ocHOBaHMH CIIpaBeTHBRI HepaBeHCTBA (6.4).
W3 BeIpakeHus (6.4) BHAHO, YTO MId OOCCICUCHUS HYJICBOI

Os

O/g

AUCCPCHUHU  BCIIMYKMHA JOJIKHA PaBHATHCA -1. OTCI’OI[a

ClenyeT, UTO TaKk e, KAK W B CIy4ae CIydalHbIX OUCHOK,
HEBO3MOXHO OJHOBPEMEHHO OOCCICUNUThL HYJIEBOC CMEIICHHE U
HYJIEBYIO TUCTIEPCHIO.
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110 OLEHKHW JETEPMWHHUPOBAHHBIX BEJIMYWH
Hﬂﬂ OHHODOHHOﬁ HC3aBUCUMOH BBI6ODKI/I
2 0°In £, (X)
fi/e,g (X) = Hfr,,/e,g (xn) u Jg = _NM ae 2’g
n=1

BMecTo npuBeIcHHOTO BhIIE onpeaeaeHus 3P OEKTURHON OlICHKU
MQIKHO BBECTH APYIrO€ OLNPEACICHHE.

(v ~ * * (v}
DddextuBHON oneHKoil ® , HazoeM oneHKy ® , ansd KOTOpOH

Ir'paHUIBI MATEMATHYICCKOI'O OKHAaHNA ONIPCACIAIOTCA paBCHCTBaAMHU

2
. 2 Ot
M,[@)*—O =sup||1+ O/g] J,
(e -¢) e T I
7 (6.6)
. e, |
M, (@ —6)"|=inf |1+ 02| 1],
g€G 00 £

B obmiem cirywae onpeaenenus (6.3) v (6.6) He 3KBUBAICHTHBL, Ecu
3¢ deKTUBHAS OLICHKA B COOTBETCTBHM C BEIpaKCHUsIMH (6.6) BCernma
YIOBIETBOPsieT HepaBeHCTBY (6.3), To »3¢dexkTHBHAsS OINCHKA B
COOTBETCTBUM € BHIpaKeHHEeM (6.3) He Bcerma yIOBICTBOPSCT
paBeHcTBaM (6.6). Ecmu He cymectByer 3(¢deKTHBHON OICHKH B
COOTBCTCTBHH ¢ BBIpaKeHUAMH (6.6), TO 3TH  BBIP@KCHHUSA
XapakKTEPU3IYT HE NMOTCHUUAIBHYH) TOYHOCTHh OUCHKH, a BCPXHIOHD
rpanuny TO4YHOCTHU OLICHKH.

['panutiipl GYHKIMK paciipeieieHus Tunepciay4aiiHoro sBexropa X
MOXHO paccMaTpuBaTh KakK (YHKOMM pacOpeACHeHUsl CIydalHBIX

BektopoB X /g¢ u  X/g,, COOTBEICTBYIOIIHE HEKOTOPHIM

IPaHUYHBIM YCIOBUSIM £, U g&,, KOTOPbIE MOTYT NPUHAJIECKATH, &

MOTYT U HC ITPUHAJICIKATH MHOXCCTBY G.

Teopema 2. Ilycte 1o BBIOOpKE X 00beMOoM N IUIS KaxkAOTO

yenoeuss g €G  rumepeiyuaiiHoro Bektopa X = {X’ /g€ G}

OLCHHUBACTCA ACTCPMHHHPOBAHHAsA BCJIIMYHHA 0. HpI/I OTOM TI'pPaHHIBI
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obnactu onpenenenusi N -MepHbIX UIOTHOCTEH BEPOSITHOCTH TPAHHLL
Se0g. (%) i, (X) HE 3aBucAT OT O, MIOTHOCTH BEPOATHOCTH

X
rpaHul  aOCONIOTHO  MHTETPUPYEMBI MO X W JBAXKABI
auppeperupyeMsl mo O . Kpome Toro, mis runepeiaydaiHoi OueHKH

® " CymeCTBYIOT MepBbE B2 MOMEHTA Ipanui,. TOraa Cpesmue

o 2
OTHOCHUTCJILHO IpaHul] KBaJApPaThbl a0COJIIOTHOM orpeuIHoCTHU ASz .

2 2 2
A]z nu ):[chepcym FpaHI/IIl GSQ* . 619* OHpeIleJIHIOTCH HepaBeHCTBaMI/I
2
Og
AL >o2, > 1+ g,
z — TS — 89 gs

(6.7)

2

Ot
e e e R

rne J, ., J, — wndopmanms no ®uuiepy Ui COOTBETCTBEHHO

BEpXHEH U HI)KHEM IpaHull pacrnpeieneHus:

J M alnfm’gs(X) ,
8s 89

~ \2
7 =M (‘9lnff/e,gl (X)
81 69

Jloka3aTenbCTBO 3TOM TEOPEMEBI OCHOBAHO Ha HEepaBeHCTBE (6.5).
Ha ocHoBanmnu HepaseHcTBa (6.5) cipaBeIIMBLI HepaBeHCTBa (6.7).

Tunepcnyuaiinyo oyenky ®  Odemepmunuposannoli eenuyunvl 9
Oy/eM HasbIBaTh docmamounot (npu Beex ycnopusix g € G), ecau

ans Bcex g€ G N -mepHas yClOBHAs IUIOTHOCTh BEPOSITHOCTH

f_/e*g(x”...,xN) BBIOODKH THIICPCIy4YaliHOM BeaMudHsl X  He

X
3aBHMCHT OT BEIUUYHHBEL O, T. €. OLEHKA HECET BCK COCPETOTOYEHHYIO
B BBIOOPKE MONE3HYH HHpOpMaLHo o 0 .
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Eciu ouenka »ddekTHBHAsA, TO oOHa jgocTtaroyHas. OOpaTHoe
YTBEPKACHAT HEBEPHO,

6.5. HuTepBaibHble THNEPCIYYaiHbIE OLEHKH
ACTCPMHUHHUPOBAHHBIX BCJIHYHUH

PaccmoTpum SUNEPCTVYAUHYIO UHMEPBATILHYIO OYEHKY
OemepMUHUPOBAHHON BETUUUHDI.
[lycte s JNETEPMHHUPOBAHHOM BEIMUUHBL O  CyIlecTBYeT

runepcnyyaiinas onenka © , rpaHuipl QYHKIUH pacnpeneneHus
* .
norpemHocT Z=0® —0 3Toii OLIEHKU OMUCHIBAIOTCS BBIPAXKEHUAMU

F_(8"=0), F_(6"—0), a mioTHOCTH pacTpe/ieneHus PaHuIl —

BoipakeHuamu [ (07 —0), f,.(8°—0) (puc. 6.7).

0 & 0 -0
OL[ Bs

Puc. 6.7. IInotHOCTH  pacHpeneieHHs TPAHUI] MOTPEIIHOCTH

7=0 -0

BeposTHOCTE TOTO, YTO TOTPEIIHOCTh OHCHKH HE OONbIIe —¢€
OmpeAeIIeTCs JBOMHEIM HEPABEHCTBOM

;
o, <PO/g-6<-¢g)<a,,
a4 BEPOATHOCTH TOT'0, UYTO OHAa HC MCHBIIIC € , — HCPABCHCTBOM

B, <P(®/g-0>¢)<B,,
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rae o, = [ £,(0"=0)d0", o = [ £,.(0"=0)d0" ,

By =] /O ~0)d0" B, = [ (0" ~0)a"

Otcro/1a CIENYET, UTO SPAHUYBL O0BEPUTNENLHOU 6POAMHOCHU
PO -£<0<0 +e/g)

HAaXOXXICHHUSA HUCTHHHOTIO 3HAYCHUA BCIINYHMHBI 0 B 606€pum€ﬂbHOM

unmepeare 1 =(0 —g,0 +¢/g)  onpemensorcs  JABOWHBIM
HEPABEHCTBOM

1-(0 )< PO -£<0< @ +e/g)<1-(a,+B;) .

Ilonobuo  murepsany  [m . —ko m,.+ko .], oHo

56"
XapakTepru3yeT TOUYHOCTh TUTIePCIyUailHOW OlEHKH.



I'’IABA 7

TUMEPCJIYYAUHBIE OIIEHKU T'MNEPCIYYAWNHBIX
BEJIMUWH

Hccnedosana  2unepcayuaiino-2unepeiiyuainas Mooens usmepenus. Beiseoenvl
GopMyTBL, ONUCHIBAIOUUE ROSPEUHOCHTb SUNEPCIVYAUHOU OYEHKU 2UNEPCAYHALIHON
GenuyUHbLL 8  obwjeM Cayude U 0N HACMHBIX MoOeneld — AOOUMUGHOU U
MyabmunauxamueHoti  oyenok.  Ilomyuenbl  coomHOweHUs,  NO360JSIOUUE
PACCHUMBIBAMb HOSPEUWHOCTNG SUNEPCAYHATHOU OYEHKU HPU KOCEEHHBIX USMEPEHUAX
CUREPCAVUAUHOU BENUYUHDL.

7.1. 'mnepcayqyaliHo-runepeay4aiiHas Moae/Ib H3MepeHUs

Ion  eumepcayuaiino-cunepcayuainol  MOOeETbI0  UMepeHus
[IOHUMAETCH MOJIEIb, B KOTOPOH M3MepsieMasi BeJIHYMHA U €€ OlleHKa
[IPEJCTABISIOTCS TUNIEPCYYalHBIMH BEIIMIHHAMH,

[Tycts MHOXecTBO (G OXBaTHIBAET MHOKECTBO BCEX BAPHAHTOB
ycIoBUl (OPMHUPOBAHUS U3MEPICMON BETMUUHBI U OLICHKH. 32 BpeMs
B3ATHS BHIOODKH B (HKCHPOBAHHBIX YCIOBHAX g € G 3HaueHHe
U3MEPSICMOl BETMYHMHBI He MEHsCTCH. M3mepsiemast rumepcnydaiinas
BenuurHA ® Tpencrapnser co0O MHOKECTBO CIIyYaWHBIX BETUYHH
®/g, ONHCHIBAIOIIUX HU3MEPIEMYIO BEIUYMHY NPH (PUKCHPOBAHHBIX

ycnousx g € G ®={®/ ge G} (puc. 7.1). CnyuaitHas BenmuunHA
®/g MOXeT NPUHUMATE MHOKXECTBO KOHKPETHBIX 3HAYEHMIA {G/g}.

MHoXkecTBO TUnepciydaiiHbIX BETUIUH {@} o0pa3zyeT MpOoCTPaHCTBO

®,.
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Puc. 7.1. KadecTBenHOE MpeAcTaBIeHUE H3MEPSIEMON BENMYNHBI U OIICHKH

v * v
I'mnepcnydaiinas oreHka ® | COOTBETCTBYIOUIAS U3MEPIeMOit
THOCpCaydaiiHoi BenuuuHe , mpeacraBiseT co0oit MHOXECTBO

Chy4aiiHpix BenuunH O /g, OMMCHIBAIOIIMX ONEHKH CIy4YaiiHbIX
* *
BenmnunH @/g B ycnoBusix ge€G: O ={® /ge G}. DyHKIA
“ o £
pacnpe/ieneHus crydaitHol BeqnuuHsl © /g omnpefensercs 3aKOHOM

pacmpesienenus cnyuaiiHoit Bemmuumbon ® /0,g, onuceBaronieit
OIICHKY TIPH KOHKPETHOM 3HAYCHHM H3MEpseMOl BenuduHel 0/g, u

3aKOHOM paclpeieNicHus ciydaiiHoil Bennuuboit ®/g. Crydvaiinas

pennunHa ® /0,¢ MoOXeT NpPHHMMATh MHOXKECTBO KOHKPETHBIX
- * o *
3HAYEHHI {9 /G,g}. MHOX€ECTBO THIEPCTYYalHBIX OICHOK {@}
*
obpasyer mpoctpaHcTso O, .

.
Cunepcnyuaiinas — oreHka © ¢dbopMupyeTci Ha  OCHOBE

MHOTOMEPHOH IWiepciiyyaiiHoil BoIOOPKH JaHHbIX X = {X /ge G}

U3 TEHEPAIbHOW COBOKYMHOCTH THIOCPCAYYAWHOH  BEITHUHHGBI

X ={X/g S G}, JMOCTYITHOH A HEMOCPEICTBCHHOTO H3MEPCHHA.

3 * 3 3
Tunepcnyuaiinas onenka ®  geiasgercs (yHKIHeH (CTATHCTHKOM)
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THIepCIy aiiHoi BEIGOpKH X , cydaiinble onenku ©/g u ©'/0,g —
(YHKLMSIME COOTBETCTBEHHO CITydailHbIX BEIGOpOK X /g u X /6,2,
a KoHKpeTHast onenka 0 /0,g — dyHKIMeH KOHKPETHOW BHIGOPKH
X/6.g.

Bemmuunsl O, ©/0,g, O'/g 1 © oMMCHIBAIOTCS CIEAYIOMIIM

o0pa3oM.
[unepciyyaiinas BenuunHa ® MpEACTaBIACTCS BEPOSTHOCTHHIMU

XapakTepucTHKaMu (ycroBHOU QyHkumed pacnpenenenus £, (0),
yenoHo# moTHOCTIO fy,, (D), rpanunamu bynkuun pacnpenenenus
F(0), Fy(0) u ap.), ycaoBHEIMH MapamMeTpamMu (MaTeMaTHUCCKUM

OKHAAHHEM me/g, CpCAHCKBAAPATHHCCKHUM OTKIOHCHUCM Ge/g H

T.JO.) ¥  OC3yCIOBHBIMH  [apaMETpaMHd  (MaTcMaTUYCCKUMH
OXKWIAHUSMH  TPaHULl Mg, My, CPEIHEKBAAPAaTUYECKUMU

OTKJIOHEHHMSIMH TPaHHUL Gy, O, U AP.).

Cnyuaiinas onenka © /0,¢ xapaxkrepusyeTcss BEpOSTHOCTHBIMU

XapakTepucTHKaMH  ((QYyHKIMEH  pacnpeneneHus E.. . (0),

IUIOTHOCTBIO  paclpeaecHus fe*/eg(e) U Ip.) ¥ YHCIOBBIMH

napaMeTpamMmu - MaTCMaTHYCCKUM OKHJJaHHUEM me*/e o’

CPCAHCKBAAPATUYICCKHM OTKNOHCHHEM O~ H TJ., a Cly4aiiHas
* s

ouchka @ /g -  dymkumeidi  pacnpenenenms  F, . 0),

MaTeMaTHYECKHM OXHJIAaHNEM Mye, = M[m,., @g] ,

CPCAHCKBAAPATUICCKUM OTKIIOHCHUCM G&f/g U mnp., ra¢c B AAHHOM

Cllydyae OIEpaTop MaTeMaTH4ecKoro oxuaanus M[e] melicTByer Ha

CIy4aiiHyro BennuuHy ®/g .
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- £
FI/IHepCJ'IyLIaI/IHaFI OILICHKA ® OIINCBIBACTCA BCPOATHOCTHBIMH

XapakTepucTHKaMK (YCIOBHOH (YHKIMEH pacnpeneicHus F;*/g(e)
Vg e€G, rpanuuamu Gynxkuun pacupesenenus F.(8), F.(0) u
Ap.), YCIOBHBEIMH TAPAMCTPAMH (MATCMATHYCCKHM OKHIAHUEM /1.

CPE/HEKBAIPATHYECKUM OTKIIOHEHHEM G . IS BCEX g € G urn)

H 6C3YCJ'IOBHBIMI/I napaMeTpaMu (MaTCMaTI/I‘{CCKI/IMI/I OKHIaHHUAMUA

TPaHuL /7 ., M ., CPCAHCKBAaPaTHICCKAMI OTKIIOHCHISIMA TPaHAL
Oy » Oy H Ip.).

CxemaTtuuHo TUnepCiyd4anHo-runcpciiydyanas MOJCIb U3MECPCHUA
u3o0paxkeHa Ha puc. 7.2.

A\l

Puc. 7.2. TunepcnyvaiiHO-rUNEpCIyvaiiHas MOAETh H3MEPEHUS

OpHa 13 OCHOBHBIX 33724 M3MEPEHHS THIepCITydyaifHOW BEIWIHHBI
® CcOCTOHT B TOM, YTOOBI, UMEsI B CBOEM PACTIOPSDKCHUN KOHKPETHYIO
BBIGOPKY X /0,2, COOTBETCTBYIONIYIO HEU3BECTHOW BeiuuuHe O u
HEW3BECTHBIM ycioBusiM g € (G, a Takke apHOPHYIO HHHOPMALIHIO O
napaMeTpax M XapaKTepUCTHKaxX ONEHKH W M3MepsAeMOi BENW4YHHEI,
BBIUHCIINTH ONEHKY M OIIEHUTh TOYHOCTh H3MEPEHHSI.

Oyenky MOMKHO paccMaTpuBaThb KaK MIOUEYHYl0 WIA Kak
unmepsanvhyio. B mepBoM ciydae HeoOXoAUMO chOPMHpPOBATH IO
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— *
BoiGOpke  X/0,g  komkpernyio omnenky 0/0,g wm s
HEOTPEJICICHHBIX ~ YCIIOBUHW  yKa3aTh TPAaHMUIBI  MOTPEITHOCTH,
COOTBETCTBYIOLIME THIICPCIyYaiiHOM BenmnunHe ® U rumepciyyaiHoi

onenrke ® . Bo BTOPOM CIIydae ¢ y9eTOM THIIepCIydaiiHBIX CBOWCTB
MOTPENTHOCTH  HAJ0  PACcCYMTATh  TPaHUIBI  JIOBEPHUTEIHHOTO
WHTEpBaNa,  HAKPBIBAIOUIETO  H3MEPSIEMYI0  THIEepPCIy4alHYyIo
Beanuuny O . PaccMoTpriM 06a THITA OIEHOK.

7.2. ToyeuHble TUNEPCIyYAHHbIC OLEHKH THITEPCIY4aliHbIX
BeJIUYUH

B ¢uKcHpOBaHHBIX YCIOBHAX g O ONM30CTH CIydYallHOW OICHKU
®'/g x cayuaiinoii BenmumHe /g MOXHO CYAUTH MO YCIOBHOM
dynkimu pacnpenenenus [, (z) nozpewnocmu Z/g=0'/g - 0Olg .

B kauecrtBe MCTPUKH MOXHO HMCIOJB30BATH KOPCHB H3 CPCIHCTO

KBajipara norpeusoctd A, = \/M U(*D* /g —@/g‘z} .

DTa BeIUYHHA Az/g CBs3aHa ¢ MATCMaTHYCCKHUM OXXHJaHHCM mz/g

H CPCAHCKBAAPATUYICCKUM OTKJIOHCHHCM Gz/g MOTpCIIHOCTHU

o 2 2
3aBUCUMOCTBIO A, =,/m}, +0., . HerpyaHo ybeauthes, uto

BCIINYHNHA m nNpCaACTaBJIACT codoii CMCHICHHC OLCHKH

zlg

_ 2
Sg = Wle*/g - Wle/g B YCJIOBUAX &, a AUCHCPCHA NOTPCITHOCTH Gz/g

CBSI3aHA C VYCJIOBHBIMH MOMEHTaMH HM3MeEpSeMOHM BeJIMYHWHBI U ee
OIICHKH CIIEIYIOMIEH 3aBUCHMOCTBIO:

Gi/g - Gg*/g +Gg/g _2Re*e/g’
rae ReYe/gZM[(('D* /g—me,./g)((*D/g—me/g)] —  YCJIOBHBIH

KOBapI/IaHI/IOHHblﬁ MOMCHT OIICHKH H I/ISMepHeMOﬁ BCIIMYWHBI.
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B HeompeaeneHHBIX ~ YCIOBUAX  TOYHOCTh  M3MEpEHMSA
XapakTepu3YyT TpaHullbl (YHKIMHU pachpeJcieHus TOTPElIHOCTH

F._(z), F.(z), a takxe Beqmuuusl A ., A, mpencraBistouue

Iz
coboif KOPHM H3 CpPEIHHX OTHOCHTENBHO TIpaHHLl KBaJIpaToOB
norpeirHocTy (puc. 7.3):

—0
rie  fo(z), f.(z) — mnnOTHOCTH pacHpefencHHsl TpaHUL,

cooTBeTcTBYOIINE GyHKIMIM pacnipenenenus Fo (z), F.(z).

Fo(2) F, ()
z
0 m:/g my, Alz
ko, |

Puc. 7.3. XapakTepucTHKHI U IapaMETPHI TIOTPEITHOCTH

Bennuuner A, A,  onpegessiforcs  MaTeMaTHYECKHMH
OKMAAHUAMH M , m, TpaHul ¢yHKUHM pacnpegencuus F (z),

F,_(z) n cpenHexBagpaTHUECKUMH OTKIOHCHHUSMU I'PaHHL G , G, °
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_ ’ 2 2 {2 2
ASZ_ mSz+GSZ s A12_ mlz—l_G[Z'
Benuunna ASZ MOXeT OBITh KaK 6OHB[HC, TaK 1 MCHBIIC BCINYHWHBI

A,.EBem m,<0,10 A, <A, <Ag;ecm mg, <0<m,, 10

0<A_,<max(Ag A );ecu mg, >0,10 A;, <A, <A,

[TorpeHOCTs KOHKpeTHOro u3Mmepenns z/g=0/0,g—6/g

HCH3BCCTHBIX YCIOBHAX & MOKHO OLICHHTH HCPABCHCTBOM

my —kog <z/g<m,+ko,, (7.1
a MHTCpBAJI HAXOKICHHUS HBMCpHCMOﬁ BCJIIMYHMHBI O/g IIpy HAJITMYHUHU

.
onenku 0 /0,g — HepaBeHCTBOM

0/0,g—m, ko, <0/g<0/0,g-mg, +ko,, (7.2)

rae k — HekoTopas KoHCTaHTa (puc. 7.3), ompenenseMas CTENEHBIO
JIOBEPHS K PE3YNbTATy U3MEPSHHS,

Crnenyer o0paTuTh BHUMAaHUE HA TO, YTO B HepaBeHcTBax (7.1),
(7.2) yunThIBagTCS OTIUYME AVCTICPCUN TPAHUI] PACTIPEIEICHNSA, UTO
OKa3bIBAETCS CYUISCTBCHHBIM [IPH 3HAYHTEILHOM HX PA3IHYHH,

Bripaxenns (7.1), (7.2) ynpouiaroTcs, KOTAa YCIOBHBIC (DyHKIUH
pacmpesiesieHdst  HorpemiHocTH  Z/g  juii Bcex ge€(G He

NEPeCCKAar0TCA U ¢ POCTOM YCHIOBHBIX MAaTCMATHYCCKUX O)KHUIaHHH
2

MOTPCIIHOCTH mz/g CC YCJIOBHBIC OUCIICPCUHN Gz/g YBCIUYUBAKOTCA

(TI/IH pacnpCcaciiCHuA «a» B COOTBCTCTBUHM C KJIaCCPI(I)PIKaLIHCﬁ,

BBEICHHON B  moapasdene 3.1) wim  yMeHbIIATCA  (THI
pacupeaencHus «0»). Torga maTeprans (7.1), (7.2) xapakTepuzyroTcs

rpanvMaMHi MaTE€MATHYCCKOTO OKHAAHUA NOTrpEeIIHOCTH Wi, , M, U

h4

rpanuaMy  CPCAHCKBAAPATUIECCKOTO €€ OTKIOHCHUA G,, O

sz °

m, = mgmz/g = mgsg =g, m_, =supm_, =supe, =g,
g€ 8¢< geG geG
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6, =infc_ =inf |6’ +o2 —2R. |,
o geG & geG 87 /g g 876/g (7.3)
= = 2 2 2R '
G, =SUPG_, =sup (G, +Gy, o0l

geCG geCG

Jlns pacmipeneneHus Tuma «a» HepaBeHcTBa (7.1) — (7.2) umeror
COOTBETCTBEHHO BH[L

g, —ko, <z/g<e +ko_,

. . (7.4
0/0,g—¢, —ko_ <0/g<0/0,g—¢ +ko,_,
a JJs pacpCaciIiCHUA TUIIA «O» —
g, —ko_<z/g<e +ko,,
(7.5)

* ¥
0/0,g—¢, —ko, <0/g<0/0,g—¢ +ko_.
TouHble IPaHUIBI CPeHEro KBagpaTa morpemHoctd A2, A2
p I pen Ap P iz s
OMNPEAENSAOTCS PA3SHOCTHI0 MATEMATHYECKNX OXKUIAHUM OLEHKU 71 o'l
M U3MEpAEMOif BETMUMHBL My,  (CMCIICHHEM OLEHKU €, ),

2 o 2
JUCTIEPCUAMU OLICHKHU 69*/g " U3MCPAEMOUN BCJIIMYUHDBIL GG/g , a4 TaKKe

KOBapHaIIMOHHBIM MOMEHTOM R npu pasHeix ycniosusx g € G:

00/g
2 - 2 . 2 2 2
Ai=infA;, =inf(e, +0,, +00, =2Ry,);
2 _ 2 _ 2 2 2
AL =supA;, =sup(e, +6,.,, T 00, —2R9*e/g).

geG geG
7.3. AI[}_]I/ITI/IBHaﬂ U MYJIBTHIVIMKATHBHAasA MOJCJ/IN OLICHKHU
B paac Cly4d4acB OyeHKa ®* MOKET OBITh MpeacTaBJICHa

aooumueHol  MoOenvlo,  ONMHCHIBAEMON  CyMMOH  HM3MepseMOH
THIEpCayYaiiHoM BenuuuHel ® W runepcnydainoi nomexu W . Ipu
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5TOM CMEICHAE €, PABHO MATEMATHICCKOMY OXAIAHAIO M,
Lo 2
cnyuaiinoit momexu W /g, nucnepcus NOTPEMIHOCTH G, —

2
OJUCHICPCHUU  TIOMEXH O

wig? rpaHunbl CMCIICHUA &,, €& -

l s

COOTBCTCTBCHHO TIpPaHHIAM MAaTCMAaTHUYCCKOTrO OXXHIAHHA IIOMCXH

2 2
m,,, M, , a TPaHHLBl JUCIEPCUHM MOIPEIIHOCTH O, O -
2 2
COOTBETCTBYIOIMM IDAHUIIAM JIUCIIEPCHU TIOMEXU G , O, .

Toraa anms pacnpe/eicHnsa MOTPEITHOCTH THITA «a» HEPaBEHCTBA
(7.4) npruodpeTaroT BUI

m, —ko, <z/g<m, +ko

0'/0,g-m, —ko, <0/g<0/0,g-m +ko,,
a AN pacTpeeicHNs THIIa «O» HepaBeHcTra (7.5) —
m, —ko <z/g<m, +ko,,

0'/0,g-m_—ko, <0/g<0/0,g-m, +ko_,.

I'paHuIIbl CpeHEro KBAIPATA MOTPEIIHOCTH
2. 2 2 2 2 2
Aiz _lnf(mw/g +Gw/g)7 Asz - Sup(mw/g _I_Gw/g) . (76)
geG 2€G

U3 BBIpa)KCHI/Iﬁ (76) CICAyeCT, UTO B CIydac aJAUTHBHON MoOJenu
NOMECXH FHHCpCquaﬁHBIe 0COOEHHOCTH HSMCpﬂCMOﬁ BCIIMYHWHBI HEC
BJIMAIOT HA TOYHOCTL U3MCPCHHUA. CyHIeCTBeHHy}O POJIL UTPAKOT JIMIIL
MAaTEMATHYCCKOC OKHNJaHUC nu aucnepcus moMexu. HpI/I

. 2
MPEHEOPEKMMO MAOK AUCIEPCHU G, , Vg € G TPaHuIlbl CPENHETO

KBagpaTta TOTPCHIHOCTY  pPAaBHBI  COOTBCTCTBYHOIIWM  TPAHWIAM

2 2
m._ .

iw? sw

KBaJpara MarcMaTH4YCCKOTO OXUAAHUA IIOMEXU M1

B npyrom 9actHOM cryuae oyenka & MOXeT ObITh MPE/ICTABICHA
MYTLIMUNIUKAIMUGHOU — M0OO0€Abl0,  ONNCHIBAEMOU  BBIPAKCHUEM

p—

® =(1+E)®. Ipu srom norpemmrocts Z/g = (E/g) ®/g), e &,
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E/g — COOTBCTCTBCHHO mnepcnyqaﬁﬂaﬂ H cnyqaﬁHaﬂ BCJIMYHHBI,

XapakTEePU3IYIINEC MHOXKUTEITH MyJTBTI/I]TJTI/IKaTI/IBHOﬁ MOMEXH.
Ecnu Bemuumesl Z/g, ®/g HesaBucuMmbl 0pu JTHOOOM g, TO

MATCMATHYCCKOC OXXKHIAAHHUC TIOTPCITHOCTH mz/g (CMQI_LIGHI/IG OLICHKI/I)

paBHO My, My, , & AUCHEPCHSE

22 2 2 2 22
G,ig =0 3C0q/y TM:;Cg, 0 My,

2
rac mé/g, G.i/g — COOTBCTCTBCHHO MATCMATHYCCKOC OXHMIAaHHUC H

Jucnepcusi MHOXHTens =/g . Ilpu 3ToM  cpemHMil  KBajpat
2 o2 2 2 2
norpewnoctn A7, =(m;,, +06;,, ) my, +0y,),  TpaHALBI

CpeaHero KeajpaTa MOrPeIHOCTH

y 7 7 7 7
AL = mﬂ(mg/g ‘*‘Gg/g)(me/g +69/g)]’
g€
2 2 2 2 2
ASZ - Sup[(mé/g _*_ Gé/g)(me/g _*_ Ge/g)] >
g€
a IapaMeTpbl TPaHHL] pacIperelIeHns, BXOJIIHNE B HepaBeHeTBa (7.1)
# (7.2), OMUCBIBAIOTCS CAEAYHOMIUMH BHIPAKEHHAMU:
Mg, =MgMey, My, =MpMy,
2 2 2 2 2 22
O, =CgOg + M5O + Oy,
2 2 2 2 2 22
O, =CyCp+Mm;Cp+C My,
2 2
rae Mg, , M, — MaTeMATHIECKUE OKUIAHUS, & O g, Oz — NUCTIEPCHHU

rpanun pacnpcaciICcHuAa MHOXUTCIIA MYHBTHHJIHKaTHBHOﬁ IIOMCXH.

Kak BUAHO, B [JdHHOM CJIy4ac MOTPCIIHOCTE HU3SMCPCHUA
onpeacTACTCA MATEMATUYCCKUMU OXKUJAHUAMU U TUCTICPCUAMU IBYX
BCIIUYHH. MHOXHUTCIIA MYJIBTHHJIHKaTHBHOi/i IMMOMCXH H H3MepﬂeMOI>i
BCIIUYNHBI.
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7.4. 'mnepcayqaiiHble OLIEHKH Pe3yJibTATOB KOCBEHHbIX
H3MepEeHH I TUNepeyuyaiHbIX BETHYHH

[Ipu xocsennvix usmepenusx 3HaYEHUE U3MEPSIEMON (BBIXOTHOMN)
BEJIMYMHBL  ONPENENsAeTCd HA OCHOBAaHMM M3MEPEHUH APYrux
(BxomHbix) BemuunH. [TycTs BRIXOAHAs rHOEpCIyyaiiHas BenuunHa ©

sBJIsieTCS. M3BeCTHOM (yHKupedn M BXOHHBIX THIIEPCIyYaiHBIX
Bemuud Y, (m=1LM): O=¢(Y,....,Y,, ). Ilpu srom cuyqaiinas

mn

BenmnuubHa  ®/g  saBmsercss  QyHKuMEH — cnyYaiiHBIX  BENHYHH

Y /g (mzl,_M): O/g=9(Y/g,....Y,,/g), a cuyqaiinas

ouerka ©'/g — dyHKuMell ciydaiiubix oueHok Y, /g (m=1M):

®/g=0(, /g,.,Y /g). Torna B NHHEHHOM TPUGIMKEHHH

MaTCMaTH4YCCKHUC OXHIAAaHNA I/I3MepﬂeM0ﬁ BCIUMYMHBEI W €€ OLCHKH
OMMUCBIBAOTCA COOTBETCTBCHHO BBIPAXKCHUAMU

My g = (P(m.v| /g""’m.v,w/g) o My yg = (p(myl*/g""’my?l/g) i
a4 MOMEHTBI BTOporo nopsaka — BLIpa)KeHI/IﬂMI/I
M
0 09 2
Ge/g ZZ y vig’ 09*/g_ y v/*/g’
m=1 I=1 aym 8yl " m=1 I=1 aym ayl "
Yy Lo o,
9 /g ymy g’
m=1 1=1 aym oy, '
rie my e my* g~ MATEMaTHHECKHe OXKMJAHHs CIy4YaiHBIX
Y /g, Y/ e e
BEJIWYUH g, .1 g  COOTBETCTBEHHO, . -

6-)/"1 ’ 6.)//1‘1

npou3BoOHble GyHKIMA O(V,...,V,,) [0 J, COOTBETCTBCHHO B
TOYKaX (yl,...,yM):(mvl/ veen

g ,vM/g) H
(yla"‘ByM)z(myl*/gB )’ R 9 R* ko0 R* -

«
yulg Ym¥i /8 Ym¥ilg Ym¥i /8
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KOBapHallMOHHBIC MOMCHTBI COOTBCTCTBCHHO nap BCIINYNMH
( m/g9Y/g) ( m/g7Y /g) ( m/g7)71 /g)’
HOCKOJ’IBKy MATCMATHUYCCKOC OXHUIAAHUEC TOTPCIIHOCTH mz/g

PABHO CMEUICHMIO OUCHKH & =M —My, B YCIOBWIX g,

2

AUCnepcHs MOrPEIHOCTH G, CBSI3aHA C YCIOBHBIMH MOMCHTAaMH

U3MEPAEMOH  BEIMYMHBI M €€ OLEHKM  3aBHMCUMOCTBIO
2 2 .

Clie =g, +05, 2R, o> CPEAHMH  KBaJpaT IOrpelIHoCcTH

AZ

o2 2
2/g» PaBHBIA M, + G, , ONHUCBHIBACTCS BBIPAKCHHEM

AZ/g [(p(m.vf/g""’myb/g)_(p(my1/g""’ vw/g)]2+
M M a 8 a 8
DR e (P*R*V*/Jr PR -
m=1 I=1 (?ym Imdi!1& aym ayl Yndilg
op 0O
I \ (P

Yuyi /g
8ym 8)/1 !



I'JIABA 8

XAPAKTEPUCTHUKU T'MMEPCJTYYAUHBIX OLIEHOK
THIEPCJIYYAWHBIX BEJTUYAH

Jist moueuHblX SUNEPCAVHAUHBIX OYEHOK 2UNEPCAVHAUHBIX GElUNUH GBEOCHbL
NOHAMUS HECMEUEHHOU, COCMOSMENbHOU, I(PDEKMUSHOU U OOCMAMOUYHON OYEHOK.
Jokazanvl meopembl, Onpedensiowue 2PAHUYbL BEPXHEN 2PAHUYbL  MOYHOCHU
MOYEUHOU OYEHKU U 2DAHUYbI OBEPUMETLHO20 UHMEPSALA UHMEPEATbHOU OYEHKIL.

Jano mamemamuueckoe 060CHOBAHIE U3BECMHO20 U3 NPAKMUKU (PAKMA, 4Mo
MOYHOCHb JHODBIX DEANbHbIX (QUIUUECKUX USMEPeHUT uMeem npedei, npeodonenb
KOMOPblil He YOaemcst 0axce NPpu 04eHb 6OTbUOM 06beMe OaHHbIX.

8.1. HecMmeleHHbIE B COCTOSATE/IbHBIE THIIEPCIYYaiiHbIE
OIIEHKH THINEePCaYy4YaHHbIX BEJTHYUH

~ * o “
Tunepcayuaiinyio  oyenxy O  eunepcayuaiinou eenuuunst ©
OylleM Ha3bIBaTh HeCMeuieHHOU (HeCMEeUjeHHOl npu 6cex VCA0BUSX
g€@), ecnu ama Beex g € (G MATEMAaTHYECKOE OKUIAHHE 77, «

*
ciy4aiiHol BenuuuHbl ® /g paBHO MaTeMaTHYECKOMY OXKHAAHHIO
Mgy,  YCIOBHOH  CIyYaWHOW  BETMYHHBI ®/g, Te ecau

¢,=0 VgeG. B nporusHoM ciydae OueHKY OyjieM HA3BIBATh

CMeUeHHOI.
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IIpuBeieHHOE ONpeAeneHUE MOHATHA HECMEIICHHOW OIEHKH AN
TUIEPCIYYaiHON BEIUYMHB]L U TUNIEPCIIyYaHHON OLEHKH COTIACOBAHO
C OOWENPUHATHIM ONPEJEICHUEM J3TOro k€ MOHATUA IS
JIETSPMUHUPOBAHHOM BENMUYMHEI W Cly4ailHo# onenku [3, 5, 31], a
TaKXKe JUIf JIETEPMHUHUPOBAHHOM BEIUYMHBI WM THIIEPCIydailHOU
OIICHKH (TIoapaszaen 6.3).

CrnenyeT OTMETHTH YTO, €CNM OIEHKA HECMEIIEHHAsl, TO TPaHMIIBI
MaTeMaTHYEeCKOTO OKWAAHUSA H3MEPSIeMON BEJIMYMHBI U €€ OIIEHKH
COBIAZAIOT My =M ., Mgy =m .. [lpu sToM u3 Qakra, 4TO
OLICHKa HECMEILICHHAas HE CIEeNyeT, 4YTo 00s3aTeNbHO COBMANAKOT
COOTBETCTBYIOIIME MaTeMaTH4YeCKHE OXWIAHMA TIpaHul (T.e.

Mgy =M o Mg =T .. ).
COBHaIleHI/Ie UMECT MCCTO JIMIIb B HCKOTOPBLIX YaCTHBIX Cliydasdx,

*
HammpuMep, Korja o0ba pacnpCacicHuAa BSJININH ® u ® oTHOCATCS K
TUITY «a» HUJIN «O». B atHx JABYX ClIydasix IIpu HECMCILICHHOH OIICHKE
MAaTCMaATHUYCCKHUEC OXHUAAHUA TpPaHULl paclHpeCaCICHHUA IMOrpCuIHOCTH

pasubl Hymto: Mg =m, =0.

OnpeneneHHblii  UHTEPEC  NOPEACTABISICT  HACTHBIA  CiiyHai

CMEIICHHOH OIICHKHU — CMEIICHHOH Ha (I)HKCHpOBaHHyIO BCIUYHHY €

Vg € G . Toraa rpaHUIbl CMEIIEHUS €, =€ = &, .

s

*
JIns IeTepMUHUPOBAHHOM BenuunHbl 0 u ciayuaiiHoii oleHkn ©
COCTOSATEIHHOM, Kak U3BeCTHO [3, 5, 31], Ha3pIBaeTCA OIEHKA, KOTOpas

CXOUTCA 110 BEPOATHOCTHU K BEIIMUMUHE 9 .

- - - #*
Ormpesie/icHHe COCTOATENBHOU THIIepcaydaiiHoit ouenkn © /0
JIETEPMUHUPOBAHHON BeMuKHBl O nano B nojpassene 6.3.

~ * o “
Tunepcayuaiinyio  oyenxy ®  eunepcryuatinon senuuunst ©
MOKHO HA3BATh COCMOAMENbHOU, €CIM s BeeX yenosuih @ € G oHa

CXOOUTCA 11O BEPOATHOCTH K 3TOH BEINYUHE:
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lim P{|0'/g-©/g|>e}=0 vgea,

N—co
rne N — o0beM BBIOOPKH UTA KaXK/IOTO YCIOBUS g .

CxoauMocTs 0 pacrpefesicHuo dojiee ciadasi, YeM CXOJUMOCTh
mo BepoatHocTH  [31].  IloaToMy  HCOOXOAHUMBIM  YCIOBHUEM

Ed
CXOOANMOCTH THHCPCIIYHanHON OLCHKH C] K THICPCIYyYanHOU

BenMuuHe © ABIAETCA CXOAMMOCTH (PYHKIMH paclpeaeleHust
e /g(e) K dynximu pacnpenenenus £y, (0) .

YacTapIM Cl1ydyacM BBOJUMOTO IIOHATHA SABJIACTCA COCMOAMENbHRAA

~ * o ~
cnyuatinas oyenka ®  cayvatinou eeruuunst O, omnpenensemMas mpu
HNOCTOAHHBIX M CAMHCTBCHHBIX YCIOBUSAX HAOMIOACHMS CICTYHOIUM
obOpazoM:

lim P{©"—6|>e}=0.
N—o0c

CMpBICT 3TOr0 BBIPAKEHHS JOCTaTOYHO Tpo3paueH. CiydalHyro
norpemsocts Z=0 —© nupun obbeme BoiGOpkH N MOKHO
paccMaTpUBaTh KaKk IapaMeTpUyeckoe CEeMEHCTBO  CIyYalHBIX
BEJIMYNH, ONKMChIBaeMbIX  (QyHKIueil pacupenenenus F, (z),

3apucAlliedl oT mapametrpa N . Ilpum  ycrpemneanu N K

Geckoneunoctu (yHkims pacupenenenus [ (z) npubmmkaercs k

¢byHKIMYM equarYHOTO cKauka F,(z) B Touke 0.

Hetpyano yOemmThes, 4TO THICpCIydaiiHas OICHKA CITydaiHOH
BCJIMYMHBI, COXPaHAONIas TUNECPCIYYalHbId Xapaktep npu N — ©,
TaK XK€ KaKk H mnepcnyqai/iﬂaﬂ OIICHKa HeTepMHHHpOBaHHOﬁ
BEJIMYHMHEI, HE COCTOSTEIBHA.

B cnyuae runepcrnydaliHON OIICHKM TUMNEPCIYHAHOW BEIMYMHBI

-~ *
Jeno 00CTOUT HeckolbKo WHaue. Ecnu rumepciydaiinas oteHka @
ranepciydaiiHon  BenmumHbel  ©  coxpamser mpu N —>®©
TUIICPCITyYalHbIid XapaKTep, TO TCOPETUYCCKH OICHKAa MOXKET OBITh
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KaK COCTOSITENIbHOM, Tak U HecoCcToATeNbHON. OHAKO HEOOXOIUMBIM
YCIIOBHEM COCTOATENIBHOCTH  OIEHKH  SIBIAETCA  COTIACOBAHHOE
U3MCHCHHE W3MEPSEeMOW BEIMYMHBI W OICHKU IIPU  HM3MEHEHWHU
YCJIOBUH, a 3TO MPAKTUIECKU HE peabHO.

[TosToMy, TpuHHMas  aJeKBaTHOCTh  OMWCAHWS  PeabHBIX
HIPOLEAYP U3MEPEHUS TUIIEPCIlyYalHO-THIIePCIly YaHHBIMU MOJIEIISIMH,
NPUXOJMM K 3aKIIOUEHHIO, UYMO 6Ce pedlbHble OYEHKU He
COCMOAMENbHBL.

Otcrona ciaenyeT pyHIaMEeHTAIBHBIA BRIBOM: GOCHUYb ODECKOHEUHO
BbICOKOU MOYHOCHIU USMEPEHUSL PEANbHBIX GEIUYUH NPUHYURUATLHO
Heav3st Hu npu Kaxkux ycrogusx. TTOATBEpXKISHHEM 93TOrO CIIyXKar
CIIEJICTBHUS U3 TEOPEM, JIOKA3aHHBIX B CIIE/YIOUIEM [0/Ipa3/iere.

8.2. D¢ dekTHBHBIEC H TOCTATOYHbIE THIIEPCOAYYANHbIE
OIIEHKH THINEePCay4YaHHbIX BEJTHYUH

*
Tunepcnyuainyio oyenky O , eunepciyuaiinou eenuuunvt ©
OyIeM HasbIBaTh o(hgexmusrot npu écex ycnosusx g € G, ecnu s

BCCX & € G MaTeMaTH4YecKoe OXHIOAHHUEC KBaJpaTa OTKJIOHCHHA

Ed
ouenkn O, /g or BemmumHel ©/g 1O COBOKYIHOCTH BBIGOPOK

2

Z/g)He

3alaHHOTO 00beMa N (T.c. Cpe/iHUil KBAAPpAT morpeniHoctd A

.
Goublite, YeM Jutst JIFOOBIX JAPYTHX OLeHOK O, / g

A*, <A® i=12,., VgeG, (8.1

z, /g z;/g”°
rae

A2 =M[(@®./g—0/g)*], A2, =M[®;/g—-0/g)].

z, /g z;lg
OTMETI/IM, qTO B cliydae HCCMCIICHHOU OLICHKH
IleTepMI/IHI/IpOBaHHOf/i BCIINYHMHBI CpeI[HI/Ii/‘I KBaJapaT MNOrpCuiHOCTH

AZ

zlg

2
paBCH  OUCICPCHHU  OLICHKH Ge*/g . Torna YCIOBHC
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3 peKTUBHOCTH MOXET OBITh 3alllicaHo B BHIE
2 2 .

Gei/ggcsef/g, i=1.2,. Vged.

Kak u B cioydae OeTepMHHHPOBAHHO-THOCPCIyYalHON MomenH,
Mepoil 3(PGEKTUBHOCTH MOTYT CIYKHTb I'paHHIBl OTHOCHTEIBHOM

sbdexrruBHOCTH OUEHKHU [, [, onpenensemsie B JaHHOM Clly4ae Kak
IpaHMIbl  OTHOIIEHMS MATEMATHYECKOTO OXKHMIAHHMS  KBajpara
orkinonenus ot /g sddexkTHBHON  OUEHKM @: lg «
MaTEMATHYECKOMY ~OXKHJIAHWIO KBajpara OTKIOHeHus or O/g
paccMaTprBaeMoii oneHkn © /g
j i M©Jg -0/ sup MI© /g —0/g)’]
"G M[(@/g—0/g)’] T zeo M[(®'/g—0B/g)’]

['pasuIE!l oTHOCHTENIBHOM 3P OEKTHBHOCTH HAXOIATCI B HHTEPBAJIC

[0,1]. Korna ouenka sddexrusna, [, =1 =1.

I'pasumpl TOYHOCTH HU3MEPEHHA OMNPENENAIOTCA CIeNyIOIHMU
TEOpEMaMH.
Teopema 1. I[lycte 1o  rumepciydyaiHON BBIOOPKE

X = {f( /g€ G} obbeMoM N i kaxgoro yciosus ge€G

OLIEHUBAETCs TUIIEPCIyYaiiHas BeMYnHa © , ONKMCHIBAEMas YCIOBHOM
MIOTHOCTHIO  BeposTHOCTH [y, (0). Tlpn stom (N +1)-mepras

YCOBHAs — IJIOTHOCTB  pacnipesienienust  f .o/ (X,0)  msamr

U 25 (X,0)
00

aubdepenimpyemMa  no 6, OpOU3BOHbBIE

8 Zf()?,e)/g (565 e)
09’
lim [(07=0) ey, (7.0)di=0.

Toraa rpaHUITEI CPeAHETO KBAaapaTa MOrPEITHOCTH

abcomoTio waTErpEpyeMbl mo X w0, a
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2 : -1 2 -1
A.zinfJ_°, A, >supJ,, (8.2)
g€G 2cG
e J ¢ — YCTOBHas uadopmaruss o duinepy, omnpeacnacMas
BBIPAXKXCHHUCM

— 2 —
alnf()?,e)/g(X’®) — M o’ lnf()'c,e)/g(X9®)
£ 00 00?2 .

JlokazaTenbCTBO 3TOM  TEOPEMBI OCHOBAHO Ha  H3BECTHOM
Hepasercmee Kpamepa — Pao nis ciydalHbeIX oneHok [3, 5, 31].
TIpu BEIMOSHEHUM YKA3aHHBIX B TEOpEME YCIOBUI CITPaBETABEHI

CIENTYIOIIUE HEPABEHCTBA: Aﬁ e 2 ; Vg € G. Orcrona cnenyor

HCpaBCcHCTBA (8.2).
JU1st o THOPOAHOH HE3aBHCHMOMN BEIOOPKH

f()_c,e)/g(';é’e) = fe/g (O)H fx/@,g (x,) mn

n=1

J =M 9’[In fe/g(G))a; 12\7 In £, 4, (X)] |

Ecnmu  osnementsl BeiGopku X, /g  mpeactaBusior  coGoit
o o = 2
AJUIMTHBHYIO CMech ClTy4aiiHoil Bennunssl 0/ g ¢ mucmepeueit oy, <

M HE3aBUCMMOM ClIydYaliHOM oaHopomHoi mnomexu V/g ¢

2

MATCMATHYCCKHUM OXHWIAHNCM mv/g u ):[chepcneﬁ Gv/g’

TO TNpH

rayccoBCKoM pacrpenenenun semumund ®/g u X, /g ycnosnas

N
uHpopmanws o Puwepy J, = ——+——.
0/g Y vig

2 2
Torma npu N — o0 umeet Mecto paBeHeTBO AT = A =0.

Ha ocHOBaHUH 3TOTO PE3ybTaTa MOMKET CIOKUTHCS MHEHHE, YTO
BBIBOJ] TIPEBIAYIIETO TO/Pa3/ieNna, KacaoUMiics mpe/ena TOYHOCTH
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HU3MCPCHUS, HE BEPCH, YTO TOYHOCTH HM3MCPCHHSA MOXET OBITh
HCOTPAHUYCHHO BBICOKOI. B IlefICTBHTeﬂbHOCTH 3TO HC TakK.

Bonee ToYHBIC TpaHUIGI TOYHOCTH H3MEPEHHS, OINpEAC/IIeMbIe
IBYMs CICAYIOUIUMH TEOPEMaMH, BHOCAT HEOOXOJUMYIO SICHOCTh B
3TOT BOIPOC.

Teopema 2. IIycts o TUIICPCITYYalHOM BEIOOPKE

X = {X /g€ G} obbeMoM N i kaxgoro yciosus ge€G
OLIEHUBAETCS  IUmepcaydaiiHas BednuumHa ©,  omuceiBaemas
YCTOBHBIMH ~ TIOTHOCTAMM  pacnpenenehus — fy,,(6).  Tpanuusr

obmactm  ompeneneHuss [V -MEpHOH  YCJIOBHOH  IUIOTHOCTH

pacnipesienenus  f o (X) He s3aBucar or O, sTa MWIOTHOCTH

pacmpeneneHuss abCONIOTHO MHTErpUpyeEMa IO X W ABAKIBI
mupdeperupyema o 0. Kpome TOro, mis yCHOBHOH Clay4aiiHOMN

*
oucHkn © /0,g cymectByroT aBa nepBeix MomeHTa. Toraa rpaHULEL
—=2 =2 v —=2 _ 2
G, » O, CpemHEH mucmepcHH G, M[o,., @,g] JUCTICPCHT
=2
C..

*
0" .o OLCHKH ® /6,2 onpenensdrorcs HepaBEHCTBAMU

ds.. )
G.. >infM 1+a—gg J;'(9)],

geG

(8.3)

deg, |
G’ . >supM||1+ 8gg J, ()],

s6
g€G

a I'paHUBI CPCAHCTO KBaJ[paTa MOrpCiiHOCTH — HEPABCHCTBAMH
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2
: o _
A delgM 8é/g+ 1+8—g‘°’ Jg'(®) ,

(8.4)

2

Oe
A2 >supMeg, +|1+—2£| J7'(@)],
gEG 8@

*
rae €y, = (m,.  —0/g) — cvemenue onenku © /0,g B ycnosmsx

070,

g ormnocutemsro 0/g, J, (0) — undopmayus no Quwepy mns

ciyuaiisoit ouenxu 0 /0,g :

— 2 _

Oln foe (X O*In fo, (X

J,0)=M CLEETHCO) B NV CAL 8 FCY)
00 90

JlokazaTensCTBO TeOpeMbl OCHOBaHO Ha HepaBeHCTBe Kpamepa —
Pao ana cnyualiHOM OLIGHKHM AETEPMUHHUPOBAHHOM BEIWYUHBL Jlns

*
caayqaitnoit Bennunael © /0,g npu QuxcupoBaHHBIX BenuumHAx O,

£ W BBIIOJTHCHHHU YKa3aHHBIX B TEOPEMC yCJ'IOBPIfI CIIpaBCAINBEI

2
CICAYOIUC COOTHOWICHUA Jid OUCIICPCHUH GO*/Og H CpCaAHCro

kBajpara norpeusoctd A, =M[(0" /0,2 —0/g)°]:

z/8,g

2
Ge*/e,g = z/8.g 9% /6,g

a 2

Ny —2
Torna ans cpemseil aucnepcus O 6'/g W CDCMHETO KBanpata

2 2
norpemsoctn A7, =M[A7 ] umeem
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8%/

.\
G, >M 1+a—gg J;'(©)],
. (8.5)
A >Mes, 41+ Zee| e
z/lg — 8®/g+ 8@ g ( )

W3 nepasencts (8.5) cnemyiot HepaBeHcTBa (8.3) u (8.4).
W3 Belpakenmit (8.3) BUAHO, YTO JIs oOccCIeUCHHS HYJICBOH

Og

0/g

CPENHEN JUMCIEPCHH BEIMYMHA s Beex  O/g  nomkua

PaBHATBCS —1. D10 03Ha4acT, 4YTO HCBO3MOXHO OIJHOBPCMCHHO
00ecneYuTh HYJCBOC CpCAHCC CMCHICHHMC M HYJICBYHO CpPCIHIONO
JUCIICPCUIO OLICHKH.

Hns OJHOPOJHOMN HE3aBUCUMOU BBHIOOPKHU
(‘921nf\,/e (X)
J < (0)= —NM 2*’
00
Toraa npu N> w CTIPABC/IUBbI HCPAaBCHCTBA
A} >infM[eg, 1. AL >supMleg, .
g€G geG

Otciona crnefyeT, 9TO MOTEHIIMAIHHAS TOYHOCTH OMPEENIeTCS
TpaHMIIAMK CPEIHErO0 KBajApara CMEIICHHSA, a OSCKOHEYHO BBICOKAs
TOYHOCTh HW3MEpeHHs 00ecredHuBaeTcs IpU OCECKOHEYHO OOJBIIOM
o0beMe BBIGOPKH M OTCYTCTBHMM CMEUIEHMs Uit Bcex O u ycnoswmit

geG.

CraTHCTHYSCKHE YCIOBHA (POPMHUPOBAHHS M3MEPAEMOH BEIUIHHBI
W OIEHKH, Kak MOpaBWIO, MEHAOTCA acuHXpoHHO. [lostomy
NPaKkTHUECKH HepeanbHo, 4YTOOB  00CCMEUYMBANIOCh OTCYTCTBUE
CMEIEHUs JUIA BCeX YCIOBHH, a, CJICIOBATEIbHO, W OECKOHEYHO
BBICOKAsi TOYHOCTh H3MEPEHUSI.

BMecTo nmpuBeZieHHOTO BBIIIIE OTIpeaeacHus d3PPEKTUBHON OIICHKU
MOKHO BBECTH JIPYroe OIPEJEICHUE, OCHOBAHHOE HA HEPABEHCTBE
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o o o o *
(8.4): sppexmusnoii cunepcryuaiinon oyenxkoli ©®, MOXHO Ha3BaTh

*
onenky ® 3agannoro obbema N, Juisi KOTOPOI TPAHUIBI CPEIHETO
KBQJIpaTa NOTPEIIHOCTH OMPEACTAIOTCS PABEHCTBAMK

2

Ot
A’ =inf M|[1+=2&| J '(©)],
iz 2€G 8@ g

(8.6)

Ot
A2 =supM||1+—2£| J_'(®)].
g€G d@

3ameTHM, 4YTO B oOmeM ciydae ompeneneHns (8.1) u (8.6) He
SKBABAEHTHE,
Teopema 3. IIycts o TUICPCTYYalHOM BEIOOPKE

X :{f( / gEG} obbeMoM N i kaxgoro yciosus ge€G
OLIEHUBAETCS  IUmepcaydaiiHas BednuumHa ©,  omuceiBaemas
YCTIOBHBIMU  MIOTHOCTAMH  pacipenenenus  fy, . (0). T'panuier
oGnactu onpesencauss N -MCPHBIX TJIOTHOCTEH — pacrpenecHust
rpanntt [, (X)), fie,, (X) He 3aBucar or O, otn mwiotHOCTH

pacmpenenaeHuss aOCOMKOTHO HHTETPUPYEMBI MO X M ABAKIBI
mupdepermupyemsr 1o 6. Kpome Toro, mns ciydaiiHOM OLIEHKH

® /6,g cymecrByloT ABa NEPBRIX MOMEHTa. Torma cpeonue

oucnepcuu 2panuy pacnpeoeneHus nospeutHocmu 6;* =M[o’ 1.
N

—2

G =M

2
GS*/@g ] OIKUCBIBAOTCA HCPABCHCTBAMU
81
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52 ZM‘ 1+88®/g5
00

J ¢, (@),

. (8.7)

B de
G2, >M||1+ agg’] ng( )R

2
a cpedHue OMHOCUMENbHO 2PARUY K@Cl()pan’lbl noepeutHocmu ASZ n
AIz

Oe
AL >Mled,. +(1+ a‘gﬂ] J, (@)}
\ (8.8)
A?z 2 M 8(29/g, +

o
I+ Z@(’;I ] 7, (@),

rac Se/gS . Se/g, — CMEWEHUA OYEHKU ona BEPXHEU U HUIICHEU cpaHUlY

pacnpenenenus, J, (0), J, (8) — nndopmanus no dumepy ans

COOTBETCTBEHHO BEPXHEH M HMKHEN I'paHMI pacipeneeHUs:

~ N2
oln fo, (X)
J, @®)=M| | —es |
85() ae

~ N2
ln fop,, (X)

J, ©®)=M
g1() ae

JlokasaTenbCTBO  9TOH  TeOpeMbl [OJOOHO  J0Ka3aTelabCTBY
TeopeMbl 2. ['paHurpl (QYHKIUH paclpelclicHHs THIepCIydaiHom

BoIOOpKM X MOXKHO paccMarpuBarh Kak (DYHKIMH PaCIpE/C/ICHUS

citydaiiHbIX BeKTOpoB X /g, X/ g,, COOTBETCTBYIOMHX yCIOBUIM

g5, g, , KOTOPbIE MOTYT IIPUHAJUIEXKATD, @ MOTYT U HE NIPHHAIEKATE



8.2. D¢ dexTupHBIC B JOCTATOYHBIC THIICPCTYYailHbIe OLCHKH
TUTTEPCITyYalHbIX BEJIWYWH 137

mHO)KecTBY (. YuuthiBas HepaBeHcTBa (8.5), MMeeM HepaBeHCTBA
(8.7), (8.8).
JL1ist 0THOPOIHOM HE3aBUCHMOM BBIOOpKH 00BeMOM N

olnf.,. (X))
J,.(6)=NM —nfg%gs() :

oln £, (X))’
J, (0)=NM #

Torma cpeaHne OTHOCHUTENBHO TPaHMI KBaJApaThl MOIPEIIHOCTH

2 2 2
Ay u A} mpu N — o0 cTpemsrcst cooTeTcTBeHHO kK M[gg, | 1
2
Mleg,, 1.
- - *
Jlnst runepenydvaitHoit ouenkn ® /0 crnpaBeanuBbl HepaBeHCTBa

m €y, - C YHETOM 3TOro,

. <m. <
o0gs ~ Mong, Eoigs

maX[M[Sé/gS], M[sé/g[ ]] > 0. Torga npuy N —> 00 MaKCHMAILHBIN

CPEIHMI OTHOCUTCIIBHO I'PAHUI] KBaAPAT MOTPELIHOCTH OOIbIIE HYIIA.
3TO 03HAYAET, YTO TOYHOCTh W3MEPEHUS THIEePCIyYailHOU BETHINHBI
OrpaHWYeHa.

CrnenctBusa TeopeM 2, 3 JalOT TEOpeTHYECKOe OOOCHOBAHHUE
XOpOIIO H3BECTHOI'O M3 IPAKTHKH (haKTa, 4TO MOYHOCMb JH00bIX
PEAnbHbIX  (DUBUMECKUX UBMEPEHUl uUMeem npeoder, npeoooneins
KOmOpblil He yoaemces 0axce npu ouenb 60abuom 06veme OaGHHbIX.

“ * ~ ~
Tunepcayuaiinyio  oyenxy O eunepcayuatinoi  eéeruuunvt ©
Gy/ieM HasbiBaTh docmamounoi (npu Beex ycnoswix g € G), ecau

ans Bcex g €GN -MepHas yCOBHAs TUIOTHOCTh BEPOSTHOCTH

1. /e*g(x1,...,xN) BBIOOpKU TUMEpciydaitHol BenmmuuHbel X  He

X
3aBHMCHT OT BEJHYHHEI © , T. €. OIICHKa HCCCT BCHO COCPCAOTOUCHHY O

B BbIOOpKE moNe3sHy wuHbopMammpo o . Dro onpemeneHue
COTJIAaCOBAHO C W3BECTHBIM OIPEJCICHUEM CIYYaWHOW JOCTaTOYHOU
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OLIEHKU u THIEPCITyYalHOU JIOCTaTOYHON OLIEHKU
JISTEPMUHUPOBAHHOM BEJIMUMHBI,

Ecnu runepcrnydalinas OICHKA TUIEPCTyYaliHOH  BEJTUYUHBL
apisgercs  3dekTHBHOH, TO OHa  JocraTodHas. OOpaTtHoe
YTBEPHKJICHUE HEBEPHO.

8.3. UnTepBaibHbie THNepCayUYaiiHble OUEeHKH TMNepeaydYaifHbIX
BEJIUYUH

Paccmotpum UHMEPBATLHYIO 2UNEPCIYYatHyI0 OYEHKY
eunepcayyainoi  eenuyunvl. JIOBEpUTENbHBIN HHTEpBAN [Z,,Z,],
XapaKTePU3YIOMNH BEJUYHHY THIEPCIYYalHOW MOTPEUIHOCTH Z , U
MpeanonaraeMbli MHTEPBAI 0°/0,g—2z,<6/g<0 /0,22
HAXOKIEHUS H3MepseMoii BennuuHbl 0/g MOryT GbITh PAaCCUHMTAHBI,

HCXOJIS N3 TPAHUIL JIOBEPUTEIHHON BEPOSTHOCTH.
IIycts

0= | fu@)z, 0, = [ £,

Bs = :TfSZ(Z)dZ, B, = Tflz(z)dz

Torma o, <P(Z<z/g)<o,, B <P(Z2z,/2)<P,. Orcrona
v, SP(z,<Z<z,/g)<y,,wm
Y, <P@® —z,<@<0 -z /g)<vy,,
rae Y;, Y, — TPAHHLBI JOBEPHTEIBHON BEPOATHOCTH:
v, =1= (o +B,), v,=1— (o, B;). (8.9)
[Tpu u3BECTHBIX (DYHKIUAX PACTpeICICHHs [PAHUIl MOTPEUIHOCTH
Fo.(z), F._(z) rpaHuusl JOBEpUTENHLHON BEPOSTHOCTH Y, Y,

OIPCACIIAIOT I'PAHULIBI JOBEPUTCIBHOI'O UHTCPBAJIA Z, , Z, .
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JIis  rayccOBCKOrO —paclpedeNeHus TPaHdl ¢ [apaMeTpamu
(mg,,05.), (m,,0,) pacuer rpaHHIl JOBEPHTEIBHOTO HHTEpBaJA

COCTOUT B CIICAYIOIIEM.

zZ, —m z,—m
VyreM, 4TO o, =@ —=, a, =0 —= |,
GSz cSlz
Z,—m Z,—m
By=1-0| 2—=|, B, =1-0| 2—L |, rae O(x) — pynkuus
GSZ Iz

OKUAaHUEM U eJIMHUYHOU JINCTIEPCUEH.
Toraa u3 BeIpaxkeHus (8.9) uMeeM cHCTEMY YpaBHCHUH

2y, — My, 2 — Mg,

o -@ =%
G[z GSZ
Z,—mm zZ, —m
) 2 Sz | _ ) 1 Iz | Ys'
GSz Glz

Hckombic rpaHuibl z,, Z, ABJIAKOTCS PCHICHUCM 3TOHM CHUCTEMBEI.

8.4. PannoHaJbHBIN 00beM THIEPCIy4aiiHOH BHIOOPKH

O6BeM BBIOOPKH UMEET CMBICH YBEIWYUBATE 10 T€X IOP, MOKA 3TO
MPUBOANT K OIIYTHUMOMY TOBBIIICHUIO TOYHOCTH H3MepeHus. s
peanbHBIX THUIEPCIYYalHBIX OIEHOK CYIIECTBYET TIpeseN, BhIIIE
KOTOpOTrOo  yBEIMYMBaTh  00beM  00pabaThIBACMBIX  JaHHBIX
oKasblBaeTCA He  menecooOpasHeIM. B 3ToM  OTHOIIEHHH
TUINEpCITyYaiiHble  OLEHKM BeAyT ce0sS MOJ00HO HWHTEPBAIbHBIM
orieHkam [32].

Paccmotpum mpocroii mpumMep. M3Mepsemas BennduHa O , orieHka

@ u BEIOOPKA X - runepenydanel.  CiydaitHas BBIOOpKa
X/g={X6lg, n= I,_N} , cooTBercTRyfomas ycnosusm g € G,

NpCaACTaBIACT coboi AJIUTHBHYD CMCCh cnyqaﬁHoﬁ BCJIIMYMHBI



I'JI. 8. XAPAKTEPUCTHUKHA FI/IHEVI’OCHYI{AIXHBIX
140 OLEHOK I'MITEPCIIYYAWHBIX BEJIMYWH

o 2 .~ . w
®/g c¢ mucmepcueil G, ¢ U CIyYaiiHOH OJHOPOJHON IOMEXH,

OMUCHIBAEMON BEKTOPOM V' / €, KOMIIOHEHTBI KOTOPOTO HE3aBHCHMBI

A AMEIOT OJWHAKOBBIE MATEMATHYCCKUE OKUIAAHUA 71, U NUCHEPCHHN

2

0,/g-

ITomexa He 3aBHUCHT OT H3M€pﬂ€MOI7[ BCJIMUUHBI U JUCTICPCUA
2

iv?
MCHSIFOTCS HACTOJBKO MEIJICHHO, YTO YCIOBHMA (hOPMHPOBAHUS
BBLIGOPKH MOYKHO CUMTATh NPAKTHYECKH MIOCTOAHHBIMH.

HeoOxooMmMo — OLEHHTH  U3MEpseMyl0  Bennuudy O/g B

2
NIOMEXH JIEXKUT B JuanasoHe [C;, O, ]. CTaTUCTUUECKHE YCIOBUS

HCHU3BCCTHBIX YCIIOBUAX g € G U TOYHOCTb USMCPCHUS.

Umes N mompsa wayumx orcueroB X, /0,2, MoxHO

C(l)OpMHpOBaTI) A1 HCHU3BCCTHLIX YCJIOBI/Iﬁ ge G OIICHKY

. 1 &
6/8, gZ—Z x,/0,g . [Tapamerpsl aTOM OLICHKH
n=l1
2
6. =o; +GV/g =0, a  cpemHuii  KBaapaT
org ~ /g N’ 0'0/g ~  8/g” pen Ap
2
2 2, O
morpewnoctn A7, =m, +T. Torma, B COOTBETCTBHH C
BEIpakeHHeM (7.6), uMeeM
p 2
G, (&)
2 2 2 s
mv—l—ﬁ<Az/g<mv—|— ]\}V. (8.10)

2 22
Mpu N — o0 enmumna A7, =m;=g;. Vcnonpsys npasyio

yacTh HepabeHcTBa (8.10), MOXKHO OLICHUTBH PAUUOHANbHLIL 06beM

1062
gvifopru cneyrommm obpasom: Ny > ——=-. Orcioaa ciesyer, 4to

v

C YMCHBLUICHHUEM CMCUICHUSA 80 =m, W YBCINYCHHEM BerHeﬁ

2
TpaHubl JUCTIEPCUN NOMEXU G Tpe60BaHI/I$I K 06T)eMy BI)I60pKI/I
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MMOBBIIIAIOTCA. H’pI/I CMCIICHNH OLICHKH, COINOCTaBUMOM co

CPEIHEKBAJApPATUUECKUM  OTKIOHEHHEM  IOoMexH (&,=0C_),

paLII/IOHaJ'ILHBIf/i 00BeM BBI60pKI/I NO OKa3bIBACTCA B paﬁOHe BCCTO

JISCSITH OTCUYETOB.

OnucanHble METOJbI [PUMEHUMbBI JUIsi paciera MOrpeiiHoCTei
U3MEPEHUST  PaA3IUYHBIX  JCTEPMUHHUPOBAHHBIX, CIIy4aWHBIX U
TUIepCIyvaiiHbiX  BENUYHMH, HAONOJaeMBbIX B  HEOIPEJACICHHBIX
yenoBusax. OHM  JaioT Oollee  OOBCKTHBHYIO HHGOpPMALHIO 00
uccleryeMoM SIBJICHUMH, yeM TPAJUIUOHHBIC METO/IbI,
[IPEUIOIAratolie ONPE/Ie/ICHHBINA, HAlPUMEP, PaBHOMEPHBIH 3aKOH
pacmpeicficHUss YCIOBHH HWJIH BoOOIlle HIHOpHpYIomKHe (akT Hux
M3MEHEHHSI.




I'TABA 9

TUIEPCJIYYAWHBIE OLIEHKHY THITEPCJTY YAMHBIX
®YHKIUIA

Pezynomamer, noayuennvie 01 2UNEPCAYHAUHBIX OYEHOK OMEPMUHUPOBAHHBIX U
SUREPCTYHALINLIX  GeluyuH, 0000WeHbl HA  CAYYAU  2UREPCAVHANHBIX — OYEHOK
SUNEPCAYHATHBIX (DYHKYULL.

060cH08aHO BPEONOAOIICEHUE, YO 8CE PEANbHbIE OYEHKU UIUUECKUX NPOYECCOE
He COCMOAMENbHDL, & MOYHOCMb UIMEPEHUsA PEealbHbIX NPOUEccos, KAK U MOYHOCHb
UBMEPEHUS PEANbHBIX (PUIUNECKUX BETUYUH, OZDAHUYENA.

9.1. 'mnepcayvaliHo-runepeayYaiiHasg MoJe]Ib H3MepEeHUs

B npensiayinedi riaBe OpEANONaraioch, YTO 3d BPEMS B3SATHUS
BBIOOpKH 3HAYCHHE THICPCIYYaHHOH H3MepsIeMoil BCIHYMHBI HE
MEHSIETCH.

Eciu 3T0 yCaoBHE HE BBINONHSAETCHA, TO OOBEKTOM H3MEPEHHUS
OKa3BIBAETCS rHIepcenydaiinas ¢pyukuus O(¢). Ee orenkoil seusercs

ranepenyuaiinas  GyHkmma O (f),  mpeacTaBasiomwas  co6oi
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cratuctuky BeiGopku X(t), rme t€T - Bpemsa, T — wunrepsan
HaOJIOACHHUSI.

Tunepcayuaiinse  Qyuknuna O(f), X() u O (f) moxHO
MPEACTABUTh MHOMKECTBOM COOTBETCTBYIOIIMX CITyYalHBIX (yHKIHIL:
O()={0(1)g G}, X(t)={X(1)/g G}, O (1)={0"(t)g € G}.
Cayuaiiasie pynxmn O()/g, X(t)/g, O (t)/g moryt npuauMars
MHOXKECTBO ~ KOHKPETHBIX  3HAueHWd  (peanu3aiuii) {G(I)/g},
{x(t)/ g}, {6*(t)/g}. Cnyuaitnas dynkuns O (1)/g Moxker GHITh
MPEACTABICHA MHOKECTBOM — YCIOBHBIX — CIYYallHBIX  (hyHKIHIA
{©°()/0(r). g} .

Cnyuqaiiuste pynxmn O(t)g, X(@)/ g, O (6)/0(1),g, O (t)/g
n (O().® (f))g OmUCHIBAIOTCS MHOTOMEPHBIMH  YCIOBHBIMH

dbynkumamu  pacnpenenenus  F, (é;f), F,, (X;1), F*/eg(é*;f),

]

F, e (é* i), F (6* ,é;f] ,I,),  MHOTOMEDHBIMH  YCIIOBHBIMH

0°0/g
IUIOTHOCTAMH pacmepAeienus  fo, 0:7), Se (x%;1), /, */eg(é*;f),
Sy e 6°:7), j}e/g (6*,6;71,72), a Takke  MaTeMaTUYCCKUMHU
oxumaHuIMA My, (1), m (1), Moo (1), My (t):M[me*/@’g 1,
2 2 2 2
me*e/g(t), macnepenamn - 6, (), 65,(), o, (1), o5 (1),

0°/0.g 0/
KOBapUaIlMOHHbIM MOMEHTOM

Ry, (=M [((H)*(Z)/g =y, (0)(©)/g —my, (z))}
¥ LIEJIBIM PSJIOM JIPYTHX TapaMeTpoB.
Tunepcnyuaiinele  Qynkuma — O@F), O (6)/0(1), O'(f)

XapaKTEPH3YOTCS MAaTEMATHIECKUMH OKHAAHHUSIMH TPaHuil M g (1),
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mp), my. (), m, (), my (1), m,.(f), Ancnepcusvu

2 2 2 2 2 2
rpanul, G g (1), 65,(), 0 (), o, (1), 0. (1), 0,.(1) n
MpOYMNMHU BCINYHUHAMH.
OGo0LIEHHOE TPEACTABlICHUE O COy4yaiHeIX (pyHKIMIXx O(f)/g,

O (1)0(r),g, O (t)g u (0(t),® (t))/g wHa unrteppane T naror
ciyuaiinble Bemuanabl O/g, 07/8, g, O'/g u (0,0")g, dyukuun
pacmpenenennst  kotopeix  Fy, (0), F,. e 0, £ 0,
Foe (0°,0) sBIsROTCS yCpeHEHHbIMK Ha HHTEpBane T (GyHKIMAMH

pacnpeneacHHs COOTBETCTBYIOMIUX CIYYaHHBIX (byHKITHIH

e/g (9) e/g (9 t) 0"/0,2 (6*)=F:9*/e (6*91‘)9
L (0= (e 1) Fy, (0.0)=F, (0.0:0.0)

riae JepTa Haj GpyHKIHeH 0603HaqaeT YCPEIOHCHHUE €€ 110 BPECMCHH [ .

Cnyuaiinsle Bemumusl  ©/g, ©/0,g, O'/g, (O ,0)g
MOPOXIAIOT  COOTBETCTBYIONIME  THIEPCIyYaiiHbIE  BEIMYUHEI
0={0/gc G}, ©'/0={0"/0.g € G}, ©'={0"/gc G},
(©.0)={(0",0)gcG}.

Cnyuaiinple Bemmuunsl ®@/g, ©/0,g, O/g n (0,0)/g

OIIMCBIBAIOTCA MOMCHTaMH, B HaCTHOCTH, MaTeMaTHYCCKUMH

OKHIAHUAMH My, = My, (1), Mmoo =m.. (1), me =mg (f),
- —

Moo = Myrg, (1), nucnepcusiMu Go/g —Go/g(t) 06 - Ge*/e,g(l‘),

(5;* e (t) KOBAapUaIMOHHBIM MOMEHTOM R. =R, e (t) mnp.

*

TCunepcnydaiinpic  BennuuHbl  ® @/6, @ u (©,0)
XapaKTEPU3YKOTCS ~ MOMEHTAMM  TPAHMIL  MATEMATHYECKMMU



9.1. I'unepcnyvaiiHo-THOEpCIYYaliHAS MOJIETE U3MEPEHUS 145

OXKUAAHUAMHU Tpanul Mgy, My, N m m m

S6°/0° 00’ 0" "’
2 2 2 2 2

. . . W TIp.
le’Gse /6’616 /e’G 6 p

2
JUCTIEPCUSIMA TPAHNLL Gy, O % O

3amaua M3MepcHHs rHIepciaydaiHoi gpyukuun O(f) ananornuna

3a7a4e U3MEpeHHs THIepCIyyaiiHoi BennuuHsl © , pacCMOTPEHHOM B
JBYX NpeAplAymuX IaBax OOHako M3-3a  (DYHKUMOHAIBHOM
3aBHCHMOCTH OT BPEMEHH [ 5Ta 3aa4a oKasblBaeTcs 60jee CI0KHOM.
Ee MOXHO ommMcaTh CIEAyHOIMM o00pa3oM. VMMeercsi KOHKpeTHas
BeIGopka  x(¢)/6(f),g, cOOTBETCTBYIOIAS HEWU3BECTHOH (YHKIMH

0(f) u wHeusBectHpIM yeioBusM g €G, a TAKKEC alnpuOpHas
uHopMalMs o0 TapaMeTpaX M XapaKTepPUCTHKaX OICHKH H
uzmepsiemoil  ¢yukiuu.  HeoOXoaumMo  BBIYMCIHTH  OLICHKY

0°(¢)/6(1),g ¥ OLEHHTH TOYHOCTH H3MEPEHHS..

9.2. [IorpemiHOCTh N3MEPEHHUA

[MorpemHocTs u3MepeHust B ycnoBusax g € G omuceiBaeTcst
cnyuaiinoit pynximeii  Z(¢)/g=0 (f)/g —O(t)/g wnmm cnyuaitsoit
BemmuuHOi Z/g=0"/g — @/g . Bimsocts cayuaiinoit onenkn @ (¢)/g
K u3MepseMoii Gynxmun O(7)/g MoXKHO 0XapakTepH30BaTh B KaKIbIil
MOMEHT Bpemenu ! dynkuueii pacpenenenus F,, (z;t) dynxuun

Z(t)/g wnu cpemuuM KBaapaTOM MOTPEIIHOCTH
® 2
A M| (0" g -emie) | o

s [y * [y e
a GMU30CTh CydaiiHoil Bennunabl ® /g K ciyuaiinoil Bennunne ®/g
— dynxumeit pacnipenenenns F,, (z) caydaiinodt Benmuumnel Z/g i

BEJIMYUHOU

Aﬁ/g=M[(®*/g —@/g)z} . 92)
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Breipaxkenus (9.1), (9.2) MoryT OBITh NPCACTABJICHBI CICIYOLINM
obpasom:

Ai/g(t):mzz/g(t)_i_ci/g(t)’ Az/g:mzz/g +6§/g >
rne m, (f)=¢g,(t)= M (£)—my, (f) — cMellenne  OLEHKH,
ol (t)=oy, ()+05,(H)=2R., (t) ~ aucnepcus  oueHxw,
Mg =8 =My —My, — CMCIUIECHHE YCPENHEHHOM  OLEHKY,
(55 g = Gge ot (sg/g - 2Re*e o — AHCTIEpCHS YCPEAHEHHOM OLIEHKH.

B HCOMPEACNCHHBIX YCIOBHAX B KakKIbIH MOMCHT BPEMCHH [
TOYHOCTh ~ H3MCPCHMS  XapakTEepH3yOT  TPaHUIBl  (PYHKIHH
pacnpenencuus Fy (z;t), F,(z;t) cnyyaitnoit pyukuun Z(1)/g u
(hyHKIHNH

Ac)=| [ f@nd, A,0= | [ fuz0dz, ©3)

a Ha WHTEpBaNe BpeMeHu I — rpaHMipl (GYHKIMH pacrpe/iereHus
Fo.(2), F.(z) cnyuaitHoii Benu4unbl Z /g U BETHYMHBI

A= [ fe@d A= | [z, O

rie f.(z:t), f.(z:t), fo.(2), f.(z) — mnotHOCTH pactipenciicHUs
IPaHMLl, COOTBETCTBYMOIWMe (yHKuMAM pacnpenenenns Fy (z;t),
F.(z1), Fe(2), F.(2).

Oyukunn A (1), A, (f) XapakTepusyroT IHHAMHKY W3MEHEHHS

T'paHUIl TOTPEHTHOCTH ¢ TCUCHHUEM BPCMCHH, 4 BCIIHYHHDBI ASZ , Alz —

3HAYEHHS TPAHHI] YCPEHEHHOH MOTPENIHOCTA Ha pacCMaTpHUBaeMOM
WHTEpBaJe.
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Oyukunu A (f), A, (f) ompegensitorcs MaTeMaTHYECKHUMU

okumaHuamMu  mg (f), m,(f) rpaHul (GYHKUMM pacOpenencHus
Fo(z;t), F._(z;t) wW CcpeaHcKBaApaTHICCKUMHU OTKJIOHCHHSIMU
rpasny O (¢), 6,(¢), a Bemmumesl A, A, — MaTeMaTHYCCKIMH
OKUAAHUAMH M, , M, rpanul GyHKUMK pacnpeneneuns F (z),

F,_(z) u cpenHeKBaapaTHICCKUMU OTKIOHCHHSIME IPAHHIl O , G,

A ()= ym_()+0c%(1),
A (O)=m.()+o5.(1),
Ay =\mj, +o3, .
A, = w/m,zz —1—62 .

[TorpeiiHocTh KOHKPETHOro usMepeHus z(f)/g B HEM3BCCTHBIX

yCIOBUAX & MOXHO OLCHUTH HCPABCHCTBOM

mSz(t)_kGSz(t) < Z(t)/g < mlz(t)+k612(t) ” (95)
a CPCAHIO IIOTPCINHOCTE HA MHTCPBAJIC T — HEPABCHCTBOM
m, —ko, <z/g<m, +ko, . (9.6)

WuatepBan HaxoxaeHds H3MepseMoii ¢ymkiuu  0(f)/g mupu

rannann onerku 0 (1)/0(1),g olleHHBaeTCS HepaBeHCTBAMHM

0" (0)/0(t).g —m,. ()= ko, (1) < O(1)/g <
<0 ()/0(t).g —mg () +ko (1),
0" (0)/0(t).g —m, —ks,, <O(t)/g <O ()/0(1).g —mg, +ko, (9.8)

rae kK — HEKOTOpass KOHCTAHTa, OIpEeAe/iseMas CTENEHbIO J0BEPHS K
pe3yABTATY U3MEPEHUSI.

B mHepasenctBax (9.7) — (9.8), Kak U B ciIydae OLICHKH
TUTIEPCITYYalHON BEIWYUHBI, YUYUTHIBACTCA PA3NIMUUEe JUCTIEPCHI

(9.7)
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IPaHUI] PACIPEJEHCHUs, YTO CYIIECTBEHHO [PH 3HAYMTEIILHOM HX
pasnuumd. HepaBenctBa (9.6) wm  (9.8) nmaror 06oOmmeHHoe
npeAcTaBicHUEe 00 OLEHKE Ha PaccMaTpUBacMOM UHTEpBAJE, a
HepaBeHcTBa (9.5) m  (9.7), oTclIeKUBaWIIUE CHCIM(PUUCCKHC
0COOSHHOCTH CeUCHHH, — 00Jice MOApOOHOE OIHCAHHE.

Eciu nns Bcex t €7 ycinoBHble (BYHKIMU pacrpeaeieHus

norpemHocTy Z(f)/g Vg e (G He mepecekarorcss W C POCTOM

YCIOBHBIX MaTEMaTHYECKUX OXUIAHUH morpemmoctn m, (1) ee

2

YCHIOBHBIC OUCTICPCHUU Gz/g

(¢t) ymenmyuBaroTcs (TUN pacrpeaciICHHS

«a» O KlIacCH(pUKAUNH moApasfeia 3.1) WiIM yMEHBIIAKOTCA (THII
pacopenencHus «O»), To HHTepBaubl (9.5), (9.7) XapakTepH3yoTCA

IPaHUI[AMHA MAaTEMaTHYECKOro OXuJaHus norpemnoctn  m, (1),

2 2
m_(t) u rpanunamu aucnepcuu G (f), G, (), onpeaenseMbIMu

CICAYIOIUM 00pa3oM:

miz(t) = }qrelgmz/g(t) = gégsg(t) = 8i(t) s

m (1) =supm_, (1) =supe, (1) =&,(1),

g€C gcG
2 o 2 o 2 2
Giz (t) - }grelg Gz/g (t) - 1gréfcl:69*/g (t) + cSe/g (t) - 2R9$9/g (t)],

9.9)
.. (1) =supo?, (t) =sup[o,., ()+05,(D—2R. ()]
g€G g€G

Jlns pacripenencHus THIA «a» HepaBeHcTBa (9.5), (9.7) umMmeror
COOTBETCTBECHHO BI/]
g,(t)—ko () <z(t)/ g <e (1) + ko (1),
0" (1)/6(1),g — e(t)—ko _(t)<B(t)/g < 9.10)
<0'(1)/0().g —&,(t) + ko, (1),

a I pacnpCaciICHUA TUIIA «O» —
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g,(t)—ko_(t)<z(t)/ g <e (t)+ko(t),
0" (1)/6(1),g — e (t)—ko_(t)<0(t)/lg < 9.11)
<07 (1)/0(t),g - g.(t)+ko ().
AHAJOTHYHO, €CIM  YCJIOBHBIE  (DYHKUMHM  pachpeeleHus
ycpenHeHHOM morpemHocT Z/g Vg e G He mepecekarorca U C

POCTOM YCIIOBHBIX MAaTCMaTHUYCCKHUX OXKHJIaHUH MNOrpCUIHOCTHU mz/g

2
¢ YCIIOBHBIC JHUCIEPCUN O, YBEIMYMBAIOTCS (THIL PAclpesie/eHus

«a») WIH YMCHBIIAIOTCS (THUI pacrlpeaerncHus «6»), TO HHTePBAIbI
(9.6), (9.8) xapakTepu3ylTcs TpaHHLAMU CMELIEHUs €, €& H

Ay

I'paHulaMH CPCAHCKBAAPATUUCCKOTO OTKIOHCHUA MMOTPCIMHOCTH G, ,

o .. . [Ipu aTOM 1715 pacnpeneneHns TUNIA «a» HepaBeHCTBa (9.6), (9.8)

UMEIOT BUJ

g, —ko, <z(t)/g<e +ko_,

* . 9.12
0 (1)/0(¢).g —¢,—ko_ <0(1)/g <0 (1)/0(t).g —¢, + ko, ®-12)
a JJis pacripCacICHUA TUIIA «6» —
e —ko_<z(t)/ g<e +ko.,
1 Sz ( ) g 5 iz (9'13)

0" (1)/0(1),g —¢, — ko, <0(t)/g <0 (1)/0(t),g —¢, + ko _.
TouHble IPaHMIBL CpejHero Ksaapara norpemmoctd A2 (1),
A’ () onpenensAOTCS CMEMEHHEM ONEHKH & (#), nucnepcusmu
OLICHKH (5;* e (f) n usmepseMOl BEJIVNYMHBI Gg/g (¢), a raxxe
KOBAPHAIMOHHBIM ~ MOMEHTOM R . (t) npu pasHBIX YCIOBHSX

2eG:
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2 : 2 . 2 2 2
AL =inf A, () =infle} () + 07, ()40, ()-2R, (O]

ALy =supA’ () =sup[el () + o2, () +08, ()~ 2R, (1)].

g€G 2€G

AHaJIOTHYHO TOYHBIE I'PAHUIBl CPEJIHEr0 KBajpaTta YCpPE/IHEHHOU

2 2
norpemwHocTH A, A( ONPEAENAIOTCA CMEWIEHMEM OLEHKH €,

2 - 2
AUCNCPCUAMHA OLICHKU GO*/ U N3MCPACMOUN BCIINYUHBI Ge/g , d TAKKC
g

KOoBapHallMOHHBbIM MOMCHTOM RO*G IIPH pasHBIX YCIOBHAX g € G:

/g

2. 2 . 2 2 2
Ap=mEAL, =i, 0y, T, — 2Ry, )
A2 =supA’, =sup(e’+c’. +o.. —2R. )

sz z/g g 9% /g 8/g 0*0/g 7"

g¢€G 2cG
9.3. AAAUTHBHAA MOJEJEL OLICHKH

* ~
Ecnu onenka © () onuchiBaeTcs adoumueHot MoOeabio B BUJC
CYMMBI ~ HM3MepSE€MOM  rumepciaydaiinoll  Benmuunel  O(f)
runepcnyyaitnoit nomexu W(f), To cmemenne € ,(f) pasmo
(t) cnyuaiinoit momexu W(t)/ g,

MAaTCMATUUCCKOMY OXKUIaHUTO mw/g

2 2
JAUCHepCHs MOTpenHocTd 67, (1) — aucnepcun momexu G, (1),
rpanunsl cmemtennst €,(f), € (f) — COOTBETCTBEHHO TIPAaHHLAM
MaTeMaTH4eCKoro oxujanus momexu m, (¢f), m_ (f), a rpaHuipl
2 2
AUCHEpPCHU TOrpemHocTH G, (¢), O, (1) — COOTBETCTBYIOIUM
2 2
rpaHuIaM AUCTICpCHU NoMexu G (1), &, (7).

Toraa ans pacnupeeseHus MOTPEHIHOCTH THIA «a» HepaBeHCTBA
(9.10) mpuoOpeTarOT BUI
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m, (£)—ko, (t)<z(t)/ g <m,, () +ko, (),
0 (1)/0(t).g —m,_ () —ko_ () <0(t)/g <
<0"(1)/0(t).g —m, (1) + ko, (),

a IS pacTpe/elicHNs THITa «Oy HepaBeHcTRa (9.11) —

m, (1) —ko,, (1) <z(t)/ g <m (1) + ko, (1),
0" (1)/0(t).g — m_ () ko, (£) < O(t)/g <
<0°(0)/0(t),g —m, () +ko_ (D).

TouHbIe TpaHUIIBI CPETHETO KBAIPATa TOTPEITHOCTH

9.14
AZ (6) = sup(m?, (1) +-, (1)) O-19
g€l

Cmeliene €, paBHO MATCMATHYECKOMY OXHAAHHIO 7,

COyYailHOM ycpenHeHHOM mnomexu W /g, coOTBETCTBYIOILEH
- = 2
cyyaitoit ¢ynkumu W (f)/ g, mmcmepcus morpemiHocTH G, e =

AUCOCPCHHU  TIOMEXU G 2

wig» TDAHHLBl CMEWEHMS €,, &  —

1] s

COOTBCTCTBCHHO TIPaHHIAM MaTCMaTHUYCCKOTO OXHIAAHHA IIOMCXH
2

2

m,,, M, a TPaHULBl OUCHEPCHU MOIPEIHOCTH G, O, -—
2 2

COOTBETCTBYIOIIMM TPAHHIIAM JIUCIIEPCUH IIOMEXH G, O, -

Torga HepaBeHcTBa (9.12) 1 (9.13) m1s pactipeaeeHAi THIIA «a» U
«0» MOXKHO MPEACTABUTh COOTBETCTBEHHO KaK

m,, —ko, <z/g<m,+ko,,
0" (1)/0(t).g — m,, —ko  <0(t)/g < 0" (1)/6(t).g — m, +ko,,
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m, —ko, <z/g<m,  +ko,,
07 (1)/0(t),g —m,, —ko,, <0(t)/g <0 (1)/0(t),g - m,, +ko,,,

a TOYHBIC I'PAHHULLI YCPCAHCHHOI'O CPCAHCIO KBajgpara IMOrpCurHOCTH
— KakK

Aj =inf(m; +o.,,), AL =sup(m., +c,,.). (9.15)

geG 2€G
W3 Beipaxenuit (9.14) u (9.15) cnenyer, 910 B cliydac aaguTHBHO
MOJICIM  TIOMEXH THIEpcIydailHple OCOOCHHOCTH  HM3MEpsAeMOii
(YHKIMU HE BIUAIOT Ha TOYHOCTH M3MepeHus. CyUIecTBEHHYIO POJIb
UTpaloT UMb MATEeMaTHYeCKoe OXKHUIaHUE U aucrepcus noMexu. [pu

NpPEeHeOPEKMMO  MaJIOi  JIUCTIePCHH Gi,/g(t) VgeG rtounbie

rpanunsl A~ (f), AZ(f) paBHBl COOTBETCTBYIOIUM TIPAHHIAM

2 2
KBaZpaTa MaTeMaTUYeCKOro Oxuaanus nomexu m (1), m; (), a
TOYHBIC TPAHHUIIBI YCPEIHEHHOTO CpPe/IHero KBajpara MOTrPEMIHOCTH

2 2
A7, A — rpaHMIaM KBaJpaTa MaTeMaTHYECKOI0 OXWIaHHS

2 2
m

iw? sw*

YCpEeTHEHHON TIOMEXHU M

9.4. MyJbTHILIMKATHBHAS MOJe/lb OLIEHKH

B IpyroM uacTHOM ciuydae oyerka © (f) MoxeT ObiTb
OPEACTABICHA  MVALMUNAUKAMUEHON — MOOeablo,  OIHCHIBACMOI
poipakerreM O (¢)=(1+Z2(7))O(¢). Ipu 5TOM MOrPELIHOCTH
Z(t)/g =(E(t)/e)O(t)/g), tne EZ(t), E(t)/g — CcOOTBETCTBEHHO
runmepciayyaiinas W cloydaiiHas — (QYHKIUH, XapaKTepU3YIOILME
MHOXHUTECIb MyHBTI/IHHHKaTHBHOﬁ IIOMCXH.

Eciu gpyukuuu Z(¢)/g, O(t)/g HezaBucuMBI IIpU T000M £, TO

MATEMATHYECKOE OKMJAHUE TOrpemHocTd  /m_, (f) (cmemenne

OLEHKH) paBHo my,, (1)my, (1), a ncnepcns
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2 2 2 2 2 2 2
6. (1)=0,,(0)0g, () +m; (1)oy,, (6)+ 0, (Omg, (7).
e g, (1), 02 /¢ (f) — COOTBETCTBEHHO MAaTEMAaTHYECKOE 0XKU/IAHHE
v jaucnepeus MHokutens Z(¢)/g. Tlpu 3TOM CpelHMA KBaapar
2 2 2 2 2
norpemoctn A2, () =(m} () +07,0))(mg () +0;,(1)).

TOYHBIC I'PAHHUIIBLI CPCIHCTO KBaJpaTa IOrpCiiHOCTH

AL@O=inf|(m?, () + 02, () (m, (D +05,0).

(9.16)
AL (@) =sup|(m, (0 + 03, (0)) (md, (0 +07,(0)]

a MapaMeTpbl rpaHuUll pacupeCliCHUA NOTPCITHOCTH ONHNCHIBAIOTCA
CICAYIOIIHNMH BRIPAXKCHUSAMU

., (1) = mg (Omg (1), m, () = m () (1),
oL (=005 ") +mg()oq (1) + o5 (Omg (@),
6. (1) =03 (N0, (1) +m ()6}, (1) + 07 (MM (1),
rie mg (t), m(t) — MaTeMaTHIECKue OKHIAHNS, 3 Géé (1), G?& ()

— JAUCTICPCUHN rpaHuUIl pacnpcaAciIcHud MHOXHUTCIIA
MYJIBTHHJII/IKaTI/IBHOﬁ IMOMEXH.

Eciu ¢pyukuuu Z(¢)/g, O(t)/g HezaBucuMBI IIpU T000M €, TO

MaTCMaTHYCCKOC OXKHNAaHUC MOTPCUIHOCTH m PpaBHO

zlg

my, (t)m, ,(f), a nucuepcus

Tlpu o5TOM  cpemHuii  KBajApaT  YCPEAHEHHOW  MOrPEIIHOCTH
2 2 2 2 2
A= (mé/g )+ Gé/g(t)> (me/g (D) +05, (l)) , TOUYHBIE TPAHUIIBI

CpeJTHero KBa/ipaTa yCpeAHEHHOH MOTPENTHOCTH
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A% =inf|(m, (0 +07,0) (g, (O +05,0),

(9.17)
(2,0 + 02, @) (md 0+,

a mapaMeTphl TPAHHUIl PACTIPEACNICHHS YCPETHEHHOUW MOTPENTHOCTH
OTHCHIBAIOTCS BRIPAKEHUIMHA

2
A =sup
2cG

Mg, = Mg (Dmg (1), m,, = mg (D)m (1),
Géz = Gé&;(t)gge () + még(t)cée(t)“‘ Gga(t)mée(t) >

0. = 0D (O)+mp (D)o () + o7 (Hmy ().

W3  Belpakennit  (9.16), (9.17) BuaHo, dYro B ciaydae
MYJIBTUILUINKATHBHOU [IOMEXH [IOTPEITHOCTh W3MEPEHUS
ONPEACISCTCS MAaTEMATHYSCKUMHU OXHJIAHUSIMU U JIMCIICPCUAMEU
MHOKHTEIIS MYyJTbTHITHKATHBHONW MOMEXH M U3MepAeMON QYHKIHUH.

9.5. XapakTepHble 0CO0€HHOCTH THIIePCIy4aiiHbIX
OLICHOK I'HNepciydaiHbIX GyHKIuMi

[To aHANOTMK ¢ TUTEPCIYYAHHBIMU OIIEHKAMH TUMEPCTYYailHbIX
BEJIMYUH I THIEPCIyYailHbIX OLEHOK TMIEPCIyYailHbIX (ByHKLMI
MOXHO  BBECTH  [OHATHS  HECMEUICHHBIX,  COCTOSTEJbHBIX,
3((HEKTUBHBIX ¥ JOCTATOYHBIX OLICHOK.

Tunepcayuatinyio oyenxy O (1) zunepcayuaiinoti dynxyuu O(f)
OylieM Ha3blBaTh HecmeujeHHOU (HecCMewerHot Npu 6cex YCIOBUAX
g€G), ecim s Boex g € G MaTeMaTHUeCKOe OXKUIAHHE M . e )

ciyuaiinoil pyHkunn O (f)/ g paBHO MATEMATHUECKOMY OKHIAHUIO

Mg, (t) ycnosuoit cimyuaitnoit dymkumu  O(7)/ g, Te. ecmm
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e ()= 0 Vg e G. B npoTuBHOM ciiydae OEHKY OyneM Has3hiBaTh
CMEUEHHOU.

Tunepcayuatinvio oyenxy O (t) zunepcavuaiinoti gynryuu (1)
MOKHO Ha3BaTh COCHMOAMENbHOU, €CAU A Beex ycnosuii g € G u

Bcex £ €T oOHa CXOAMTCS 10 BEPOSTHOCTH K 3TON BEJIMYMHE:
}lvimP{|®*(t)/g—®(t)/g| >e} -0 VegeG, teT,

rae N — o0beM BBEIOOPKH 1JIs1 KOKI0TO YCIOBUS & .

[IpuBcACHHOC OMPCACTICHUC MOHATUS HECMCIICHHONW OICHKH U
COCTOSITCIIBHOM OIICHKU JJIs1 TUTICpCIyYaiHONW (DYHKIHUU COTTacoBaHO
C ONpENENICHUSIMA 3TUX JK€ TMOHATHH [ JACTCPMUHHAPOBAHHOU
BEJIMYMHBI U CIYHaUHOU OLIEHKH, JIJIs JIETEPMUHHPOBAHHON BEJIUYMHBI
W TUOEPCIYyYaWHOU OICHKH, a TAKKe TUMNEPCIyYallHOU BEIMYWHEI U
TUNIEPCITYIaUHON OIICHKH.

Eciu onenka HCCMCIICHHAsA, TO TIpaHUHIBI MaTeMaTHYCCKOIO
OXKHAAHUA H3MCpﬂ€MOfI (bYHKHHH W TpaHHOBl MATCMAaTHYCCKOI'O

OXKUIAHUA OLCHKA COBMANAWT M(t)=m (), mgy=m ... Ilpn
3TOM H3 (hakTa, YTO OLCHKA HECMCINCHHAs HE CJIEAyeT, 4To
0053aTENBbHO  COBNANAIOT  COOTBETCTBYIOLIME  MaTeMAaTHYECKHE
OKMAHUSA rpanull (T.e. Mg (£) =m . (1) ,m 5 (8) = m . (1)).

Hetpyano yOemuThcs, YTO TUICpCIyYaiiHasd OICHKA CIyYaiHOM
(GYHKIMU, COXPaHSIOAs TUIIEPCIIyYalHbli xapakrep npu N —» o0,
MOJ00HO TUTIEPCTYUYalHON OICHKE JCTEPMUHUPOBAHHON BEIUYHHEI, a
TaKKE€ THIEPCTYUAWHOM  OIEHKE CIy4YallHOM  BEIWYMHBI, HE
COCTOSITEIHHA.

Ecnu runepcinydaiinas oLeHKa ®*(t) runepcnay4aiHol QyHKUUH
O(t) coxpauseT rumepcnyyaiiHbii Xapaktep npu N —>©, To

TCOPCTHYCCKH  OHCHKa  MOJMKCT OBITE  cocTosATeNnbHOM. Takas
BO3MOXHOCTh UMCCT MCCTO, KOTJa IJIs1 BCCX YCJIOBI/Iﬁ ge G u Bcex
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tel npu N —0o0 (MelleHHE OIEHKH OTCYTCTBYET. Takoe
TpeGOBaHUE HE MPAKTUKE HUKOTIA HEBBITOIHAMO.

[loaTroMy 6ce peanvuble OyeHKU  (DUSUHECKUX — NPOUECCO8
OKA3bIBAIOMCS HE COCIOAMENbHOIMU. MO 03HAYAEM, YO MOYHOCIND
UsMepeHusl PeanbHbiX NPOYeccos, KaK U MOYHOCMb USMePeHUs
PEUNbHbIX (HUULECKUX 6CUUUH, 02PAHUYCHA.

*
Tunepcayuaiinyio oyenxy © (1) eunepcnyuaiinon gynxyuu O(F)
OyzlieM Ha3blBaTh oQpexmuenot, ecnm s Beex ycnoBuii ¢ € G n
BCCX te T MAaTCMATHUYCCKOC OXUAAHUE KBa/ipaTa OTKIIOHCHUA

oucaku @ (¢)/ g ot emmuunpl O(f)/g MO COBOKYNMHOCTH BHIGOPOK
samganHoro oobema N (T.e. cpeHMI KBaapaT norpenHoct A 5 1 (1)
He GoJibIlle, 4eM s JTFOBIX ApYruX oleHok @ (1)/ g :
AL (D<A (1), i=12,.. Yg€G,0.18)
rae A2 (O=MI(®;()/ g —O(1)/ 2)’],
A (=M@ g—0()/g)’].

B ciay4dac HeCMeHICHHOI/I OLCHKHN IleTepMHHHpOBaHHOfI BCJIUYHHDbI

CpCI[HI/II/I KBaJpaT NOTrpCIIHOCTU A (l) paBCcH OUCTICPCUHN OLCHKHN

z/g

2 (). Torma ycaoBHE D(OEKTUBHOCTH MOXET OBITH 3alHCAaHO B
‘g
BHIE Gg*/g(t)gcg*/q(t), i=12,. VgegG.

Mepoii >pPEKTHBHOCTH MOTYT CIIY’KHTh TPaHHLBI OTHOCHTEIBHOM
B(b(beKTI/IBHOCTI/I OLCHKN l[ B Zs , OINpEACNsiCMbIC KAaK TI'pPaHUIIBL
OTHOUICHUSA YCPEAHCHHOI'O 110 BPEMEHU MATEMATUUCCKOT'O OXKUIaHUA
KBazpaTa oTkjoHeHns oT O(f)/g >bdexTupHO ouenku O (f)/ g x
YCPCAHCHHOMY 110 BPECMCHH MATCMAaTHYCCKOMY OXH/JAHHIO KBaJpara

oTkionenns ot O(f)/g paccmarpuBaemoit ouerku O (£)/ g
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_ MO0z~ 0()/)]
~HOMI© (/g ~00)/)')
A CROVECOT5W]

2c0 M[(© (1)/g ~ (1)/g)"]

['panuIpl oTHOCHTENPHOH 3P PEKTHBHOCTH HaXOIATCA B HHTEpBAJIS

[0,1]. Korna ouenka s dexrusna, /, =/ =1.

Tunepcnyuaiinyio oyenxy O (1) eunepcayuaiinoi gynxyuu O(f)
MOXHO Ha3biBaTh docmamounoi (nipu Bcex ycnosusix g € G), ecinu
runepeIydaiiHbIe OTICHKH TUIEPCIYyYaHbIX BEIIUYVH,
COOTBETCTBYIOIIME BCEM f € T, SIBISFOTCH JJOCTATOUHBIMH.

Ecnu runepcrmydaiiHas —oIcHKA THIEPCIyYalHOH — (GYHKIUK

apigercs  3pdekTHBHOH, TO oOHa  gocraTouHad.  OOpaTtHoe
YTBEPIKIEHHE HEBEPHO.



I'JIABA 10

BO3MOXHOCTHU IIO3HAHUA

Paccmomperivl 60npochl He(hopMATUZ08AHHO20 U QOPMANUZOBAHHOLO ONUCAHUS
orpysicaiouje2o mupa. Hccnedosanvl APUMUHBL, O0SDAHUMUBAIOWUE B03MONCHOCHb
nocmpoerust  mooenel, A0eK6AMHO NPeOCMASISIIOWUX  Qusuyeckue 06beKmbl.
ThasHbiM 02panu UBaOWUM HAKMOPOM AGIACMC HENPEOCKAZYEMAS UIMEHUUBOCHIb
00beKkmos U cmamucmuyeckux — ycaosuii  ux  Habmwooenus.  Hlupoxas
DACRPOCMPAHEHHOCMb  OMUX  (PAKMOpPo8  CEUOEMENbCMEyen, 4MO 6 OCHOBE
MUPO3OAHUS, RO 8CEU BUOUMOCIU, JIEHCAM SUNEPCTYHATHBLE RDUHYUNDL.

10.1. HedpopmanuzoBaHHoe U (pOPMAIHU30OBAHHOE
TIpe/ICTARJIEHNE 0 MUpPe

OKpyXaromMi MHpP OPEACTABIICT COO0H CIOKHYH) CHCTEMY,
CONEPKAILYK) ~ OECYMCICHHOE  MHOMECTBO  B3aMMOCBSI3aHHBIX
3JEMEHTOB — 00BekTOB. Kaxaplii 00BEKT  XapaKTEepH3yeTCs
OGECKOHEYHBIM HYHCJIOM CBOKCTB, ONPEACIOIINX €r0 O0COBEHHOCTH.
OTxensHEIC CBOMCTBA Pa3HBEIX OOBEKTOB MOIYT COBIAIATH WM OBITH
OJIM3KMMHM T10 OIPEACIICHHOMY KpUTEPHIO. QOBEKTH ¢ OJUHAKOBBIMHU
win OIM3KHMH CBOMCTBAMH T'PYNIHPYIOTCI B HALIEM CO3HAHUH B
KJIACCHL N0O0OHBIX 06bEKmMos.
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Kaxupiii 00BEKT MOXKET BXOIUTH B COCTAB HECKOJIBKMX KJIACCOB.
Kiaccer MoryT BXOMWTHL B cOCTaB JApyrux kiaccoB. CBOMCTBa,
OPHUCYIIHE IMOAOOHBIM OOBEKTAM KIIACcCa, PacCMaTPHBAKOTCH Kak
BAKOHOMEPHOCHIU.

3aKOHOMEPHOCTH TOXKE SABIIOTCA OoObekTamu. Kak u apyrue
OOBEKTBEI, OHH MOIYT OOpPA30BEIBATH KIACCHL 3aKOHOMEPHOCTH
ONPEACIAIOT  CcucHu(pUYESCKUEe OCOOCHHOCTH CBsI3eH OOBEKTOB,
BXOIILIMX B K/IACC, C OOBEKTaMH 3TOI'O XKE KiIacca M ¢ OOBEKTaMH
JIPYTUX KJIACCOB.

Knaccamu, HamprMep, SBISIOTCA MHOXKECTBO BCEX (PH3HUSCKUX
O00BEKTOB, HMOMYMHIIOMIKNXCS 3aKOHAM KJIACCHYECKOH MEXaHUKH, BCC
3aKOHbI MCXaHHUKH, IIPEAMETHI, Pa3Mep KOTOPBIX MCHBILC Uil 00JIbIlIe
OTIPEJIENICHHON BEJMYUHBI, PACTEHHS OMNpPEIENEHHOTO poJa WK
SKHUBOTHBIE OTIPE/IEIIEHHOTO BHaA,  JIOJH OTIPeIENIEHHO
HAlMOHAJIbBHOCTH, BCPLI, pacChbl HIHA BO3paCTHOI>i Kareropuu, XWUTCJIn
OJIHOM CTpaHbl U T.[.

Knaccuukanms 0OBCKTOB — OMMH M3 KPacyrojbHBIX KaMHEH
no3Hannsg mupa. OHa BKIKOYACT BBIABJICHHE HOBBIX OOBEKTOB,
HCCICOJOBAHHUE W OIIMCAHUE HX CBOI>‘ICTB, IIOIIOJIHEHUE HW3BCCTHLIX
KJIaCCOB HOBBEIMH OOBEKTaMH U (POPMHUPOBAHNE HOBBIX KIACCOB.

B  pesynprare  knaccubukalpd B CO3HAHMM — YCJOBEKa
(hOPMUPYIOTCS HehopManuzosantvie MoOeay, JAINE HHTETPAIbHOS
[PEACTABICHUE O KiIaccaX moa00HbIX 0OBEKTOB.

HedopmanuzoBaHHbie MOJCIH HE HACHTHYHBI PAacCMaTPHBACMbIM
00BeKTaM, T.K. HECYT HH(MOPMALMIO O MHOKECTBE MOAOGHBIX
OOBEKTOB, BXOMILIMX B KIACCHl, H SBIBIIOTCA HX OCPEIHCHHBIMH
o0Opa3amu.

Kap1ii HOBBIE 00BEKT Y4€IOBEK MBITACTCA OTHECTH, KaK IPaBHUIIO,
0eCcco3HATCIBHO K Pa3HbIM He(hOpMaiM30BaHHBIM MoOjaeHIM. Mojeiu,
K KOTOpPBIM D3TOT OOBEKT HaubojIee HOAXOHMT, ACCOLMHPYIOTCS C
00BEKTOM M, HA00OPOT, 0OBEKT ACCOLUUPYETCS C ITHMH MOACISIMA. B
pesynbTaTe  (OPMHPYETCS  MHOXECTBO  He(hopMaM30BaHHBIX
MOI[CJIeﬁ, COBOKYIMHOCTEL KOTOPBIX BOCIIPUHUMACTCA YCIIOBCKOM KakK
HCKHH 00pa3 oObekTa. MHOXKECTBO 00pa30B pa3HbIX OOBEKTOB
€031aeT CYOBEKTHBHOC NIPEACTABICHHUE YCJIOBEKA O MHUPE.
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OKpYKaOIME MUP [IOCTOSHHO MCHSCTCS, MCHSIOTCI OOBEKTHI W
ux Mozenu. M3menennwe Mozener OOYCIOBJICGHO HE  TOIBKO
H3MCHCHHEM CaMHX OOBEKTOB, HO M M3MCHCHHEM KPHTCPUCB
knaccuuxanny. CYIIECTBCHHYIO poOJb IpH  BbIOOpe KpUTCpHs
UIPaOT NPHUOOPETEHHBIHA PAaHEE OIBIT, OKPYKAKOIIAd CPClia ¥ MHOTHC
apyrue (hakTopbl.

Jroay OTIMYAOTCA MEXAY COOOH M OTIIMYAKTCS YCIIOBUSA HX
xku3au.,  [losromy s pasHeIX JIIOACH pPa3sHbIMU  OKA3BIBAIOTCS
He(hOPMAIH30BAHHBIC MOJCIH OJHHMX H TeX e 00BEKTOB, 00pa3sl U
MPEICTABIIEHNS O MHPE.

PeajbHpic OOBEKTHI BOCIIPHHMMAKOTCA YEJIOBCKOM C IIOMOLIBIO
OpraHOB YYBCTB B (hOPMEC OUYEHOK, KOTOPbIC TOXKE MOXKHO
paccMaTpHBaTh KaK OOBEKTHI.

OugcHKA 3aBHCUT OT MHOXKECTBA CYOBCKTMBHBIX H OOBCKTHBHBIX
taktopoB (ycnoBui). OTiMyYue OLEHKH OT PEATbHOIO O0OBEKTA
BbI3BAHO, BO-NIEPBLIX, HECOBCPHICHCTBOM HaNIUX OPraHOB 4YYBCTB U
CPEACTB HAOJIOJACHMS, a BO-BTOPBIX, HAJIMYUCM Pa3IMYHBIX IIOMEX.
Ilpu wu3MmeHeHMM YCIOBuH  (HanpuMmep, VXYIIUICHHA  3PCHHS,
UCIOJIB30BAaHUN  00JICE HJIM  MEHCE  COBCPIICHHBIX  CPCIACTB
HAOJNFOACHNS, W3MCHCHHM XapakTEePUCTHK IIOMEXM H Jp.) OLCHKA
MEHSETCA.

Moens U OLEHKAa — pasHpie IMOHATHA. Ecin Mozens oObekTa —
0000IlICHHOE MPEACTABICHHE O COBOKYIHOCTH IOJOOHBIX OOBEKTOB,
TO OLICHKA — HECKOJIbKO MCKAKEHHOC IIPCACTABJICHUE 00 OJHOM
o0neKTe.

IIo COBOKYHNHOCTH OLIEHOK CTPOMTCS YCPEOHCHHAs OLEHKA,
LPEACTABIIAOLIAS COO0H MOJICIIb OLICHKH.

MHOKECTBO Pa3sHBIX OLEHOK, COOTBETCTBYIOIIMX OJHOMY H TOMY
KE OOBEKTY WM pa3iMyHbiM OOBEKTAM OIPEICICHHOIO Kjacca,
[OPOKIACT B CO3HAHHH HUCIIOBEKA He@OPMANUZ08AHHYIO MOOenb
oyenkuy. ITa MOJCNDb, KAK U MOJENb OOBEKTA, MOCTOSHHO MEHACTCS.
M3MeHeHunss BBI3BaHBI M3MCHCHHEM OOBEKTOB, OLICHOK W KPUTCPHEB
kiaccuukanuu OOBEKTOB H WX OneHOK. HedopmanuzoBanHbie
MOJCIA  OLCHOK  SABISAKOTCA  ©Oa3od  aud  (OpMHPOBAHHUS
He(hOPMATH30BAHHBIX MO/IENICH 0OBEKTOB.
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Hedopmanuszopanasie Moaenu 0OBEKTOB M HE(hOPMAIH30BAHHEIC
MO/IEJIA OLIEHOK — pa3Hble Kareropuy. OJHAKO B CO3HAHUY JIIOJEH OHI
OOBIYHO OTOXKICCTRISIFOTCS.

Hedopmannzopanasie Mogend OOBCKTOB M OLEHOK MOMKHO
(hopMaTMz30BaTh C MOMOIIBI0 usuueckux mooenell, YINTHIBAKIINX
HanOoJiee  CYIICCTBCHHBIE  HMX  OCOOCHHOCTH, H  OIKCATh
MaAMeMamudeckumu MOOeIsMU.

Jliig ka0l COBOKYIHOCTH PEaibHBIX OOBEKTOB M COBOKYIIHOCTH
OLICHOK MOYKHO [IOCTPOUTH MHOKECTBO Pa3HbIX (BH3UICCKUX MOICIICH.
Kaxnas dusnueckasd MOICIHb MOXKET OBITh OIMCAaHA [10-PA3HOMY
MHOXCCTBOM Pa3HbIX MATCMATHYCCKHX MOHeHeﬁ.

Ha osrtanme (<opmanu3anmu 4YacTh OOBCKTOB, BXOIAIIHX B
paccMaTpHBAE€MbIil  KIAcC OOBEKTOB, MOMKET HE ONHCBIBATHCA
¢u3uyeckor Mozaeby. BMecTe ¢ TeM B Hee MOI'YT OBITh BKIIOYCHBI
00BEKTHI, HE BXOIIIME B paccMaTpuBacMbii Kiacc. Ilpu noctpoeHuun
MATEMAaTHYECKOH  MOJEIH, KaKk  NpaBHilo, Bce  OOBEKTHI
paccMaTpMBacMOIo KJjacca, IIONaBIIME B (DHU3UYCCKYIO MOJICIb,
OIUCHIBAIOTCH MATEMATHYECKOM MOJIEIBIO.

Ha puc. 10.1 cxemaTHuHo w#300pakeHbl MMOAOOHBIC OOBEKTHI
OJIHOI'0 KJIACCa, UX OLCHKH, PACCMATPUBACMbli OOBEKT X , €0 OLCHKA

*

X , mogenu oObekta (HehopmaimzoBandas N _, dusnueckas P u
MaTeMaTHYECKas M), a TAKKE MOJETH OLIEHKH
(edopmannsosannas N ., ¢usmueckas P. wu marematnieckas

M.).
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TTonoGuele O11eHKH
OOBEKTHI MOJOOHEIX 0OBEKTOB

Puc. 10.1. Cxema ¢hopMUPOBaHUS MOJETEH H OIIEHOK

DH3HYCCKHE MOJCIH OOBEKTOB H OLICHOK CTPOATCA Ha OCHOBC

COOTBETCTBYOIINX He(hopMaITN30BaHHBIX MOJICIICH, a
MATEMATHYECKUEC — HA OCHOBE COOTBETCTBYIOIIHMX (DH3MYCCKHX
MOJieIIeH.

10.2. MeTpuka H CpaBHeHHe 00bEeKTOB

[Ipexxae Bcero, 3aMeTHM, YTO Bce HedopMaaM30BaHHBIC,
bu3MYeCKHe U MATEMATHYCCKUE MOJCTH OOBCKTOB H MOJCIH OUCHOK
[IPEACTABIISAOT COO0H OOBEKTHI.

JUI  KOJIMYECTBEHHOW XapakTePUCTHKA OJM30CTH  OOBCKTOB
HEOOXOIMMO BBCICHUC MEMPUUECKO2O NPOCMPAHCMEA — MHOXKECTBA
S, 11 NpPOU3BOJBHBIX BJIEMEHTOB X,) KOTOPOro OmpencicHa

BelecTBeHHas (GyHkuus WX, V) (Mempuxa wiu paccmosHue),

ynoBjeTBopAroLas noctyaram Jlnagenbayma:
1) u(x, ¥)=0 toraa m ToneKo TOrAa, KOraa X =y ;

2) wx, ¥) LWz, x)+(z, y) (HEpaBEHCTBO TPEYIOIbHHUKA),

rae X,y,Z — IPOU3BOJIbHBIC JIEMCHTBI MHOXKECTBA S .
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Herpyano noka3arb, 4TO METPUKA — HEOTPHUIIATEhHAS BETUYUHA U
wx, y)=u, x) .

He gna nro0oro MHOXECTBA MOXKHO [OCTPOUTH METPHUECKOC
OpPOCTPAaHCTBO. Hampumep, [AnAsS  MHOXKECTBA  JICHACTBUTCIBHBIX
(YHKUMH, ompejelieHHBIX HAa KOHEYHOM HWHTEPBAJC, IOCTPOCHUE
METPUYECKOTO MPOCTPAHCTBA HEBO3MOXKHO. llosTomMy  Hemp3s
MOCTPOUTH METPUYECKOE TPOCTPAHCTBO, BKIIOYAIOUIEE MOJEIH
peanpHOTO 00BEKTa M MOJICTH BCEX MOTCHLUMAIBHO BO3MOXXHBIX €r0O
ouenok. Cy3uB Kiacc paccMaTpHBacMbiX (PYHKLHH, HAlpHMeEp, IO
HCHPEPBIBHBIX  JACHCTBUTENIBHBIX  (DYHKLMH, MOXHO IIOCTPOUTH
METPUYECKOE MOPOCTPAHCTBO. B »3TOM  cny9ae [is  Bcex
MAaTEMaTHYCCKUX OOBEKTOB, OIKCHLIBACMBIX TaKUMHU (QYHKIMAMH,
MOYKHO OTIPEJICNIUTH PACCTOSHHUE.

Ha oaHOM H TOM k¢ MHOECTBE S pa3sHbIC METPHKH [OPOXKIAIOT
pa3HbIE METPUYECKHUE MPOCTPAHCTBA. BapHallMOHHBIA psAJl pacCTOSHUM
MEXAY KOHKPETHBIMHU DJICMCHTAMH X, V,Z,... 3aBUCUT OT METPHUKH.

[TooTomMy B IByX pa3sHBIX METPHUECKUX TPOCTPAHCTBAX, IIOCTPOSHHBIX
Ha OJIHOM U TOM >K€ MHOXECTBE, BKIIOUAIONIEM MOJCIL PEealbHOTO
00bEeKTa M MOJCHH €ro OLCHOK, K MOJCIH PealbHOro 0o0BCKTa
HanOojiee ONM3KO PACHOJIOKCHHBIMH MOTYT OKa3aThCS pasHbIe
MOJICITH OIICHOK.

Bo3MokHO ~ CyllecTBOBaHHE  [ENOTO  KJIacca  METPHUYECKHUX
[IPOCTPAHCTB, 33JIaHHBIX HA OJHOM W TOM K& MHOXECTBE, JUIS
KOTOPBIX HauboJiee OJIM3KOH OKa3bIBAETCS OJHA MU Ta K€ MOJEIb
OTICHKU.

BBeneHneM METpPHKM YCTAaHABJIMBASTCH OJTAJOHHAS BEJIUYHHA
(Hekasd ycIIOBHAA €/IMHUIIA), C KOTOPOK CPAaBHUBAETCS PACCTOSHUE.
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0)

Puc. 10.2. B3auMHoOe pacnonoskeHHe o0beKTa, OLIEHKH U X MojAencH

Biusocts monenein M, M. k cooTBeTcTBYyrommMM 00BEKTaM
’ * ’
(W, M )~0, wx ,M.)~0) tak xe, kak U 6JIM30CTh MOIENH

ouenku M. k momenn peanvroro obvexra M (WM, M") ~0),

X
HE TapaHTUPYET, YTO OICHKA U €€ MOJCHb OJM3KH K PCaIbHOMY
*
o6rekty (puc. 10.2 a). Otenka x , mMosiens orieHkn M ¥ Mojenb

oObekTa M MOTYT HaXOOHUTHCS OJIM3KO APYT K APYTY, OJHAKO BIAJIH

0T camoro oosexta x (puc. 10.2 6).

Ha mpakThke 1 MOATBEPIKACHHS aJACKBATHOCTH TEOPHUH YacTO
npuderaloT K NPOBEPKE OJHM30CTH TEOPETHUECKUX PE3yNILTATOB K
IKCIEPUMEHTAILHBIM JIAHHBIM,

CrenyerT OTMETHTh, YTO MAaloO€ OTIHYHE PE3YIBTATOB, OOBIYHO
paccMarprBaeMOe KaK HEOCIIOPUMBIH JIOBOJ| BEPHOCTH TEOPHH, B
JICHCTBUTEIBHOCTH HE SBJISETCA TAKOBBIM., OKCIEPUMEHTAIHHBIN
pe3yNABTAT  TPEACTABIACT COOOH  OLEHKY, a TEOPETHYUCCKHI
pe3ynbTaT — MOJACTH JAPYTOil ONeHKH. BIu30cTh 3THUX pe3ynbTaTOB
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CBUACTCILCTBYCT JIMIIL O TOM, YTO OHH MaJIO OTIUYAIOTCA MECKIAY
co0oii, HO HE 0 OIM30CTH MX K peaabHOMY 00BEkTy. B Bompoc 00
ACKBATHOCTU MOJACIIM OCTACTCA OTKPBLITHIM JO TEX IMOp, IHOKa HE
yCcTaHOBACH (akT ONM3O0CTH 3JKCICPHMCHTAIBHOTO pPE3YyjbTaTa K
HCCIICIYEMOMY OOBEKTY.

10.3. ITocTpoeHue afeKBATHBIX OLIEHOK M MoJeJiel

Hetnanas (HenckakeHHas) HH(POpPMALUA O peabHOM 00BEKTE X
HEAOCTYNHA. 1103TOMY HEBO3MOXKHO YCTAHOBHTH CTENEHB GNH30CTH K

*
O6’BeKTy HU OICHKH X , HU MOJICIH OLCHKHU MY*, HH MOJCIH

obbekTa M .

BeneactBue 3TOro, 3agada MOCTPOCHUS anEKBAaTHBIX OLCHOK U
MO/IeNel HE MEET TOYHOTO PENIEHHS.

B nmaneHeHiieM MO aJCKBAaTHBIMU TMOJIPa3yMEBAIOTCS OIICHKH W
MOJICIIN, HAXOAALIMECS B OKPECTHOCTH PacCMaTPUBAECMOI0 OOBEKTA.

CoBnazcHUEe OLCHKH, MOJCIM OLICHKM WIM MOZCIH OOBEKTa C
COOTBETCTBYIOLIMM pPEajbHBIM OOBEKTOM MPAKTUYCCKA HEBO3MOXKHO.
[Ipuuna Tomy MHoro. Cpemu HauboJiee CYIICCTBCHHBIX MOYKHO
OTMETHUTh CJCAYIOLIHE:

— yueT npu (opMupoBaHur (QHUIMYECKUX MOJICICH HE BCeX
(haKTOPOB, OLPEHCIIAIOIIUX COCTOSHUE PEaIbHOIO 00BEKTA U OLICHKH;

— (hopMHUPOBAHKE MOJIC/IH O0BEKTA HA OCHOBE MOJCIIN OLICHKH;

— HECOIIACOBAHHOE M3MCHEHHE COCTOSAHHS PEalbHOrO OOBEKTa M
OLIEHKH,

— OTCTaBaHME (DU3MYCCKMX MOMCICH OT TEKYLICro COCTOSHHS
00BEKTA U OLICHKM;

— OTCTaBaHME MAaTEMATUYCCKUX MOJCICH OT (PU3UYCCKUX MOJICIICH;

— CTaTHCTHYECKAs HEIPE/ICKAa3YeMOCTh IIOBEIACHUSA OOBEKTa W
OIIEHKH;

— BO3JCHCTBUC pa3IM4YHBIX MemamiuX (akTopoB (IomMex),
[PUBOJSILEE K HCKAKCHHIO OLICHKH, MOIEIH OLEHKH W MOZICIH
pealbHOTO 0OBEKTA,

— CTATUCTHYECKAA HEMPEACKA3yEeMOCTh XapaKTEPHCTUK MTOMEX
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— HECOBEPIUICHCTBO (PU3NUCCKUX U MATEMATHYCCKUX MOZCIICH 1 Ip.

Paccrosiune MexAy OLCHKOH M OOBEKTOM IPCACTABISACT co0OI
MOTPEIHOCTb OIICHKH. 3Ta  MOTpenrHocTh obycroBneHa
HEAaJCKBATHBIM  BOCIPHATHEM  HCCIEAYEMOTO  O0OBEKTa  H
Bo3zelicTBueM mnomMex. HeanekBaTHOE BOCHPUSITHE MOXKET OBITH
BBI3BAHO OOBEKTHBHBIMH M CYOBCKTHBHBIMH npruduHamu. Ilomexu,
KaK IIPaBHJIO, CBA3AaHBI C 00BCKTUBHBIMU (DAKTOPAMH.

PazHpIil XapakTep NPUYHH, BBI3BIBAIOIINX OTIMYHE OIEHKH OT
peanpHOTO 00BCKTa, TpeOyeT pa3HBIX MOAXOJAOB K Y4YETy U
KOMITEHCAIIUH CBSI3aHHBIX ¢ HUMH COCTABISIOMINX MOrpetiHocTy. [Ipu
3TOM OOBIYHO TIPUMEHSCTCS OJIHA M Ta K€ CTPATErHs: HAKOIJICHHE
JIAHHBIX W TIOCJIC/YOIIEE X YCPEIHEHHE,

Kommencaiiusi HeaAeKBaTHOTO BOCHPUATHA OOBEKTA, BBI3BAHHOTO
OOBCKTUBHBIMH IPUYMHAMH, 0a3upyeTcs Ha (OPMUPOBAHHH psia
OIICHOK, TMOJYYEHHBIX Pa3sHBIMH  CHOCO0aMM,  HEaJeKBATHOTO
BOCIPHATHSA, OOYCIOBICHHOr0 CYOBEKTHBHBIMH MPHYMHAME, — Ha
MHOTOKPATHOH  OreHKe OOBEKTa  PasHBIMH  CyOBCKTaMH, a
KOMIICHCAIUST BO3JICHCTBHUS TIOMEX B CTAaTHCTHYECKH TIOCTOSHHBIX
YCIIOBHSAX — HA MHOXECTBEC OIICHOK, MOJYYCHHBIX B (PMKCHPOBAHHBIX
YCIIOBHSIX.

Pe3ynbTaThl MHOTOKpATHOH OLICHKH 00BEKTA Pa3HBIMH CIIOCOOAMHU
W Ppa3HBIMH  CYOBEKTAMH  HCIOJB3YHOTCS  JUIS  TOCTPOCHUS
YCPEIHCHHOH OLEHKH — 0000mennoi mozenu. Ilomydaemas Takum
00pa3oM ycpe/lHEeHHas OICHKA, XOTS W OKa3blBacTcsl ONMKE K
pealbHOMY OOBEKTY, 4eM OOJIbINAS YaCTh UCXOJHBIX OIICHOK, HO BCE
JKE HE COBMAJACT C peanbHbIM 00beKTOM. OOYCIOBICHO 3TO HE TONBKO
TEM, 4YTO OOBEM JAaHHBIX BCEIJla OIPAaHMYCH W CIOCO0 YCpPEeIHEHHS,
KaK MPaBUJIO, HEe ONTUMAJICH. [ J1aBHAs IPUYMHA, YTO HE MPUHUMACTCA
BO BHUMAaHHME W3MCHCHHUE XaPaKTCPUCTHK HCCIEAYEeMOTO OOBCKTa M
JIEHCTBYIOIINX TIOMEX.

Hcnonp30BaHue pa3UYHBIX aJaMTHBHBIX MCTO/IOB, YUUTHIBAFOIHX
JIMHAMKUKY HW3MEHEHHS TICPEMEHHBIX [apaMeTPOB, B Psjie Cliydacs
[PUBOJUT K CHIIKEHWIO MOTPEHIHOCTH, OJ[HAKO B PE3YJIbTaTe
WHEPIMOHHOCTH  QJANTUBHBIX QII'OPUTMOB M  HENPEJCKa3yeMOit
U3MEHYMBOCTH OOBEKT2 W CTATHCTHYCCKUX YCIOBUH HAOIFOACHHS
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[oJiHasg KOMIICHCAnMS BceX AecTabuimmsupyrommx 3(GQexkToB He
JIOCTUTAETCS.

B wurore mpu yBemuwucHHMM 00bEMa JAHHBIX IOCPEIIHOCTH
preI[HeHHOﬁ OIICHKHW HC CTPCMHUTCA K HYJIIO H OLCHKA OKa3bIBACTCA
HECOCTOSTEILHOM.

OrmurcadHbie MCTO/Ibl YMCHBIICHUSA MMOTPCUTHOCTHU OLICHKU HIMPOKO
HCTIOJIB3YIOTCH Ha TMPAKTHKE, B YaCTHOCTH, npu U3MCPEHUN
(hM3UUEeCKHX BEITHYMH.

10.4. U3mepeHue PpU3UICeCKHX BeJTUUYHH

B wMeTponoruu paccMaTpuBaiOTCS JBa BUOA HOSpeUtHOCHEl
u3MepeHUs (PU3NYCCKUX BEIHYMH: CUCHEMAMUYECKAs U CAVUAUHAA.
Tlog cHUcTeMaTHYECKOH MOHUMAKOT MOTPEUIHOCTh, KOTOpas Npu
MHOTOKPATHOM W3MEPEHHHM OJHOU M TOH XK€ BEIWYHHBI OCTACTCS
MMOCTOSIHHON WJIM MEHSETCSl 10 OIPe/IelIEeHHOMY 3aKOHY, a TOJ
CIy4YaliHOM — MOTPENTHOCTh, KOTOpas MPH MOBTOPHBIX H3MEPEHHSIX
MEHSACTCA Cay4YanHeiM oopasom [33].

B panme cnydaeB cucTreMaTHyecKasi MOTPEMIHOCTh TEOPETHYECKHU
MOXET OBITh CKOMIICHCHPOBaHa IIYTEM HPUMEHEHHS OCOOBIX
Croco0O0B H3MEPeHHs, KOTOPHIE JIAI0T BO3ZMOXKHOCTH 03 OLpee/ICHUS
€€ BEJIWYMHBI YMEHBIINTh €€ BIWUSHHE HA KOHCUHEBIN PEe3yibTar.
W3BecTeH 1eibIi psajl Takux croco0OB: 3aMEIlCHUS, KOMIICHCAIIAH
MOTPENTHOCTH 10 3HAKy, MPOTHUBOIIOCTABICHNS, CHUMMETPHUYHBIX
Habmoaenni u ap. [33].

Wpes KOMIICHCAIIMHM CHUCTEMATHYECKON MMOTPEIIHOCTH CHOCO00M
MPOTUBOINOCTABJICHUS MOXKET OBITh MPOWLTIOCTPUPOBAHA Ha NIpUMEPE
B3BEILWBAHMA I[Py3a Ha PaBHOIUICYMX Becax. OJTOT Croco0 ObLl
npesioxeH ['ayccom.

PeanpHas miMHA Miied BECOB HECKONBbKO oTindaercs. [lostomy

pe3ynbTaT B3BCIIMBAaHMSA F, HE paBeH MCTHHHOMY Becy rpyza P.

CucremMaTH4yecKyr0 TOTPEIIHOCTh, BHI3BAHHYIO Pa3HOMN JUTMHOMW IIed,
MOKHO CKOMITEHCHPOBATh INyTeM [MOBTOPHOTO B3BEIIUBAHHS TPYy3a,
MIOMEHSAB MECTaMU Ipy3 M THpH. HeTpyaHO MoKa3aTe, 4TO BeC Ipysa
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PaBeH CPEOHETCOMETPHUYECKOMY Ppe3YJIbTaTOB [BYX B3BELIMBAHUI:
P=./BP, ,tne P, — pe3ynbTat MOBTOPHOTO B3BCIINUBAHHUS.

ChayvaliHag TOTPEIHOCT MOXET OBbITh YMEHBIICHA [yTEM
MHOTOKPATHOI'O M3MEPEHHs Beca I'py3a U YCPETHEHHUS II0JYUYEHHbBIX
JIAHHBIX.

BosmoxHOCTH YMEHBIIEHUSA CIay4aitHOM MOTPEIIHOCTH

OrpaHUYEHbl HHTEPBAJIOM BPEMEHU 1, , HA NPOTSIKEHUH KOTOPOIO BEC
Ipy3a MPAaKTHYECKH HE MEHAeTCs, W WHTEpBAIOM BpeMeHH 1., Ha

MPOTSHKCHAN  KOTOPOTO  CTATHCTHUYCCKHE YCIOBHSA — HAOIIOICHHUS
octaloTcs crabunbHeIMH. PeanbHble mHTepBansl 1,, 1. KOHEYHHI,

TIO3TOMY ONEHKd HECOCTOATENFHA W IOTPENTHOCTE ONCHKA HE PAaBHA
HYJIIO.

Jlake mpu HaIMYMKM HEOTPAHUYEHHOTO O0BEMa AAaHHBIX HEINb3S
JOCTHYb JIIO0OH, KAaK YrOJHO BBICOKOH, TOYHOCTH HM3MEPCHHS.
ToyHOCTh W3MEpEeHHsT BCEerAa OrpaHHYeHa TPOCTPAHCTBEHHO-
BPCMCHHBIMH MHTEPBATAMU CTAOWIILHOCTH OOBEKTA U YCIIOBHUSAMH €0
nabmogennd. llpenynpexacHueM © OPUOMKEHUH K IPEACIBHOM
TOYHOCTH  H3MEPCHHS  CIOYXKHT  CHIJKCHHE  3((hEKTUBHOCTH
ycpelHeHnuss pu  (POPMUPOBAHWU OLCHKH, 4YTO MPOSBISACTCS B
3aMEJUICHUN TEMIIOB YMEHBIICHHS JUCICPCHU OIEHKA C POCTOM
00BCcMAa NAHHBIX.

sk

INoBcemecTHO HalOIOLACMBIC (haKThl HECTAOMIBHOCTH OOBEKTOB U
HEMPCACKA3YEMONW HU3MCHYMBOCTH CTATHUCTHYCCKUX VYCJIOBHH HX
HaOMIOJICHNS YKa3bIBaeT, YTO B OCHOBE MHPO3JAaHUSA, [0 Beei
BUJUMOCTH, JICKAT FHHepCJ’Iy‘IaﬁHBIe TNPUHITATIBI.

Tpunumas KOHIICTITHIO THIIEPCTYUaitHOTO yCTpoicTBa
(bM3MUeCKOro MHpa, CIACAYET IIPU3HATH WLCHBIA PAJ  IOJIOKCHHH,
NPSIMO CIEAYIOMUX U3 Hee:

— w1 1000ro peabHOre (PHU3UYCCKOro OOBEKTa HEBO3IMOXKHO
MOJIYYUTh aOCOJFOTHO TOYHYH OLICHKY W TIOCTPOUTH aOCONFOTHO
a/IcKBaTHYIO MAaTEMATHYECKYIO MOIENb;
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— BCE peaJibHbIC OIEHKH M TIOCTPOCHHBIC HA UX OCHOBE MOJIENIU
OIICHOK M OOBCKTOB HECOCTOATCNBbHBI (IIPH YBEIHYCHHH OOBeMa
00pabaThIBaCMBIX TAHHBIX UX IMOTPCITHOCTh HE CTPCMUTCS K HYJIIO);

— HeJNB3S DKCHEPUMEHTAIBHO JI0Ka3aTh, 4YTO JaXe camas
coBepiieHHas (u3udeckas Teopus aOCOMOTHO TOYHO OIMCHIBACT
3aKOHBI PUPOJIBI;

— HUKAaKUMH pPEATLHLIMU CPEJICTBAMH HW3MEPEHHS HEBO3ZMOYKHO
[OJTBEPANTh HIH OILPOBEPrHYTh (PAKT CYIIECTBOBAHHA MHPOBBIX
KOHCTaHT;

— HEBO3MOXHO CJIe/IaTh a0COJIFOTHO TOYHBIM IPOTHO3 OYAYILIETo
0 IAHHBIM HACTOAMIETO U TIPOIIOTO.

DTOT HepedeHs MOXKHO MPOJODKUTE U Janiee. Kaxaplid ero myHKT
TpeOyeT BCECTOPOHHETO UCCIIEI0BAHUS M OCMBICIICHUSI.



JUTEPATYPA

1. Jleman E. TlpoBepka cratuctuyecknx runotes / Ilep. ¢ anrn. FO.B.
[Ipoxoposa. — M.: Hayka, 1971. - 375 c.

2. Kopomox B.C. nu ap. CHpaBOYHHK IO TEOPHUH BEPOATHOCTEH H
MareMmaru4eckas cratucruka. — M.: Hayka, 1985. — 637 c.

3. Jlesun b.P. Teoperuueckue OCHOBBI CTATUCTUYECKOU
panuorexnuku. — M.: CoBerckoe paano, 1976. —T. 3. — 285 c.

4, Teopus obHapyxkenus curHamoB / [lox pena. bakyra II. A, —M.:
Panno u cBsi3p, 1984, — 440 c.

5. Ban Tpuc I'. Teopus oOHapyKeHUs, OUECHOK W MOMYJANUH, — M.:
Coserckoe paguo, 1972. —T. 1.—-743 ¢.; 1975. - T. 2. - 343 ¢.; 1977. - T. 3.
— 662 c.

6. Xwibep I1. PobacTHOCTh B cTatHcTHKE. — M.: Mup, 1984. — 303 c.

7. Kuonoe I1.C., T'onoonuxose A.H., Ilenenses B.A. OueHuBaHune
MapaMeTPOB HAJEIKHOCTH [PU HANWYUU HEMONHON MEPBUYHON WH(DOPMAIUN
// KomnprorepHast Matematuka. — 2003. — Ne 1. — C. 36 — 37.

8. Kpasyos 10.A. Cny4yaitHOCTb, JIeTCPMHHUPOBAHHOCTE,
mpeackasyeMocTh // Yemexu ¢gusndeckux Hayk. — 1989, — T. 158, Beim. 1. —

9. Zadeh L.A. and Kacprzyk J. Fuzzy logic for the management of
uncertainty. — New York: John Wiley & Sons, 1992. — 256 p.

10. Hagan M.T., Demuth H.B., Beale M .H. Neural network design. —
Boston, MA: PWS Publishing, 1996. — 252 p.

11. Crownover R.M. Introduction to fractals and chaos. —Boston —
London: Jones and Bartlett Pub., Inc., 1995, — 195 p.

12. I'punuenxo B.T., Mayanypa B.T., Cuapckuii A.A. Bseneuue B
HenuHelHyo quHaMuKky. — K.: Haykosa nymxka, 2005. — 263 c.

13. Bowgunun A.11., Boukog A.D., Comuposg I".P. MeTo/1 aHaM3a JaHHBIX
MPU UHTEPBATEHOW HECTATUCTHUYECKON omubKe // 3aBoackas nadoparopus. —
1990. - T. 56, Ne7. — C. 76-81.

14. Anepenvo I, Xepuybepeep K. BBeleHne B HHTEpBAIbHbBIE
BEIUMCICHUS. — M.: Mup, 1987. — 356 c.

15. T'opbane H.HM. Tunepcnydaiinible sBIeHHS W WX onucanue //
Axyctnunnit BicHuK. —2005. - T. 8, Ne 1 — 2. - C. 16-27.

16. Koamozopos A.H. OCHOBHBIC IOHATHS TCOPUM BEPOATHOCTEH. — M.:
OHTH, 1936. - 175 ¢.

17. R. von Mises. Mathematical theory of probability and statistics /
Edited and complemented by H. Geiringer. — N.Y. and London: Acad. Press,
1964. — 232 p.




170 JIMTEPATYPA

18. I'nedenxo b.B. Kypc teopun BepostHocTel. — M.: U3a-Bo ¢us.-mar.
nuTeparypsl, 1961. — 406 c.

19. Topbane H.HM. Tunepcnydaiiuple (YHKIMM W UX omnmcanue //
Wzpectns By3oB. Pagnosnexrporuka. — 2006. — Ne 1. — C. 3—15.

20. Topbane HM.H. Meronsl onmcanusl TUNEPCIyYaiHbIX BENWYUH H
¢dynkiwi // Akycruaauit Bicuuk. — 2005. — T. 8, Ne 3. — C. 24 — 33.

21. Topbans MM, ToueuHBIi W UHTEPBANLHEI METOABI OICHKH
apaMeTpoB THIEPCITYYaiHBIX BeandnH // MareMaTHdHl MalliiH| | CHCTEMH.

22. T'opbans nuu. Tlpencrasnenue (puznyeckux SABICHUH
TUIePCTyYaifHBIMU MOJICIISIME // MaTeMaTu4Hi MalluHy i cuctemu. — 2007, —
Ne 1. - C. 34-41.

23. Topbans M M. CrallMOHapHBIE W 3PrOJWYECKUE TUTIEPCITyUYaiiHble
dbyuknuu // M3sectus By30B. Pamgnosnekrponuka. — 2006, — Ne 6. — C. 54 —
70.

24. T'opbane M. Y. OnieHKd XapakTepUCTHK THIIEpCIyYaifHBIX BEJTHIHH //
MaremaTtiyni ManuHu 1 cucteMu. — 2006. — Ne 1. — C. 40 —48.

25. Topbane H.HM. Cnyuaiinocth, THNEpCIy4aifHOCTh, Xaoc |
HeomnpeneneHHocTs // CranmapTusaitis, ceprudikaris, sikicts. — 2005, — No 3.
—C.41-48.

26. T'opbans 11 TinepBuUmankoBi SBUINA: BU3HAUCHHS Ta omuc //
Hayxoo-rexniunuii Bicauk JI1 «YxkpH/IHII». — 2006.— Bum. 3. — C. 96 —
112.

27. I'op6ane 11 Marematnuanii ormuc Gi3U9IHUX SBUII Y CTATHCTHYHO
HecTabimbHUX yMoBax. // CtanaapTusaiis, ceptudikanis, skictb — 2006, —
Ne 6. — C. 26-33.

28. KyHyeeuy B.M. YmupaBneHne BBl YCIOBHSIX HEOIPEIeNeHHOCTH:
rapaHTHPOBAaHHBIE Pe3yNbTaThl B 3a/1a4aX YIpPaBIEHHUSA U WICHTH(DHUKAIINH. —
K.: HaykoBa mymka, 2006. — 261 c.

29. Milanese M., Norton J., Piet-Lahanier H., Walter E. Eds. Bounding
approaches to system identification. — New York: Plenum Press, 1996. 248 p.

30. Jlesun ~ B.M. UurepBambHas  MaTeMaTHKa H  H3Y4EHHE
HeompeIeNeHHbIX cucteM // MadopMaruonnsie Texaonorun. — 1998, — Ne 6.
(Denepanpupiii mopran «MmkeHepHoe oOpazoBanue». WHTeIIEKTyanbHbIE
cuctemsl. 5 Mas 2005. www.techno.edu.ru).

31. T'opbans 1.1, Teopis EMOBIpHOCTEH 1 MaTEeMAaTHYHA CTATHCTUKA JIIS
HAYKOBUX TMpaliiBHUKIB Ta imkeHepiB. — K.. Iumcturyr mpobnem
MaTemMaTuuHuX MaiuH 1 cucteM HAH Vikpainu, 2003, — 245 c.

32. Opnos A.H. Dxonomerpuka. — M.: Dx3ameH, 2002. — 576 c.

33. Twpun HJM Beenenue B Merponoruoo. — M.: HsnarensctBo
crauaapToB, 1973. — 279 c.




IPEJIMETHbBII YKA3ATEJIb

BexTop cpeaiHero AUCepCHii rpanHuil
THIEPCITyYaifHOTO BekTopa 1.3

— TUCTICPCUHU BEKTOPHO#
THICPCITydaiiHOW BENUIHHBI 3.1

— — MaTeMaTHYEeCKUX OKHU/IAHUH TPaHHI]
runepcirydaiisoro sekropa 1.3

77777 dbynxnum 1.3

77777 runepeiydaiinoro sexropa 1.3

— — CPEAHCKBAAPATHUCCKIX OTKIOHCHUH
IpaHHUI] TUIIepCIyyaitHoro Bexkropa 1.3

BEJIMYMHA TUTIEPCITyHaiiHas ReKTOpHAS
1.3

—— HempepbiBHAs 1.2

—— ckansipHas 1.2

— UHTEpBaNbHas 5.4

— cly4aiiHas ycioBHas 1.2

BEJIMYMHBI THIIEPCIyJaliHbIe
He3aBHCHMBIE 1.3

— — HeKoppeaHpoBaHHele 1.3

— — BELIECTBEHHOU I'UNiepCllyyaiiHON
¢dynknum 3.3

— — KOMIUICKCHOH TUTIepCITyyaitHOi
¢byukmn 3.4

— IOBEPHTENILHOH BepoaTHOCTH 6.4

— KOBAPUAIIMOHHOTO MOMEHTA
BEKTOPHOI rutiepcrygaifHon
BENUYHHEI 3.1

— — — KOMIUIEKCHOH THNepCIydaitHoin
BEIUYHHBI 3.2

— KOBapUaIMOHHOH (HYHKIIUH
BEIICCTBEHHON TUNEPCIydaiiHOH
BEJIUYUHBI 3.3

77777 (dyHkImu HOpMHupoBaHHag 3.3

— — — peanu3anuu ProAudecKoi

— — — [IPH BCEX YCIIOBUAX 3.2

— — — KOMIUTEKCHBIE 1.3

— — OpPTOTOHANBHBIE 1.3

— — — TIpH BCEX YCIOBUAX 3.2

— — — KOMIUIEKCHBIE 1.3

BBIOOpKaA THIepCiIyJaliHas
rHIepCilydaiiHoi Benu4nHsi 5.1

— U3 TeHepaNbHOH COBOKYITHOCTH
THNEPCITyYailHON BENUIHHBI 5. 1

BBIOOPOYHAsT COBOKYNHOCTB 5.1

BBIOOPOYHEBIE 3HAUCHUS TeHEePaIbHOH
COBOKYIIHOCTH THIIEPCITYYalHOH
BENWYUHBL 5.1

T'enepanbHasg COBOKYITHOCTb
THIepCilydaiiHoi BenudnHsi 5.1

TUIIOTEe32a THIepeIyvaiHocTH 6.1

rpaHuila BeposiTHOCTH 1.1

— B3aMMHOTO 3HEPIeTHUECKOTO CIIEKTpa
THNEpCITydaiiabIx QyHKIHmii 4.2

— B3aUMHOM KOBapHUAIMOHHOH (HyHKIINH
peann3anuy YPToIUIeCKUX
runepcnydaiHeIx Gyakiui 4.4

— — KOPPEJSIIUOHHON (QYHKIINH
peann3anuy 3PTOMICCKUX
rHnepcnydaiHeIx Gyakiui 4.4

runepciydaiinol Gynkiuu 4.4

— KOMIUIEKCHOTO MaTeMaTU4IeCKOro
OKHMJIAHUS THIIEPCIYyJaliHOTO BEKTOPA
3.2

— — — — KOMIUIEKCHOH BEKTOPHOH
¢dyukmu 3.2

— —CPeAHEKBaAPATHIECKOTO OTKIOHCHUS
KOMILJICKCHOM BEKTOPHOM (GyHKITHY 3.2

— KOMIUIEKCHOH JAMCIICPCHH
KOMILJICKCHOM BEKTOpHOH (yHKITHY 3.2

— KOPPENAIHOHHOTO MOMeHTa 3.1

— — — KOMIUIEKCHOH TUIepCiIy4aiHOH
BEJTMUNHBI 3.2

— KOPPENAIMOHHON (YHKIMI
BEIICCTBEHHON runepciy4aiaoi
BeJMYUHBI 3.3

— — — peanu3anuu ProAuYecKoi
runepcydaiitoii gpynakmmn 4.4

— xoa(bunueHTa Koppenayu 3.1

— MaTeMaTHYECKOTO OXKHAAHUSL
BeKTOpHOI dynkuny 3.1

— — — — TunepcayYaiHoi BenU4YnHH 3.1

— — — BeII[ECTBEHHOM TUNepCITyyaliHON
¢bynaxun 3.3

— — — KOMTUIEKCHOH THnepcTydaitnoi
¢dyukmu 3.4



172 [TPEJIMETHBIN YKA3ATEJIb

— — — (DYHKIIVH THTICPCITyYaliHON
¢dynknum 3.3

— Ha4aubHOTrO MOMeHTa 3.1

— — — BEKTOPHOH TUNEPCIyYaitHOH
BeNUUUHBL 3.1

— — — BEIECTREHHON THIIEpCTyJaiHON
¢dyuxmmn 3.3

— CMEIIaHHOTO HAYaIbHOTO MOMEHTA
BTOPOI'O MOPAAKA BEKTOPHOH
runepcirydaliioi Benmuuuns! 3.1

— IEeHTPAILHOTO MOMEHTa BTOPOTO
nopsiaxa 3.1

— CpeHEro peanu3aliuu 3proJudecKkoi
runepctydaitoii gpynakmmn 4.4

— CpeJHEro KBajparta MorpeurHocTH 6.2

— CpEeHEKBAAPAaTHIECKOTO OTKJIOHEHHS
BEKTOPHOH TUIiepcyJaifHon
BENUYHHBI 3.1

— YCITOBHO# (hYHKITHH PacHpeeIeH s
BEKTOPHOH THIIepCITyJalHOH
BeTUUUHEL 1.3

— (yHKIHH pacnpeneneHus BEeKTOPHOH
rUiepciTyyaiiHol BenuuuHsl 1.3

— — — runepcrydaiHoi ¢pynkmuu 2.1

3HAUEHHUS KOMILICKCHOMN
TUTIEPCITYYaHHON BETUIMHBI
HEKOPPEIHPOBaHHEIE 2.3

— — — — OPTOTOHAIbHBIC 2.3

30Ha Heonpe/eaeHHocTy 1.2

HHnrepBan oBepUTENbHEIH 6.5
napopmarms no Gunrepy 8.2

KoBapnanuonHas (hyHKIHA TPaHUIL]
KOMIIJIEKCHOH THIEePCIy4alHOH
BEJIMYMHBI B3aUMHas 2.3

77777 dynkmu 2.3

— — — BEeKTOpHOH Tunepciy4aifnoi
($yHKIMN HOpMHpOBaHHas 2.2

— — — runepcrydaiHoi ¢pynkmuu 2.1

77777 HOpMHpOBaHHas 2.1

— — — KOMIUIEKCHOH THnepCiIydaitHoin
($hyHKIMN HOpMHUpOBaHHas 2.3

KOMIIOHECHTBI BEKTOPHOH
THIepCITydaiHoi GyHKIHN
HE3aBHCHMBIE B COBOKYITHOCTH 2.2

KOppeIIHOHHAs (PYHKITUS IPaHHI]
KOMIUICKCHOH runepcnyyainoi

— — — CKaJIPHOM TUIIEPC/Ly4aifHOMI

BENUYMHEI 1.2
9aCTOTHOH KOT€PEHTHOCTH

THIEpCITydaiHbIX QyHKIMH 4.2

— IEHTpaANILHOTO MOMeHTa 3.1

— — — BEKTOPHOH TUTIepCITyYaitHOH
BENUYUHEI 3.1

— — — runepctydanHoii ¢pysknuu 3.3

— 3HEPTeTHYECKOT O CIIEKTpa
THIepCITydaiinoi dhynkium 4.2

Jucnepcus rpaHuLbl BEKTOPHOM
runepcrydaitoil gpyskimn 2.2

— — THIepciyYaiiHOTroO Bekropa 1.3

— — runepciaydaifHol BenuuuHsl 1.2

—— — ¢ynmkmum 2.1

— — KoMIuIeKkcHas 1.3

— — pacnpeeNeHns IOTPEIHOCTH
cpennsis 8.2

3axonomeproCTh 10.1

BEIIWYMHBI B3auMHas 2.3

77777 dbynxmu 2.3

TPaHHIBI BEKTOPHOH

runepcirydantoi gpyskmnmm 2.2

— — — runepcrydaiHoi ¢pynkmuu 2.1

— — MTHOREHHOTO CTIEKTPa
THIEpCITydaiHOi QYHKIUN yCI0BHASL
4.2

k03 bUITHEHT KOppesLuy IpaHuIs! 1.3.

MaTtemaTiueckoe 0KHUIAHKE TPAHULIBL
BEKTOPHOH THnepcnydaliHoi hyHKIHH
2.2

— — — — (byHKIMY THOepCITydaifHOrO
BekTopa 1.3

— — — TUHEpCAy4YaiHOTO BekTopa 1.3

— — — TUHEPCIyYaiHOH BEeTHINHEL 1.2

—— — ¢yuxiyu 1.2 metpuka 10.2

Moaems 6.1



[TIPEJMETHBIN YKA3ATEJIb

173

— U3MCPCHUA rnnepcnyqaﬁﬂo-

— — runepcayvaiHoi hyHKImn

runepciydaiizas 6.1, 7.1
— — ACTCPMUHUPOBAHO-TUIICPCITyYaliHas
6.1
— — JeTepMHUHHPOBAHO-UHTEPBaIbHAS 6.1
— — JeTepMUHHUPOBAHO-Cyyaiinas 6.1
— — cnyvyalHO-THnepcayvaiiHas 6.1
— — chnyvalHO-ciygaiiHas 6.1

—— —— mpocratovHas 9.5

— — —— HecMeIcHHAA 9.5

—— ——cMeieHHas 9.5

—— ——cocrosTensHas 9.5
————9spdexrurnas 9.5

— — ICTePMUHHPOBAHHOM BEIHYUHBI 8. 1
— — —— gocrarouHas 6.4

— matemaruueckas 10.1

—— "HedhopmanmzosanHas 10.1

— OLICHKH aJauTHBHaA 7.3, 9.3

— — MyJIbTHIINKaTUBHaA 7.3, 9.4

— — nepopmannzopannas 10.1

———onenku 10.1

— ¢pusuueckas 10.1

MOMEHT TPAHUIThl KOBAPUAITMOHHGIH 1.3

— — KOPPENAUOHHEIN 1.3

— — HavanbHBIR 1.2

— — neHTpanbHbif 1.2, 1.3

MOMEHTHAS (YHKIMS TPaHULIBI
runepctydainoi gysakmmn 2.1

77777 HavanpHast 2.1

77777 neHTpagbHas 2.1

— — —— UHTEpBalibHad 6.5
— — —— HecMellleHHas 6.3
— — ——cMeieHHas 6.3
—— ——cocrosTenbHas 6.3
—— ——ohdekrurHas 6.4
— MHTepBanbHas 7.1

— roueyHas 7.1

IoTHOCTD pacnpencIeHns TPaHUIIbL
BEKTOPHOI rumepcnydainoi hyHKIHI
2.2

— — — runepciay4aiHoli BeauauHsl 1.2

77777 ycnosHas 1.3.

———— ¢yukiym 2.1

— — — BEKTOPHOH TUTICPCIyIaiiHON
BeNU4HHHE 1.3.

HepasenctBo Kpamepa-Pao 6.4, 8.2

O6wexT nonobuerit 10.1

00beM BBIOOPKH pallHOHANBHEIH 8.4

omeparop 2.4

oTtobpaxenue 2.4

OTCYETHI BENECTBCHHON
THIepCITydai ol GyHKIMN
HEKOpPEeINPOBaHHBIE ITPH BCEX
ycnoBuax 3.3

— — — — OPTOTOHANBHEIC IIPH BCEX
ycnoBusx 3.3

omeHka 10.1

— runepciydaiHasd THIepCTy YaiiHOH
BENWYHHB §. 1

— — —— gocrarouHas 8.2

— — ——uHTepBaNbLHAL 8.3

— — ——HecMmenerHad 8.1

—— ——CMelleHHas 8.1

— — ——cocrositenpHas 8.1

————9spdekrurnas 8.2, 9.5

— — TPAHUIIBI CKAJIPHOH
THIEPCITyYaiiHOH BenuduHbI 1.2,

norpemH#ocTh 6.1, 7.2, 10.4

— cucTeMatHueckas 6.3, 10.4

— ciaydgaiinas 10.4

nipeobpasoBanue 2.4

MPOCTPaHCTBO MeTputieckoe 10.2

— cocTtosHui, 2.1, 2.4

— ¢hazomoe 2.1, 2.4

Paccrosnue (MeTpuka) 10.2

peanu3alus THIepCIyJaiHoi GyHKInI
2.1

PsL BapUALMOHHBIH (CTaTHCTHYESCKUI)
5.1

— paHXUPOBaHHBIH 5.1

Ceucnne 2.1,2.4

CCUCHHS THIIEPCITyYaiiHOH (hYHKITUM
HezaBucHMbie 2. 1

———— B COBOKynHocTH 2.1



174

[TPEJIMETHBIN YKA3ATEJIb

— — — HEKOppenrnpoBaHHbie 2.1

CPCOHCKBAAPATUYCCKOC OTKJIOHCHHC

— — — OpPTOrOHAJIbHbIE 2.1

co0bITHe THIEpenydaiiHoe 1.1

——HezaBucumoe 1.1

CHEKTp TUNepCIydaliHol GyHKIHH
MI'HOBEHHbIN 4.2

— TPaHUIl YHEPTETUICCKUiT 4.2

— MOIIHOCTH THIepcayYaiiHol GyHKImH

TPaHULIBI TUIIEPCITYaifHOTO BEKTOPA
1.3.
— — — THHEPCIyYaitHON BeITH4InHbI 1.2
—— —— ¢yukimum 2.1
— — — koMIuIekcHoe 1.3.
CPeNTHNH KBAIpaT MOTPENIHOCTH 6.1
— OTHOCHUTENIBHO TpaHuIl KBaapar

YCIOBHBIN 4.2

— — TUnepcayvYalinpiX GyHKIUI
YCJIOBHBIH B3aUMHBIH 4.2,

CHEKTpalbHasA IWIOTHOCTh MOIIHOCTH
rpaHulsi 4.2

CHEKTPabHbIEC IOTHOCTH MOLIHOCTH
TpaHHUI] B3aNMHBIE 4.2

cpenHee TpaHUIl CKaIIpHOH
runepcirydaitioit BenuyuHel 1.2

— — (OyHKIHHU pacnpe/encHus
THICpCITydaifHOTo BekTopa 1.3

— — — — CKaJLIPHON TUNEPCIyYaitHOH
BEITUUYUHEL 1.2

— JUCTIepCHUil TpaHull TUTIepCIyYaliHOH
BEITUUYUHBL 1.2

— KOBapHaI[MOHHBIX MOMEHTOB T'PAHUI]

MOTPENIHOCTH 8.2

craTucTuka 5.1

CXOAMMOCTD MOCIE0BATCIBHOCTH
THICPCITYYaHHBIX BEJIHIHH B
cpearekBanpatHieckoM 4.4

— — —— 1o GyHKIMHU pacnpeneneaus 4.4

— — —— 10 BepoATHOCTH 4.4

— — —— TOUTH HaBepHOE (C
BEPOATHOCTHIO 1) 4.4

— — — (pyuximii B
cpenHekBaaparnieckom 4.4

— — — — 10 BepoATHOCTH 4.4

— — —— TOUTH HaBepHOE (C
BeposTHOCTRIO 1) 4.4

— — —— 1o GyHKIMHU pacnpeneneaus 4.4

— — ciy4yalHbIX QYHKIHH o

I3

— KOPPEJSAIMOHHBIX MOMEHTOB TPaHHUI]
1.3

— MaTeMaTHYEeCKUX O’KUIaHHH TpaHuIl
THIIEPCITy4aifHOM Benu4uHs! 1.2

———— ¢yukiuu 1.2

— HA4aJIbHBIX MOMECHTOB T'DAHUII
THIEPCITyYaifHOTO BekTopa 1.3

— IUIOTHOCTEH PacTpeAeIeHUs TPaHMI]
THIEPCITyYaifHoTo BekTopa 1.3

— — — IPAHUL CKAJIPHOH
THIepciTydaiiHoi Benu4uHst 1.2

— CPEAHCKBAAPATHYCCKUX OTKIOHCHUMN
TpaHHUI] CIIy4aliHOU BeaH4IuHSbI 1.2

— XapaKkTepHcTHIecKkol GyHKIMil rpaHuL
CKaJIApHOM TUnepcIydaiinoi
BENUYMHEI 1.2

— XapaKkTePHCTHIECKUX (DYHKITMHU MPaHUIL
THIIEPCITyYaifHOTO BekTopa 1.3

— LEHTPAIBHBIX MOMEHTOB T'PaHMI]
THIepciTydaifHOro BexTopa 1.3

BepoATHOCTH 4.4

— — — — IOYTH HaBepHOE (C
BeposTHOCTRIO 1) 4.4

— — —— 1o GyHKIMHU pacnipeneneaus 4.4

Teopema baiieca 1.1

—runote3 1.1

— cnokenns 1.1

— ymHOXeHus 1.1

TOYHOCTH TOUCHHOM O1IeHKH 6.1

YcnoBHas ILIOTHOCTD PACIPEICICHAS
2.1

— — — TpaHHUIBI BEKTOPHOH
runepciy4yaiinoi BenuuuHsi 1.3

— ¢ynkius pacpenenenns 2.1

— xapaxrepuctudeckas ¢pyHkuus 2.1

— — — pacTpe/IeNieHHs] BEKTOPHOH
THnepciydaifHol Benu4uHs! 1.3



[TIPEJMETHBIN YKA3ATEJIb

175

®opmyna noaHON BeposTHOCTH .1

GbyHKIUH TUepenyJainbie
KOMIUIEKCHBIC HEKOPPEIUPOBAHHBIC
23

— — — OpTOTOHANBHbIC 2.3

— — HezaBHCcUMBIE 2.2

— — COBMECTHO CTal[HOHAPHO CBA3AHHEIC
B MIHPOKOM cMbIcie 4.1

77777 mpu Bcex ycnonusx 4.1

dbyukuonan 2.4

— THHEpCIydaiHbii 2.4

¢byHKuys aprymeHra 2.4

— runepciyvaiisag 2.1

— — BeKTOpHas 2.2

— — CTallMOHApHAas B Y3KOM CMBbICIIE
(ctporo) 4.1

777777 MIPH BCEX YCNOBHsAX 4.1

— — — B ITUPOKOM cMbiciie 4.1

777777 IIpH BCEX YCIOBHsAX 4.1

— — HeCTalloHapHas B y3KOM cMbiciie 4.1

— BhIOOpouHas 2.1

— paclpeeIeHHs THIIEPCIly YaHHOM
BEJTUYHHEL (pparMeHTapHO-TayCCOBCKast
5.1

— 4acTOTHOH KOTCPEHTHOCTH rpaHuIl 4.2

—aproguueckas 4.4

Xaoc 1.2,2.1

XapakTepHCTHKA drcnoBas 1.2

XapakTepucTHueckas hyHKIUS TPaHUIIbE
BEKTOPHOI THIiepcnydainoi hyHKINH
2.2

— — — runepciay4aiHol BeIHIHHb]
ycioBHas 1.3

—— —— ¢yukmum 2.1

— — — BEKTOPHOH TUnepcIyYaifHoi
BeTUUUHEL 1.3

— — — CKaNSAPHOYU THUNEPCIydaltHOH
BENUYHHBI 1.2

Hlywm Genslit runepcayydaiineii 4.2
— — — TIpH BCEeX YCIOBHAX 4.2

Dmnc paccesaus 1.3



CIMIMCOK OCHOBHBIX YCJIOBHBIX
OBO3HAYEHUU

Onepatopsbl:

D[X] — nucnepcus ciyuaiinoi
BenMUHHBl X |

D,[X]. D [X] — aucnepcun Himxeeii

I
U BepXHEH rpaHul pacipese-
JEHUS TUTIEPCITYYalHOM
BeanunHbl X
M[X] — matematuueckoe Oxumanue

CiyuaiiHoM BenmauEs X ;
M, [X], M [X] — smxess u BepxHsis

TPAHHITEI MATEMATHICCKOTO
OKHAAHMS THIIEPCITYJaiiHON
BEINUHHB X |

M [X], M [X] — maremarndeckue

1
O’KHJAHNS HIDKHEH U BepXHEH
TpaHHILl paclpeJeNeHNs THnep-
ciy9aiinoi Benmmaunsl X ;

M [X] — maremarnueckoe oxunanue

BEPXHEH TPaHUIb pacmpeie-
JICHUS THOEPCIyYaliHOH
Bennuuabl X |

M, [X] — ycpennennoe maremarn-

YCCKOC OXKHJaHUC rpaHHu
pacnpeACIEHUsA TUIIEPCITY-
YyalHOH BenuuuHbl X |

1\_/IT[X(t)] — cpeaHee o ! Ha
untepsane 1 runepcny-
vatinoil pyukuuu X (¢} ;

P{A} — BeposTHOCTS BHIIONHEHHUS
yenoua A ;

P(A4) — sepostnocts cobuitus A ;

P (A4), P.(A)- Hwxnss n Bepxsis

TPAHULIBI BEPOSATHOCTH
cobpitis A ;

P.(A) — BepxHas rpaHuna

BEPOATHOCTH COOBITHA A .

Cneunanbﬂue MATeMaATHYCCKHE 3HAKHA:

inf, sup — HmwkHss ¥ BepxHIT
TPAHUITHT;

lim X, — cxonumocts runepenyyaii-

Nox
Holi BeuunHEl X, ¢

BEPOATHOCTBIO €JUHULA
(ouTH HaBepHOE);

l.i.m.X, —cxommmocts

N-ox

THIIEPCITy4aliHOH BETHYHHDI
X, B

CPCAHEKBAAPATUICCKOM;

rect[x] — IT -o6pasnas dyuxmms;
V' — s Beex;

n — JIOTHYECKOE YMHOKEHUE,
U — JIOTHYCCKOE CIOKCHAE,
) — mycTOE MHOMKECTBO;

0 — omenka BenuuuHEL O .



DOyHKIHH:

D, , D, — nwKxHAsA 1 BepXHAS TPaHUIIbI

F,(x) — cpennee rpanuil ¢hyHKIun

JUCTICPCUH THIICPCITY YaHON
pennuuHel X |
Dh, s DSY — MUCTICPCUN HUKHEH U

BepXHeil TpaHuIl (yHKIUN
pacnpeieieHUs THIEpCTyJali-
Hoil BenuunHbl X ;

f(x) — mnoTHOCTD pactpesienenns
cnyydaiinoit sennunnn X |

f(x/g) — nnoraocTs pacmpesesieHus
TUIepCIy4daiiHol BeNHYHHBL
X BycnoBusix g

f,(x), f,(x) —nnotroctH
pacupeneneHus HIKHEH U
BepxHel rpauuil GyHKIUI
PpacIpeesieHUs TUepCiTy daii-
Ho#l BenuunHel X ;

£, (x) — cpeanee moTHOCTRI pacmpe-
JICICHHS TPAHHUIL THIICPCIY -
yaitHoli Beuunasl X

F(x) — dyuxuus pactipenenenus
ciyuaiinoi Benmmaunsl X ;

F(x), F,(x) — ®IbKHAs 1 BEPXHAL

PpacIpeACaCHNs TUIepCiyYaii-
HOH BeJIMYMHB X ;

K (t.t,), K _(¢,t,) —nwxusa u
BEPXHSAS IPAHKITL KOPPEs-
1MOHHOH (YHKIMH TUIIEpCTy-
vaiiroit ¢pyukunu X (¢} ;

K[.r(ll’tZ) 4 Ks\ (tl’tz) -
KOPPEISIIHOHHEIE (QyHKIHH
HIDKHEH U BepXHeH TpaHull
runepciaydaiiHoi GpyHkImn

X(1);
K i (t,t,), K . (¢,,t,) —B3aUMHBIE

KOPPEJISIIMOHHBIE (YHKIIHE
HIDKHEH U BepXHeH rpaHull
THIIEPCITYYalHBIX (hYyHKIHIH

X)) nY(Q);

M,_, M _ — HWKHSS W BEPXHAS [PAHHLIBI
MaTeMaTHIECKOTO OKUIAHHU
THIIEPCIIyYaHOH BEIHYHHbBL

;
m,_, m,_ —MaTeMaTH4ECKHe OXKHUJaHUL

I ? Sx
HIDKHEH U BepXHEH rpaHull

TpaHUIbl PYHKLHH pactipe-
IeNICHNS THIIePCIyYaliHON
Benuuasl X |

F(x/g) —ycnosnas dynkius
pacnpeaeneHus
TUNEPCIyYaliHOW BEITHYUHBI
X BycroBusx g;

F{x/m, D) —rayccoBckast GpyHKIHA
pacnpeseneHys ¢ MATeMaTH-
YECKUM OXUIaHHEM 7 U
mucnepenent D ;

AF (x) — pasuocts rpanuil GpyHKIHN
pacnpeienenus TunepeiyJai-
Hoil BenuunHbl X ;

(YHKIHH PACTIPEACICHUS
TUIEPCITydaiiHOM BENHYHHBI

X;

m. , M — HIDKHSS 1 BEPXHSA

§ VY,

TpaHHLBl Ha4aJIbHBIX
MOMEHTOB TIOpPAAKA
V=Vt Y,
TUTIEPCITYYAlHOTO BEKTOPA;
m — HavaJlbHbIE
S vy,
MOMEHTBI HIDKHEH U BepXHEH
TpaHHL IOpsAIKa

vV=v 4.4V,
TUIIEePCIy4allHOTO BEKTOPa;
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O(jo,) — xapakTepucTHuecKas

dbyHKIUS cyuaiinoi
BeNMNUMHEl X ;

O(jo, /g) —ycnosuas
XapakTepucTHIecKas (hyHKIHSL
TUNEPCITyYaltHOH BEITHYUHBI
X BycnoBuwix g ;

Q,(o,), O (jo,) -
XapaKTepUCTHIECKAs
(byHKIM HIDKHEH 1 BepxHeil
TpaHUIE] (PYHKI[HH
pacnpeeneHus
TUIEePCIyYaiiHON BEINYHHEL
X

0,(jo,) — cpeanee XapaKTepUCTU-
yeckux (GyHKIHH pacnpe/e-
JICHUSI TPAHHIl THIIEPCITydai-
HO Benuunubl X ;

r(t,t), r (t,t,) — Hoxnsd 1

BEPXHASL HOPMUPOBAHHEIE
TpaHUILl KOBAPUAIIHOHHOH
(byHKIME THIepCIyJaiHo

Gyuxunn X (1) ;

S (). S, (f) - cuexrpanbubie

MIOTHOCTU MOIHOCTH
HIKHEH U BEpXHEH rpaHul]
runepciaydaiinoil GyHkimu

X(1);
S,.\y (N, Sw (/) — B3auMHbIe

CHEKTpPaNIbHbIE IIOTHOCTH
MOIIHOCTH HHW)KHEH M BepXHEH
TPaHHII THIEPCITYYalHBIX
byuxiuit X (¢) u Y(t);

d — menvra GyHKUNS;

v, ().

yf_w (f) — vuxuas u
BEPXHISL TPAHUIIB! (PyHKITHH
YaCTOTHOUN KOT€PEHTHOCTH
THNEPCITy4aiHbIX (hyHKIHIT
X(1yu Y(1);

T (f)s 75, (f) — dymmm

YaCTOTHOH KOT€PEHTHOCTH
HIDKHEH U BepXHEH IPAHUIL
THNEPCITydaiHbIX (pyHKIHH

X(t) u Y1)

W, W —HWKHIL M BEPXHAL

r (¢,t,), 1, {f,t,) — HOpMHpPOBAHHBIC

KOBapHaMOHHbIC (PYHKIIHUH
HIDKHEH U BepXHEH IpaHul
THIIEPCITyYaifHOH QyHKIHH

X(t);

RL\-(tl’tz) : RSv(tl’tz) -
KOBapHalHOHHBIE (yHKIIHH
HIDKHEH U BepXHEH IPaHull
runepcIydaitnoi hyHkIuu
X(1);

S _(f), S_(f) — HwKHsA ¥ BepXHsA
TPAHHIIBI CTICKTPANbHON
IIOTHOCTH MOITHOCTH
runepciaydaiitoi GyHkimn

X(t);

TpaHUIBI HEHTPATbHBIX
MOMEHTOB TTOPSIIKa

=V +...+V,
TUIIEepCIy4allHOTO BEKTOPa;

Bov v s s,
MOMEHTHI HIKHEH U BepxHel
TPaHUIl IOPsIKa
v=v +..+vV,
THIIEPCIy4aiiHOTO BEKTOPA;
@(x) - rayccorckas GyHkius

pactnpe/ienieHus ¢ HyJIeBEIM
MATEMATHUSCKUM OKHJIAHUEM
¥ ¢TMHUYIHOH JUCTIEPCUCH.

— HCHTPAILHBIC
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