
ISSN 1561-9087 �à¨ª« ¤  £÷¤à®¬¥å ÷ª . 2001. �®¬ 3 (75), N 1. �. 52 { 59��� 581.1:631.4���������A����� ����������� � ����������������.1. ������������� ��������. �. ��������áâ¨âãâ £¨¤à®¬¥å ¨ª¨ ��� �ªà ¨ë, �¨¥¢�®«ãç¥® 15.06.99�ä®à¬ã«¨à®¢   ¬ â¥¬ â¨ç¥áª ï § ¤ ç  ¤¨ääã§¨®®-ª®¢¥ªâ¨¢®£® ¯¥à¥®á  § £àï§ïîé¨å ¢¥é¥áâ¢ ¢ ®¤®à®¤-®¬ á«®¥ ¤®ëå ®â«®¦¥¨© á ãç¥â®¬ ¥£® ®ç¨é¥¨ï ¢ à¥§ã«ìâ â¥ âà áä®à¬ æ¨¨ ¨ ¢ë®á  § £àï§¨â¥«ï ¢ ¨¦¥«¥¦ -é¨© £àãâ,   â ª¦¥ ®¡¬¥ëå ¯à®æ¥áá®¢. �¥â®¤®¬ ¨â¥£à «ìëå ¯à¥®¡à §®¢ ¨© ¯®«ãç¥® áâà®£®¥   «¨â¨ç¥áª®¥à¥è¥¨¥. � áá¬®âà¥ë ¤¢¥ å à ªâ¥àë¥ áâ ¤¨¨ à á¯®áâà ¥¨ï § £àï§ïîé¨å ¢¥é¥áâ¢. �  ¯¥à¢®© ¢ëá®ª ï § -£àï§¥®áâì ¢®¤®¨áâ®ç¨ª  á¯®á®¡áâ¢ã¥â ¨â¥á¨¢®¬ã  áëé¥¨î ¤®ëå ®â«®¦¥¨© § £àï§¨â¥«¥¬,   ¢â®à®©,¢á«¥¤áâ¢¨¥ à¥§ª®£® á¨¦¥¨ï ãà®¢ï § £àï§¥®áâ¨ ¢®¤ë, ®â«®¦¥¨ï ¯®áâ¥¯¥® ®ç¨é îâáï.Cä®à¬ã«ì®¢   ¬ â¥¬ â¨ç  § ¤ ç  ¤¨äã§i©®-ª®¢¥ªâ¨¢®£® ¯¥à¥®áã § ¡àã¤îîç¨å à¥ç®¢¨ ¢ ®¤®ài¤®¬ã è ài¤®¨å ¢i¤ª« ¤¥ì § ¢à åã¢ ï¬ ©®£® ®ç¨é¥ï ¢ á«i¤®ª âà áä®à¬ æiù â  ¢¨®áã § ¡àã¤¥ï,   â ª®¦ ®¡¬i¨å¯à®æ¥ái¢. � ¢¨ª®à¨áâ ï¬ ¬¥â®¤ã iâ¥£à «ì¨å ¯¥à¥â¢®à¥ì ®âà¨¬ ¨© â®ç¨©   «iâ¨ç¨© à®§¢'ï§®ª. �®§£«ïãâi¤¢i å à ªâ¥ài áâ ¤iù à®§¯®¢áî¤¦¥ï § ¡àã¤îîç¨å à¥ç®¢¨. �  ¯¥àèi© § ç¥ § ¡àã¤¥ï ¯®¢¥àå¥¢®£® ¤¦¥à¥« ¢®¤¨ á¯à¨ïõ iâ¥á¨¢®¬ã  á¨ç¥î ¤®¨å ¢i¤ª« ¤¥ì § ¡àã¤î¢ ç ,   ¤àã£i©, ¢ á«÷¤®ª ài§ª®£® §¨¦¥ï ài¢ï§ ¡àã¤¥®áâi ¢®¤¨, ¢iª« ¤¥ï ¯®áâã¯®¢® ®ç¨é îâìáï.The mathematical problem was stated for advection-di�usion transport of contaminant in a uniform sediment layer takinginto account its puri�cation due to contaminant transformation, discharge and exchange processes. An exact analyticalsolution to this problem was obtained by the integral transform method. Two characteristic stages were considered ofcontaminant transport and distribution within the sediment layer. At the �rst stage considerable contamination of asurface water source causes saturation of the sediment layer with contaminant, at the second stage this layer is graduallypuri�ed owing to essential decrease in contamination level.�«®© ¤®ëå ®â«®¦¥¨© (���) ¨§-§  á¢®¨å á¯¥-æ¨ä¨ç¥áª¨å á¢®©áâ¢ ¨£à ¥â ¥®¤®§ çãî à®«ì ¢à á¯®áâà ¥¨¨ ¢ ¯à¨à®¤¥ § £àï§ïîé¨å ¢¥é¥áâ¢(��). � ®¤®© áâ®à®ë ¨ ¢ ¯¥à¢ãî ®ç¥à¥¤ì, ��� ªªã¬ã«¨àã¥â ¨ § ªà¥¯«ï¥â ä¨§¨ç¥áª¨¬ ¨«¨ å¨-¬¨ç¥áª¨¬ ¯ãâ¥¬ �� ¢ á¢®¥© â¢¥à¤®© ä §¥, â¥¬á ¬ë¬ ¢ § ç¨â¥«ì®© ¬¥à¥ ®£à ¨ç¨¢ ï ¨å ¯®-¤¢¨¦®áâì. � ¤àã£®© áâ®à®ë, ���, ª ª ¯à ¢¨«®,£à ¨ç¨â á å®à®è®¯à®¢®¤ïé¨¬¨ áà¥¤ ¬¨ ¨ á â¥ç¥-¨¥¬ ¢à¥¬¥¨ ¯® ¬¥à¥ ®ç¨é¥¨ï ¯®á«¥¤¨å ¬®¦¥âáâ ®¢¨âìáï ¨áâ®ç¨ª®¬ ¢â®à¨ç®£® § £àï§¥¨ï®ªàã¦ îé¥© ¯à¨à®¤®© áà¥¤ë. �®íâ®¬ã ¡®«ì-èãî æ¥®áâì ¤«ï ¢ë¯®«¥¨ï íª®«®£¨ç¥áª¨å ®æ¥-®ª ¢ à ©® å äãªæ¨®¨à®¢ ¨ï ¢®¤®å®§ï©áâ¢¥-ëå ®¡ê¥ªâ®¢ ¯à¥¤áâ ¢«ïîâ ¯à®£®§ë  ª®¯«¥¨ï�� ¢ ��� ¨ ¨å ¢ë®á  §  ¯à¥¤¥«ë ���. � ç áâ-®áâ¨, ªà âª®áà®çë© ¯à®£®§ ¯®§¢®«ï¥â ®æ¥¨-¢ âì § ç¥¨¥ ��� ª ª ¢ ¦¥©è¥£® ä ªâ®à  ®ç¨-é¥¨ï ¯à¥¦¤¥ ¢á¥£®  ªâ¨¢ëå ¢ ¡¨®«®£¨ç¥áª®¬ ®â-®è¥¨¨ í«¥¬¥â®¢ ¥áâ¥áâ¢¥®© áà¥¤ë ¥¯®áà¥¤-áâ¢¥® ¯®á«¥ ¢®§¨ª®¢¥¨ï  ¢ à¨©®© á¨âã æ¨¨.�®«£®áà®çë© ¯à®£®§ ¤ ¥â ¢®§¬®¦®áâì ¯à¥¤áª -§ âì ã¦¥ ¥ª®â®àë¥ ¤ «ì¨¥ ¯®á«¥¤áâ¢¨ï  ¢ à¨©¨«¨ ¤«¨â¥«ì®£® ¯à¨¬¥¥¨ï ¥á®¢¥àè¥ëå â¥å-®«®£¨©   ��� ¨ ¤àã£¨å íª®«®£¨ç¥áª¨ ®¯ áëå¯à®¬ëè«¥ëå ®¡ê¥ªâ å. �ë¯®«¥¨¥ ¯à®£®§®¢á ¢ëá®ª¨¬ ãà®¢¥¬ ¤®áâ®¢¥à®áâ¨ ¤«ï ¢ª«îç î-

é¨å ¤®ë¥ ®â«®¦¥¨ï ¢®¤ëå íª®á¨áâ¥¬ ¢®§¬®¦-® â®«ìª®   ¡ §¥ ¬ â¥¬ â¨ç¥áª¨å ¬®¤¥«¥© ¬ á-á®¯¥à¥®á  ¢ á¯¥æ¨ä¨ç¥áª¨å ãá«®¢¨ïå, å à ªâ¥à-ëå ¨¬¥® ¤«ï ���, á ¤¥â «ìë¬ ãç¥â®¬ ®á®¡¥-®áâ¥© ®¡¬¥  �� á á®¯à¥¤¥«ìë¬¨ ¯à¨à®¤ë¬¨ª®¬¯®¥â ¬¨ ¢®¤ëå íª®á¨áâ¥¬ (¯®¢¥àå®áâë¥¨ ¯®¤§¥¬ë¥ ¢®¤®¨áâ®ç¨ª¨, ¢®¤®¯à¨¥¬¨ª¨, ¯®¤-áâ¨« îé¨© å®à®è®¯à®¨æ ¥¬ë© £àãâ, ¯à¨«¥£ î-é¨¥ â¥àà¨â®à¨¨). �ãé¥áâ¢¥ë¥ à §«¨ç¨ï ¬¥¦-¤ã ¯¥à¥®á®¬ �� ¢ ��� ¨ £à ¨ç é¨¬¨ á ¨¬ª®¬¯®¥â ¬¨ ç áâ® ¤ îâ ®á®¢ ¨¥ ¨á¯®«ì§®¢ âìã¯à®é¥ë¥ ¯®¤å®¤ë. �à¨ íâ®¬ ��� à áá¬ âà¨-¢ ¥âáï ¢ ª ç¥áâ¢¥ ®á®¢®£® ®¡ê¥ªâ  ¯à¨ ¨§ãç¥-¨¨ ¤¨ ¬¨ª¨ § £àï§¥¨©, ª®â®à ï ®¯¨áë¢ ¥â-áï ¢ëà ¦ îé¨¬¨ § ª®ë á®åà ¥¨ï ¤¨ää¥à¥-æ¨ «ìë¬¨ ãà ¢¥¨ï¬¨. � â® ¦¥ ¢à¥¬ï ®á®¡¥-®áâ¨ ¬ áá®®¡¬¥  ¢ íª®á¨áâ¥¬¥ "¢®¤®¨áâ®ç¨ª-���-¯®¤áâ¨« îé¨© £àãâ" å à ªâ¥à¨§ãîâáï á®-¢®ªã¯®áâìî á¯¥æ¨ «ì¢å ¬®¤¥«ìëå ¯ à ¬¥âà®¢,ª®â®àë¥ ®âà ¦ îâ ä¨§¨ªã íâ®£® ï¢«¥¨ï ®ª®«®£à ¨æ ��� ¨ á®¤¥à¦ âáï ¢ ªà ¥¢ëå ãá«®¢¨ïå ¬ -â¥¬ â¨ç¥áª¨å § ¤ ç.�á®¡ ï ¢ ¦®áâì ¯à®¡«¥¬ë à á¯®áâà ¥¨ï § -£àï§¥¨© ¢ ¢®¤ëå íª®á¨áâ¥¬ å ¨ ®æ¥ª¨ ¯®á«¥¤-áâ¢¨© â¥å®£¥ëå ¢®§¤¥©áâ¢¨©   ¨å áâ¨¬ã-«¨à®¢ «  ¯à®¢¥¤¥¨¥ ¬®£®ç¨á«¥ëå â¥®à¥â¨ç¥-áª¨å ¨ íªá¯¥à¨¬¥â «ìëå ¨áá«¥¤®¢ ¨© ¢ íâ®¬52 c �. �. �®«ïª®¢, 2001



ISSN 1561-9087 �à¨ª« ¤  £÷¤à®¬¥å ÷ª . 2001. �®¬ 3 (75), N 1. �. 52 { 59 ¯à ¢«¥¨¨. �¨ ¬¨ª  �� ¢ ®â«®¦¥¨ïå ¢ ¡®«ì-è¥© ç áâ¨ ¨§ãç « áì ç¨á«¥ë¬¨ ¬¥â®¤ ¬¨, çâ®¯®§¢®«¨«® ¨á¯®«ì§®¢ âì ¡®«¥¥ á®¤¥à¦ â¥«ìë¥ ¬ -â¥¬ â¨ç¥áª¨¥ ¬®¤¥«¨ ¨ â¥¬ á ¬ë¬ áãé¥áâ¢¥®¯à¨¡«¨§¨âìáï ª  ¤¥ª¢ â®¬ã ®¯¨á ¨î ¯à¨à®¤®©®¡áâ ®¢ª¨ ¨ â¥å®£¥ëå ãá«®¢¨© [1{4]. �¥¬ ¥¬¥¥¥ § ç¨â¥«ìë¥ á«®¦®áâ¨ ¢ íªá¯¥à¨¬¥â «ì-®¬ ®¯à¥¤¥«¥¨¨ ¨áå®¤ëå ¯ à ¬¥âà®¢, ª®â®à®¥¬®¦¥â ¡ëâì ¤ ¦¥ á®¯àï¦¥® á ®¯ á®áâìî ¤«ï §¤®-à®¢ìï «î¤¥©,   â ª¦¥ áãé¥áâ¢¥ë¥ à §«¨ç¨ï ¢§ ç¨¬®áâ¨ ¯à¨à®¤ëå ä ªâ®à®¢ ¯à¥¤®¯à¥¤¥«¨«¨¤®áâ â®ç® è¨à®ª®¥ ¯à¨¬¥¥¨¥   «¨â¨ç¥áª¨å¬¥â®¤®¢ [5{8]. �á®¡®¥ ¢¨¬ ¨¥ ã¤¥«ï«®áì ¨§ãç¥-¨î § ª®®¬¥à®áâ¥© ¯¥à¢¨ç®£®  ª®¯«¥¨ï ��¢ ¢¥àå¥© ç áâ¨ ���, çâ® ¯®§¢®«¨«® ä®à¬ «ì®¯à¨¨¬ âì áå¥¬ã ¯®«ã®£à ¨ç¥®£® ¯® £«ã¡¨¥á«®ï [9{12].� ®â«¨ç¨¥ ®â ã¯®¬ïãâëå à §à ¡®â®ª ®á®¢-®© æ¥«ìî ¤ ®© à ¡®âë ï¢«ï¥âáï â¥®à¥â¨ç¥áª¨©  «¨§ í¢®«îæ¨¨ íª®«®£¨ç¥áª®© ®¡áâ ®¢ª¨ ¢ ���¢ çà¥§¢ëç ©®© á¨âã æ¨¨,   â ª¦¥ ¢«¨ï¨ï â ª®©í¢®«îæ¨¨   ¨¦¥«¥¦ é¨© £àãâ ¯à¨ ¥¡« £®¯à¨-ïâëå £¨¤à®£¥®«®£¨ç¥áª¨å ãá«®¢¨ïå. � â ª®¬ á«ã-ç ¥ ��� ä ªâ¨ç¥áª¨ áâ ®¢¨âáï £« ¢ë¬ ¨áâ®ç-¨ª®¬ �� ¨ ¯à¥¤áâ ¢«ï¥â  ¨¡®«ìèãî ã£à®§ã ¤«ï®ªàã¦ îé¥© áà¥¤ë. �«ï  ¤¥¦®© ®æ¥ª¨ ¤«¨-â¥«ì®£® ¯®áâã¯«¥¨ï �� á ä¨«ìâà æ¨®ë¬ ¯®-â®ª®¬ ¢ ¯®¤áâ¨« îé¨¥ å®à®è®¯à®¨æ ¥¬ë¥ £àã-âë ãç¨âë¢ ¥âáï à¥ «ì ï ¬®é®áâì ��� ¨ ®âá«¥-¦¨¢ ¥âáï à áå®¤ ��   ¨¦¥© £à ¨æ¥ ���, çâ®¢ ª®¥ç®¬ ¨â®£¥ ¯à¨¢®¤¨â ª ¯®«ãç¥¨î â®çëåà¥è¥¨© ¢ ¢¨¤¥ áå®¤ïé¨åáï àï¤®¢. �¬¥áâ¥ á â¥¬¯à¥¤« £ ¥¬ ï ¨¦¥ à áç¥â ï ¬¥â®¤¨ª  ¯®§¢®«ï-¥â ¯à®£®§¨à®¢ âì ä¨§¨ª®-å¨¬¨ç¥áª®¥ á®áâ®ï¨¥��� ¢ «î¡®© ¬®¬¥â ¢à¥¬¥¨, ¢ â®¬ ç¨á«¥ ¨ ¢  -ç «ìë© ¯¥à¨®¤ à á¯®áâà ¥¨ï § £àï§¥¨ï, ¡« -£®¤ àï ãç¥âã ª¨¥â¨ª¨ ®¡¬¥  �� ¬¥¦¤ã ¦¨¤ª®©¨ â¢¥à¤®© ä § ¬¨ ���. �ãé¥áâ¢¥ë¥ ¨§¬¥¥-¨ï ãà®¢ï § £àï§¥®áâ¨ ¯®¢¥àå®áâ®£® ¢®¤®-¨áâ®ç¨ª , ®¡ëç® ¯à®¨áå®¤ïé¨¥ á® ¢à¥¬¥¥¬ ¢á¨«ã à §ëå ¯à¨ç¨, ¯®âà¥¡®¢ «¨ ¢ë¤¥«¥¨ï á¯¥-æ¨ «ì®© áâ ¤¨¨ ¢ § £àï§¥¨¨ ���. �¥§ã«ìâ -âë ®¡áâ®ïâ¥«ì®£®   «¨§  ®á®¡¥®áâ¥© ¯¥à¥®-á  �� ¢ ���,   â ª¦¥ ¢«¨ï¨ï ¬®¤¥«ìëå ¯ à -¬¥âà®¢ ¯à¥¦¤¥ ¢á¥£®   ¢ë®á §  ¯à¥¤¥«ë ���¨§«®¦¥ë ¢® ¢â®à®© ç áâ¨.1. ���������� ���������������������à¨¢®¤¨âáï ¬ â¥¬ â¨ç¥áª ï ä®à¬ã«¨à®¢ª  § -¤ ç¨ à á¯®áâà ¥¨ï �� ¢ ®¤®à®¤®¬ ��� ª®-¥ç®© ¬®é®áâ¨ m0 §  áç¥â ¬¥å ¨§¬®¢ íää¥ª-

â¨¢®© ¤¨ääã§¨¨ (¬®«¥ªã«ïà ï ¤¨ääã§¨ï + £¨-¤à®¤¨ ¬¨ç¥áª ï ¤¨á¯¥àá¨ï) ¨ ª®¢¥ªæ¨¨, ®¡ãá«®-¢«¥®© ¨áå®¤ïé¨¬ ä¨«ìâà æ¨®ë¬ ¯®â®ª®¬ á¯®áâ®ï®© áª®à®áâìî ä¨«ìâà æ¨¨ V . �à®ç®¥(¢ ä¨ªá¨à®¢ ®© ä®à¬¥) ¨ ¥¯à®ç®¥ (¢ ®¡¬¥-®© ä®à¬¥) § ªà¥¯«¥¨¥ �� ¢ à §«¨çëå äà ªæ¨ïåâ¢¥à¤®© ä §ë ��� ¢ ª®«¨ç¥áâ¢¥®¬ ®â®è¥¨¨å à ªâ¥à¨§ã¥âáï ¯ à ¬¥âà ¬¨ ¨å à á¯à¥¤¥«¥¨ï(¢ à ¢®¢¥áëå ãá«®¢¨ïå),   ¨¬¥®, ¬¥¦¤ã ¥®¡-¬¥®© ¨ ®¡¬¥®© ä®à¬ ¬¨ { Kf , ¬¥¦¤ã ®¡¬¥-®© ¨ à áâ¢®à¥®© ä®à¬ ¬¨ { Ke. �®áâ¥¯¥®¥á¨¦¥¨¥ ãà®¢ï § £àï§¥®áâ¨ ®¡¥¨å ä § ���¢á«¥¤áâ¢¨¥ ¤¥£à ¤ æ¨¨ �� ( ¯à¨¬¥à, à ¤¨® ªâ¨¢-ë© à á¯ ¤ ¢ á«ãç ¥ § £àï§¥¨ï à ¤¨®ãª«¨¤ -¬¨) ãç¨âë¢ ¥âáï á ¯®¬®éìî ¥¤¨®£® ª®íää¨æ¨¥-â  áª®à®áâ¨ �. �áå®¤ ï ¬ â¥¬ â¨ç¥áª ï ¬®¤¥«ì®âà ¦ ¥â ª¨¥â¨ªã ®¡¬¥  ¬¥¦¤ã ä¨ªá¨à®¢ ®©(¢ £«¨¨áâ®© äà ªæ¨¨ ¤®ëå ®â«®¦¥¨©) ¨ ®¡-¬¥®© ä®à¬ ¬¨ �� á ª®íää¨æ¨¥â®¬ áª®à®áâ¨®¡¬¥  �. �à®æ¥áá § ªà¥¯«¥¨ï �� ¢ ä¨ªá¨à®-¢ ®© ä®à¬¥ ¬®¦¥â âà ªâ®¢ âìáï ¨ ª ª ¤¨ääã-§¨®ë© ¯à®æ¥áá ¢ãâà¨  £à¥£¨à®¢ ëå ç áâ¨æ,á®¤¥à¦ é¨å ¯à ªâ¨ç¥áª¨ ¥¯®¤¢¨¦ãî ¢®¤ã [13,14]. � ª¨¥ ç áâ¨æë ç é¥ ¢á¥£® ®¡à §ãîâáï ¢ à¥-§ã«ìâ â¥ ¦¨§¥¤¥ïâ¥«ì®áâ¨ ¨ ®â¬¨à ¨ï £¨¤à®-¡¨®â®¢. � ª¦¥, ¨¬¥ï ¢ ¢¨¤ã ¯®áâ ¢«¥ë¥ æ¥«¨¨áá«¥¤®¢ ¨©, ¯®« £ ¥âáï, çâ® à ¢®¢¥á¨¥ ¬¥¦¤ã®¡¬¥®© ¨ à áâ¢®à¥®© ä®à¬ ¬¨ �� ãáâ  ¢«¨-¢ ¥âáï ¬£®¢¥®. �®£¤  á¨áâ¥¬  ãà ¢¥¨©, ®¯¨-áë¢ îé ï ¤¨ ¬¨ªã �� ¢ ��� ¢ à ¬ª å ®£®¢®à¥-ëå ¤®¯ãé¥¨©, ¯à¨¨¬ ¥â ¢¨¤�s @Sf@t + �s @Se@t + �s @C@t == De @2C@z2 + V @C@z � ��sC � ��sSe � ��sSf ;Se = KeC;@Sf@t = �(KfSe � Sf )� �Sf : (1)�¤¥áì De = D0�sfs+�V { ª®íää¨æ¨¥â íää¥ªâ¨¢-®© ¤¨ääã§¨¨, å à ªâ¥à¨§ãîé¨© ¡«¨§ª¨¥ ¯® § -ç¨¬®áâ¨ ¬¥å ¨§¬ë ¯¥à¥®á  �� ¢ ��� §  áç¥â¬®«¥ªã«ïà®© ¤¨ääã§¨¨ ¨ £¨¤à®¤¨ ¬¨ç¥áª®© ¤¨á-¯¥àá¨¨ [15{17]; D0 { ª®íää¨æ¨¥â ¬®«¥ªã«ïà®©¤¨ääã§¨¨ �� ¢ ¢®¤¥; fs { ä ªâ®à á®¯à®â¨¢«¥¨ï,ª®â®àë© á®£« á® [18, 19] ¬®¦® ¯à¨¨¬ âì à ¢-ë¬ �2s ; �s { ¯®à¨áâ®áâì £àãâ  ¢ ���; � { ª®íää¨-æ¨¥â £¨¤à®¤¨ ¬¨ç¥áª®© ¤¨á¯¥àá¨¨; C { ª®æ¥-âà æ¨ï �� ¢ à áâ¢®à¥®© ä®à¬¥; �s { ¯«®â®áâì£àãâ ; Se, Sf { ª®æ¥âà æ¨ï �� ¢ ®¡¬¥®© ¨ ¥-®¡¬¥®© ä®à¬ å; ®áì Oz  ¯à ¢«¥  ¢¢¥àå. � ªª ª â¥¬¯¥à âãà  T ¢ ¯à¥¤¥« å ��� ¢á«¥¤áâ¢¨¥ ¥£®ã¤ «¥®áâ¨ ®â ¤¥¢®© ¯®¢¥àå®áâ¨ ¬ «® ¬¥ï-¥âáï,  å®¤ïáì ¢ ¤¨ ¯ §®¥ 6 { 10o � [20, 21], â®¨ ª®íää¨æ¨¥â D0 ®¯à ¢¤ ® ¢ à áç¥â å ¯à¨¨-�. �. �®«ïª®¢ 53



ISSN 1561-9087 �à¨ª« ¤  £÷¤à®¬¥å ÷ª . 2001. �®¬ 3 (75), N 1. �. 52 { 59¬ âì ¯®áâ®ïë¬,   ¥£® § ç¥¨¥ ¢ë¡¨à âì, ¨áå®-¤ï ¨§ áà¥¤¥© ¢ â¥ç¥¨¥ à áç¥â®£® ¯¥à¨®¤  ¢¥«¨-ç¨ë Tc (¢® ¬®£¨å á«ãç ïå ¤®áâ â®ç® ¯®« £ âìTc = 8oC).�«ï áâà®£®£® ãç¥â  ®á®¡¥®áâ¥© ¬ áá®®¡¬¥ �� ¬¥¦¤ã ���, ¢ëè¥à á¯®«®¦¥ë¬ ¢®¤®¨áâ®ç-¨ª®¬ ¨ ¯®¤áâ¨« îé¨¬ £àãâ®¬ ¥®¡å®¤¨¬® § ¤ -¢ âì   ¨¦¥© ¨ ¢¥àå¥© £à ¨æ å ��� ãá«®¢¨ïá®¯àï¦¥¨ï ¯®â®ª®¢ �� (ç¥â¢¥àâ®£® à®¤ ). �¤- ª® â ª®© ¯®¤å®¤ âà¥¡ã¥â ¤¥â «ì®£® ¨§ãç¥¨ï¤¨ ¬¨ª¨ �� ¢ á®¯à¥¤¥«ìëå áà¥¤ å, ¨å ä¨§¨ª®-å¨¬¨ç¥áª¨å á¢®©áâ¢ ¨ á®¯àï¦¥ á® § ç¨â¥«ìë-¬¨ âàã¤®áâï¬¨ ¨ ¢ íªá¯¥à¨¬¥â «ìëå, ¨ ¢ â¥®-à¥â¨ç¥áª¨å ¨áá«¥¤®¢ ¨ïå. �«ï ¯à ªâ¨ç¥áª¨å æ¥-«¥© ç áâ® ¬®¦® ¯à¨¨¬ âì ¤®¯ãé¥¨ï, ¡« £®¤ àïª®â®àë¬   £à ¨æ å ��� ã¤ ¥âáï § ¤ ¢ âì áãé¥-áâ¢¥® ¡®«¥¥ ¯à®áâë¥ ªà ¥¢ë¥ ãá«®¢¨ï, ®, ª®¥ç-® ¦¥, ¯à ¢¨«ì® ®âà ¦ îé¨¥ å à ªâ¥à ¬ áá®®¡-¬¥    ®¡¥¨å £à ¨æ å.�®¢ëè¥®© ¤¨ ¬¨ç®áâìî ®â«¨ç îâáï ä¨§¨-ç¥áª¨¥ ¯à®æ¥ááë ¢ £à ¨ç é¥¬ á ��� ¢®¤®¨áâ®ç-¨ª¥ ¤ ¦¥ ¯à¨ áâ®ïç¥© £«ã¡®ª®© ¢®¤¥ (¥¯à®â®ç-ë© ¢®¤®¥¬). � â ª®¬ á«ãç ¥ ®á®¢ë¬ ¬¥å ¨§-¬®¬ ¯¥à¥®á  �� ï¢«ï¥âáï ¬®«¥ªã«ïà ï ¤¨ääã-§¨ï, ª®â®à ï ®¡ëç® § ¬¥â® ¯à¥¢®áå®¤¨â íää¥ª-â¨¢ãî ¤¨ääã§¨¨ ¢ ���. �«¥¤ã¥â ®â¬¥â¨âì, çâ®ä ªâ¨ç¥áª¨© ¤¨ääã§¨®ë© ¯®â®ª §¤¥áì ¬®¦¥â ¢¥áª®«ìª® à § ¯à¥¢ëè âì ¯®â®ª, ä®à¬¨àãîé¨©áï§  áç¥â ¬®«¥ªã«ïà®© ¤¨ääã§¨¨, ¢á«¥¤áâ¢¨¥ ¦¨§-¥¤¥ïâ¥«ì®áâ¨ ¡¨®âë ¨ ¡¨®¯¥à¥¬¥è¨¢ ¨ï [22,23]. � ¯®¤®¡®© á¨âã æ¨¨ ª®íää¨æ¨¥â ¤¨ääã§¨¨�� ¢ ¢®¤®¨áâ®ç¨ª¥ Dw ¬®¦¥â § ¬¥â® ®â«¨ç âì-áï ®â D0 ¨ ¯à¨ ®¡®á®¢ ¨¨ Dw   ®á®¢¥ ¨§¢¥áâ-®£® § ç¥¨ï D0 ¥®¡å®¤¨¬® ¢¢®¤¨âì á®®â¢¥â-áâ¢ãîé¨© ¯®¯à ¢®çë© ª®íää¨æ¨¥â. �«ï ¢®¤®-â®ª®¢ á ®â®á¨â¥«ì® ¡ëáâàë¬ â¥ç¥¨¥¬ (ª  «ë,à¥ª¨) à¥è îéãî à®«ì ¢ ¯¥à¥®á¥ �� ª ��� ã¦¥¨£à ¥â âãà¡ã«¥â®¥ ¯¥à¥¬¥è¨¢ ¨¥ ¢®¤ë. �®-íää¨æ¨¥â Dw ¢ áâ®ïç¥© ¢®¤¥ ¨ ¯à¨ « ¬¨ à®¬â¥ç¥¨¨ ¥ ¬¥ï¥âáï ¯® £«ã¡¨¥ ¯®â®ª . �¤ -ª® ¥£®   «®£ ¢ âãà¡ã«¥â®¬ ¯®â®ª¥, ®¡à §®¢ -®¬ ¯®áâã¯ â¥«ìë¬ ¨ ¢®«®¢ë¬ ¤¢¨¦¥¨¥¬ ¦¨¤-ª®áâ¨, ¨¬¥¥â áãé¥áâ¢¥® ¡®«ìè¨¥ § ç¥¨ï,  ¢á«¥¤áâ¢¨¥ á«®¦®© áâàãªâãàë ¯®â®ª  § ¢¨á¨â ®âz. � ¤ «ì¥©è¥¬ ¯à¥¤¯®« £ ¥âáï, çâ® ¢ ¢®¤®¨á-â®ç¨ª¥   ¢ëá®â¥ z = zu  ¤ ¥£® ¤®¬ áãé¥áâ¢ã-¥â á«®© ¢®¤ë á ¯®áâ®ïë¬ ¢ â¥ç¥¨¥ à áç¥â®£®¯¥à¨®¤  ãà®¢¥¬ § £àï§¥®áâ¨ (ª®æ¥âà æ¨¥©��) C0. �®£¤  ¢ ®¡é¥¬ á«ãç ¥ ¯¥à¥¬¥®£® ª®íä-ä¨æ¨¥â  Dw = Dw(z) ¯à¨  «¨ç¨¨ ª®¢¥ªâ¨¢®£®¯¥à¥®á  �� ª® ¤ã ¨ ¥áãé¥áâ¢¥ëå ¯¥à¥å®¤ëå¯à®æ¥áá å   ¢¥àå¥© £à ¨æ¥ ��� ¬®¦® ¯à¨¨-

¬ âì á«¥¤ãîé¥¥ £à ¨ç®¥ ãá«®¢¨¥:z = 0; De @C@z + V C = V1�  (C0 � C); (2)£¤¥  = exp(�V �u), �u = R zu0 dzDw { ¨â¥£à «ìë©ª®íää¨æ¨¥â ®¡¬¥  �� ¬¥¦¤ã ¤®¬ ¨ á«®¥¬ ¢®¤ëá ¯®áâ®ï®© § £àï§¥®áâìî.�à¨ « ¬¨ à®¬ â¥ç¥¨¨ Dw à ¢ï¥âáï ãâ®ç-¥®¬ã á ãç¥â®¬ ¢«¨ï¨ï ¡¨®âë § ç¥¨î D0, ¨â®£¤   = exp ��V zuD0 �. �§ ãá«®¢¨ï (2) ¢ëâ¥ª ¥âàï¤ ¯à¥¤¥«ìëå á«ãç ¥¢,   ¨¬¥®:¯à¨ �u ! 0 (D0 !1 ¨«¨ zu = 0)  = 1 ¨ â®£¤ z = 0; C = C0; (3)¯à¨ �u !1 (D0 = 0 ¨«¨ zu !1)  = 0 ¨ â®£¤ z = 0; De @C@z + V C = V C0; (4)¯à¨ V = 0 ¨§ (2) á«¥¤ã¥âz = 0; De @C@z = C0 � C�u : (5)�á«®¢¨ï (3), (5) ¬®¦® ¥áª®«ìª® ãâ®ç¨âì ¯à¨Dw = D0, ¥á«¨ ãá«®¢¨ï § ¤ ç¨ ¯®§¢®«ïîâ à á-á¬ âà¨¢ âì V zu=D0 ¢ ª ç¥áâ¢¥ ¬ «®£® ¯ à ¬¥âà .� â ª®¬ á«ãç ¥ ã¤ ¥âáï ¤ ¦¥ ®â®á¨â¥«ì® ¯à®-áâ® ãç¥áâì ¢ £à ¨ç®¬ ãá«®¢¨¨ ¥áâ æ¨® àë©å à ªâ¥à ¢¥àâ¨ª «ì®£® ¯®â®ª  ��. �á«¨ ®¡®§ -ç¨âì V zuD0 = " ¨ �De @C@z + V C� jz=0 = I(t), â®z = 0; (6)�1 + "2� I � "3 dIdt = DwC0(1 + ") � Czu :�®à¬ã«¨à®¢ª  £à ¨ç®£® ãá«®¢¨ï ¯à¨ z = 0¬®¦¥â áãé¥áâ¢¥® ®á«®¦¨âìáï ¢ á«ãç ¥ ¡ãà®£®¯®â®ª  ¨ ¬¥«ª®¤¨á¯¥àáëå £àãâ®¢, ®¡à §ãîé¨åàãá«® ¢®¤®â®ª . �®£¤  ¢á«¥¤áâ¢¨¥ ¯à¥¢ëè¥¨ï  -¯àï¦¥¨¥¬ âà¥¨ï   ¯®¢¥àå®áâ¨ àãá«  ¯à¥¤¥«ì-®£® £à ¤¨¥â , ¯à¨ ª®â®à®¬  ç¨ ¥âáï à §¬ë¢àãá« , â¢¥à¤ë¥ ç áâ¨æë ¯®¤ ¤¥©áâ¢¨¥¬ à¥§ã«ìâã-àãîé¥© £¨¤à®¤¨ ¬¨ç¥áª®© á¨«ë ¯®¤¨¬ îâáï á®¤ , ä®à¬¨àãï ¢§¢¥á¥¥áãé¨© ¯®â®ª. �®æ¥âà -æ¨ï â¢¥à¤®© ä §ë ¯®â®ª  ®¡ëç® á®áâ ¢«ï¥â ¯à®-æ¥âë ®â ¥£® ¯«®â®áâ¨. �¤ ª® ¢á«¥¤áâ¢¨¥ ¢ëá®-ª®© á®à¡æ¨®®© á¯®á®¡®áâ¨ ¢§¢¥è¥ëå ç áâ¨æ¨å ¢ª« ¤ ¢ ®¡éãî § £àï§¥®áâì ¯®â®ª  ¬®¦¥â54 �. �. �®«ïª®¢



ISSN 1561-9087 �à¨ª« ¤  £÷¤à®¬¥å ÷ª . 2001. �®¬ 3 (75), N 1. �. 52 { 59¡ëâì áãé¥áâ¢¥ë¬, ¨ ¯®íâ®¬ã ¢ëá®â  zu ¤®«¦ ®¡®á®¢ë¢ âìáï c ãç¥â®¬ ¤¢ãåä §®áâ¨ ¯®â®ª ,á®à¡æ¨®ëå á¢®©áâ¢ ¢§¢¥è¥ëå  ®á®¢, ®á®-¡¥®áâ¥© ®¡¬¥  �� ¬¥¦¤ã ¦¨¤ª®© ¨ â¢¥à¤®© ä -§ ¬¨ ¯®â®ª . �â® ¬®¦® á¤¥« âì, ¨á¯®«ì§ãï íªá¯¥-à¨¬¥â «ìë¥ ¤ ë¥ ¨«¨ à¥§ã«ìâ âë ¬ â¥¬ â¨-ç¥áª®£® ¬®¤¥«¨à®¢ ¨ï   ¡ §¥ ®¡é¥© ¬®¤¥«¨ § -£àï§¥®£® ¢§¢¥á¥¥áãé¥£® ¯®â®ª .�  ¨¦¥© £à ¨æ¥ ��� z = �z0 ª®æ¥âà æ¨ï¨ à áå®¤ ��, áâà®£® £®¢®àï, § ¢¨áïâ ®â ä¨§¨ª®-å¨¬¨ç¥áª¨å á¢®©áâ¢ ¨¦¥«¥¦ é¥£® £àãâ . �¤ -ª® ¤«ï  ¨¡®«¥¥ ®¯ áëå ¢ íª®«®£¨ç¥áª®¬ ®â®è¥-¨¨ ¯à¨à®¤ëå ãá«®¢¨©, ¯à¨ ª®â®àëå ¨¬¥¥â ¬¥áâ®¡¥á¯à¥¯ïâáâ¢¥ë© ®â¢®¤ �� ®â £à ¨æë á ���,¤®¯ãáâ¨¬® ¯à¥¥¡à¥£ âì ¢ ¯®¤áâ¨« îé¥¬ £àãâ¥¤¨ääã§¨®®© á®áâ ¢«ïîé¥© ¯®â®ª  ��, ¨ â®£¤ ®¯à ¢¤ ® § ¤ ¢ âì ãá«®¢¨¥z = �z0; @C@z = 0: (7)� ç «ìë¥ ãá«®¢¨ï ¢ ®¡é¥¬ á«ãç ¥ ¨¬¥îâ ¢¨¤t = 0; C = C0(z); Sf = S0f (z): (8)�«ï ã¤®¡áâ¢    «¨§  ¤¨ ¬¨ª¨ § £àï§¥¨© ¨á-å®¤ ï ¬®¤¥«ì (1), (2), (7), (8) ¯à¥¤áâ ¢«ï¥âáï ¢¡¥§à §¬¥à®¬ ¢¨¤¥Rf @ �Sf@�t + @ �C@�t = �De @2 �C@�z2 + @ �C@�z � �� �C � ��Rf �Sf ;@ �Sf@�t = ��( �C � �Sf )� �� �Sf ; (9)�z = 0; �De @ �C@�z + �C = 11�  (1�  �C);�z = �1; @ �C@�z = 0; (10)�t = 0; �C = �C0(�z); �Sf = �S0f (�z): (11)�®¤¥«ì (9) { (11) ¢ª«îç ¥â á«¥¤ãîé¨¥ ¡¥§à §¬¥à-ë¥ ¯ à ¬¥âàë:Rf = �sKfKe�s + �sKe ; �Sf = SfKfKeC0 ;�t = V tm0(�s + �sKe) ; �C = CC0 ; �De = DeVm0 ;�z = zm0 ; �� = �m0V (�s + �sKe);�� = �m0V (�s + �sKe); �C0 = C0C0 ; �S0f = S0fKfKeC0 :

� ª¦¥  = exp(�Pew��u), £¤¥ Pew = V zu=D� {ç¨á«® �¥ª«¥; D� { å à ªâ¥à®¥ § ç¥¨¥ ª®íää¨-æ¨¥â  ¤¨ääã§¨¨ ¢ ¢®¤®¨áâ®ç¨ª¥; ��u = D��u=zu;¯à¨ âãà¡ã«¥â®¬ â¥ç¥¨¨ ¢ ª ç¥áâ¢¥ D� æ¥«¥-á®®¡à §® ¯à¨¨¬ âì ª®íää¨æ¨¥â âãà¡ã«¥â®©¤¨ääã§¨¨   ãà®¢¥ z = zu; ¯à¨ « ¬¨ à®¬ â¥-ç¥¨¨ D� = D0, ��u = 1. � ¤ «ì¥©è¥¬ ç¥àâ®çª¨ ¤ ¡¥§à §¬¥àë¬¨ ¯¥à¥¬¥ë¬¨ ¨ ¯ à ¬¥âà ¬¨®¯ãáª îâáï. �à¨ ¥®¡å®¤¨¬®áâ¨ ¢¥àãâìáï ª à §-¬¥àë¬ ¢¥«¨ç¨ ¬ ¡ã¤ãâ á¤¥« ë á®®â¢¥âáâ¢ãî-é¨¥ ®£®¢®àª¨.2. ������� �������âà®£®¥   «¨â¨ç¥áª®¥ à¥è¥¨¥ ¬ â¥¬ â¨ç¥-áª®© § ¤ ç¨ (9){(11) ¡ë«® ¯®«ãç¥® á ¯®¬®éìîª®¥ç®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥. �¨ ¬¨ª �� ¢ ���, å à ªâ¥à¨§ã¥¬ ï ¢¥«¨ç¨ ¬¨ C(z; t),Sf (z; t), ®âá«¥¦¨¢ ¥âáï ¢ â¥ç¥¨¥ ¤«¨â¥«ì®£® ¢à¥-¬¥¨, ¤®áâ â®ç®£® ¤«ï á¨¦¥¨ï § £àï§¥®áâ¨��� ¤® ¡¥§®¯ á®£® ãà®¢ï. �«ï à¥è¥¨ï ãª § -®© § ¤ ç¨ ¢¢®¤¨âáï § ¬¥  Y = ez=2De (C � Cc),H = ez=2De (Sf � Sfc), £¤¥ Cc(z), Sfc(z) ï¢«ïîâáï¥¥ áâ æ¨® àë¬ à¥è¥¨¥¬ ¨ ¢ëà ¦ îâáï § ¢¨-á¨¬®áâï¬¨Cc = a0e(�0� z2De )z + b0e(��0� z2De )z;Sfc = ��+�Cc; (12)a0 = �h2(1 + 2De�0)e2�0i=h(1� 2De�0)[1 + ��2De�0(1�)]�(1+2De�0)[1++2De(1�)]e2�0ib0 = �h2(1� 2De�0)i=h(1� 2De�0)[1 + ��2De�0(1�)]�(1+2De�0)[1++2De(1�)]e2�0i;�0 =s 14D2e + �De + ��RfDe(�+ �) :�®£¤  ¨áå®¤ ï § ¤ ç  á¢®¤¨âáï ª á«¥¤ãîé¥¬ã ¢¨-¤ã: Rf @H@t + @Y@t = De @2Y@z2 � � 14D + ��Y���RfH;@H@t = �Y � (�+ �)H; (13)z = 0; De @Y@z + 21+1�Y = 0;z = �1; De @Y@z � Y2 = 0; (14)�. �. �®«ïª®¢ 55



ISSN 1561-9087 �à¨ª« ¤  £÷¤à®¬¥å ÷ª . 2001. �®¬ 3 (75), N 1. �. 52 { 59t = 0; Y 0 = e z2De [C0(z) �Cc(z)];H0 = e z2De [S0f (z) � Sfc(z)]: (15)�¤à® ¯à¥®¡à §®¢ ¨ï ¢ á®®â¢¥âáâ¢¨¨ á ãá«®¢¨ï¬¨(14) ¨¬¥¥â ¢¨¤K(�n; z) = sin�n � 2De�n(1� )1 +  cos�nz; (16)£¤¥ �n (n = 1; 2,...) ï¢«ïîâáï ª®àï¬¨ å à ªâ¥à¨-áâ¨ç¥áª®£® ãà ¢¥¨ïtg�n = 4De�n4D2e�2n(1� ) � 1�  : (17)� à¥§ã«ìâ â¥ ¯à¨¬¥¥¨ï ¯à¥®¡à §®¢ ¨ï �ã-àì¥ á ï¤à®¬ (16) ª § ¤ ç¥ (13) { (15) ¯®«ãç¥  § -¤ ç  �®è¨ ¤«ï ¨§®¡à ¦¥¨© ~Yn, ~Hn:Rf d ~Hndt + d~Yndt = � n ~Yn � �Rf ~Hn;d ~Hndt = �~Yn � (�+ �) ~Hn;~Yn = ~Y 0n = 0Z�1 e z2De [C0(z) �Cc(z)]K(z)dz;~Hn = ~H0n = 0R�1 e z2De [S0f (z) � Sfc(z)]K(z)dz; (18)£¤¥  n = De�2n + 1=(4De) + �.� ¯à¨ïâ®© ¯®áâ ®¢ª¥ § £àï§¥¨¥ ��� ®¯à¥-¤¥«ï¥âáï ãà®¢¥¬ § £àï§¥®áâ¨ ¢®¤®¨áâ®ç¨ª ,¢«¨ï¨¥ ª®â®à®£® ãç¨âë¢ ¥âáï á ¯®¬®éìî £à ¨ç-ëå ãá«®¢¨©   ¢¥àå¥© £à ¨æ¥ ��� ¨  ç «ì-ëå ãá«®¢¨©, (¥á«¨ ¤ ë© ¯à®æ¥áá ¨¬¥¥â ¯à¥-¤¨áâ®à¨î) ¯ãâ¥¬ § ¤ ¨ï á®®â¢¥âáâ¢ãîé¨å § -ç¥¨© ¨áå®¤ëå ¯ à ¬¥âà®¢ , C0, C0, S0f . �¤- ª® ¢ á¨áâ¥¬¥ ¢®¤®¨áâ®ç¨ª{���{£àãâ ®¡ëç®¨¬¥¥â ¬¥áâ® á ¬®®ç¨é¥¨¥ ¢á«¥¤áâ¢¨¥ ¢ãâà¥-¨å ¯à¨ç¨ { ¥áâ ¡¨«ì®áâ¨ �� ¨ ¦¨§¥¤¥ïâ¥«ì-®áâ¨ ¡¨®âë. �à®â¥ª ¥â ®® ®á®¡¥® ¨â¥-á¨¢® ¢ ¡®«¥¥ ¬®¡¨«ì®© ¨ ¡¨®«®£¨ç¥áª¨  ªâ¨¢-®© ª®¬¯®¥â¥ á¨áâ¥¬ë { ¢®¤®¨áâ®ç¨ª¥. �« -£®¤ àï íâ®¬ã,   â ª¦¥ ¯¥à¥®áã �� ¢¨§ ¯® â¥ç¥-¨î ¢ ¯à®â®ç®¬ ¢®¤®¥¬¥ § £àï§¥®áâì ¢®¤ë ¢¥¬ ¯®áâ¥¯¥® á¨¦ ¥âáï. �ª § ë© ä ªâ ¬®-¦¥â ¡ëâì ãçâ¥ ¢ ¨áå®¤®© ¬®¤¥«¨ § ¤ ¨¥¬ ¯ -à ¬¥âà®¢ , C0 ¢ ¢¨¤¥ ¨§¢¥áâëå äãªæ¨© ®â t,çâ® ¢ ª®¥ç®¬ ¨â®£¥ ¯à¨¢®¤¨â ª áãé¥áâ¢¥® ¡®-«¥¥ á«®¦ë¬ à áç¥âë¬ § ¢¨á¨¬®áâï¬. �à¨¨¬ ï¢® ¢¨¬ ¨¥, ª ª ¯à ¢¨«®, ®£à ¨ç¥®áâì ¨ä®à-¬ æ¨¨ ®¡ ¨§¬¥¥¨¨ ä¨§¨ª®-å¨¬¨ç¥áª®£® á®áâ®ï-¨ï ¤ ®© íª®á¨áâ¥¬ë, æ¥«¥á®®¡à §® à¥ «¨§®-

¢ âì ã¯à®é¥ë© ¯®¤å®¤, ¯à¥¤¯®« £ îé¨© áª ç-ª®®¡à §®¥ ¨§¬¥¥¨¥ § £àï§¥®áâ¨ ¢®¤®¨áâ®ç-¨ª  ¨  «¨ç¨¥ ¤¢ãå ¥¥ å à ªâ¥àëå ãà®¢¥©  ¯à®âï¦¥¨¨ à áç¥â®£® ¯¥à¨®¤ . � á®®â¢¥âáâ¢¨¨á íâ¨¬ à áá¬ âà¨¢ îâáï ¤¢¥ áâ ¤¨¨ ¯¥à¥à á¯à¥-¤¥«¥¨ï �� ¢ ���, ¯à¨ç¥¬   ¯¥à¢®© áâ ¤¨¨ ¢®-¤®¨áâ®ç¨ª á¨«ì® § £àï§¥, çâ® ®¡ãá« ¢«¨¢ ¥â¯®áâã¯«¥¨¥ ¡®«ìè®£® ª®«¨ç¥áâ¢  �� ¢ ���. � ¢â®à®© áâ ¤¨¨ ¢á«¥¤áâ¢¨¥ áãé¥áâ¢¥®£® á¨¦¥-¨ï § £àï§¥®áâ¨ ¯à¨«¥£ îé¨å â¥àà¨â®à¨© ¨¢®¤®¨áâ®ç¨ª  ä¨«ìâà æ¨ï ¡®«¥¥ ç¨áâ®© ¢®¤ë ¨§¥£® ®¯à¥¤¥«ï¥â ãáª®à¥®¥ ®ç¨é¥¨¥ ���. � ª¨¬®¡à §®¬, ¬ â¥¬ â¨ç¥áª ï ¬®¤¥«ì ¯¥à¥®á  �� ¢��� ¨ ®¡¬¥  �� á ¨¦¥«¥¦ é¨¬ å®à®è®¯à®¨-æ ¥¬ë¬ £àãâ®¬ áâ ¢¨âáï ª ª § ¤ ç  á ¯®áâ®ï-ë¬¨ ¨áå®¤ë¬¨ ¯ à ¬¥âà ¬¨ , C0, ª®â®àë¥, ®¤- ª®, ¢ § ¤ ë© ¬®¬¥â ¢à¥¬¥¨ (¢ ª®æ¥ ¯¥à¢®©áâ ¤¨¨) à¥§ª® ¬¥ïîâáï.2.1. �¥à¢ ï áâ ¤¨ï à á¯à®áâà ¥¨ï �� ¢ ����ëá®ª ï § £àï§¥®áâì ¢®¤ë ¢ ¢®¤®¨áâ®ç¨-ª¥, å à ªâ¥à¨§ã¥¬ ï ¢¥«¨ç¨®© C0, á¯®á®¡áâ¢ã¥â¨â¥á¨¢®¬ã ¯à¨â®ªã �� ¢ ���   ¯à®âï¦¥¨¨¢á¥© ¯¥à¢®© áâ ¤¨¨ �§¬¥¥¨¥ ª®æ¥âà æ¨© �� ¢à áâ¢®à¥®© C1 ¨ ¥®¡¬¥®© Sf1 ä®à¬ å   ¤ -®© áâ ¤¨¨ ®¯¨áë¢ ¥âáï ¯®«ãç¥ë¬¨ ¢ à¥§ã«ìâ -â¥ ®¡à é¥¨ï ¨§®¡à ¦¥¨© (18) § ¢¨á¨¬®áâï¬¨C1(z; t) = a0e(�0� 12De )z + b0e�(�0+ 12De )z++e� z2De 1Xn=1 ~Yn(t)Pn Kn(z);Sf1 = ��+ � �a0e(�0� 12De )z + b0e�(�0+ 12De )z�++e� z2De 1Xn=1 ~Hn(t)Pn Kn(z): (19)�  íâ®© áâ ¤¨¨ à á¯à®áâà ¥¨¥ �� ¢ à á-á¬ âà¨¢ ¥¬®© íª®á¨áâ¥¬¥ ¨ ¯à¥¦¤¥ ¢á¥£® ¢ ���  «¨§¨àã¥âáï á ¬®¬¥â  ¢®§¨ª®¢¥¨ï çà¥§-¢ëç ©®© á¨âã æ¨¨, â ª çâ® ¬®¦® ¯®« £ âìC01 = S0f1 = 0. �®£¤ Y 0n = a0 �2De�n(1 � )1 +  I2n � I1n�++b0 �2De�n(1� )1 +  I4n � I3n� ;H0n = ��+ �Y 0n ;56 �. �. �®«ïª®¢



ISSN 1561-9087 �à¨ª« ¤  £÷¤à®¬¥å ÷ª . 2001. �®¬ 3 (75), N 1. �. 52 { 59I1n = 1�20 + �2n ���n + �0e��0 sin�n + �ne��0 cos�n� ;I2n = 1�20 + �2n ��0 � �0e��0 cos�n + �ne��0 sin�n� ;I3n = 1�20 + �2n ���n � �0e�0 sin�n + �ne�0 cos�n� ;I4n = 1�20 + �2n ��0 + �0e�0 cos�n + �ne�0 sin�n� ;(20)Pn = 0:5 + De(1� )1 +  + 2D2e�2n(1� )2(1 + )2 ++ �D2e�n(1 � )21 +  � 14�n � sin 2�n�De(1� )1 +  cos 2�n:�®«ìè®© ¯à ªâ¨ç¥áª¨© ¨â¥à¥á ¯à¥¤áâ ¢«ïîâà áå®¤ë ��   ¢¥àå¥© qu1 ¨ ¨¦¥© qb1 £à ¨-æ å ���, ¯®§¢®«ïîé¨¥ ®æ¥¨¢ âì ¨â¥á¨¢®áâì®ç¨é¥¨ï ¢®¤®¨áâ®ç¨ª  ¨ § £àï§¥¨ï ¯®¤áâ¨« -îé¥£® £àãâ . � ááç¨âë¢ îâáï ®¨   ®á®¢¥§ ¢¨á¨¬®áâ¥©, ¢ëâ¥ª îé¨å ¨§ ¢ëà ¦¥¨© (19),  ¨¬¥®,qu1 = a0(0:5 +De�0) + b0(0:5�De�0)++ 21 +  1Xn=1 �nYn(t)Pn ;qb1 = a0e( 12De��0) + b0e( 12De +�0)+ (21)+e 12De 1Xn=1 Yn(t)Pn Kn(�1);£¤¥ Kn(�1) = � sin�n�2De�n(1�) cos �n=(1+).� ª¦¥ ¯®ª § â¥«ìë¬ ¤«ï ®æ¥ª¨ íª®«®£¨ç¥áª®©á¨âã æ¨¨ ¢ á¨áâ¥¬¥ ¢®¤®¨áâ®ç¨ª{��{£àãâ,   á®¢à¥¬¥¥¬ ¨ ¢ á¢ï§ ëå á ¥© ¤àã£¨å ª®¬¯®¥-â å ¯à¨à®¤®© áà¥¤ë ï¢«ï¥âáï áã¬¬ à®¥ ª®«¨ç¥-áâ¢® ��, ¯®áâã¯¨¢è¥¥ ¢ ��� Qu1 ¨ ¢ë¥á¥®¥¨§ ¥£® Qb1 ¢ â¥ç¥¨¥ ¯¥à¨®¤  [0; t]. �¥«¨ç¨ëQi1 (i = u; b) ¢ëç¨á«ïîâáï ¢ à¥§ã«ìâ â¥ ¨â¥£à¨-à®¢ ¨ï § ¢¨á¨¬®áâ¥© (21) ¢ ¯à¥¤¥« å ãª § ®£®¯¥à¨®¤ , â ª çâ®Qu1 = [a0(0:5 +De�0) + b0(0:5�De�0)] t++2De1 +  1Xn=1 �nLn(t)Pn ;Qb1 = ha0e( 12De ��0) + b0e( 12De+�0)i t+ (22)+e 12De 1Xn=1 Ln(t)Pn Kn(�1);

£¤¥Ln(t) = (�1n + �+ �)Y 0n + �RfH0n�1n(�1n � �2n) �e�1nt � 1��� (�2n + �+ �)Y 0n + �RfH0n�2n(�1n � �2n) �e�2nt � 1� :2.2. �â®à ï áâ ¤¨ï à á¯à®áâà ¥¨ï �� ¢ ����á«¥¤áâ¢¨¥ áª çª®®¡à §®£® á¨¦¥¨ï ãà®¢ï§ £àï§¥®áâ¨ ¢®¤®¨áâ®ç¨ª  (¤® ª®æ¥âà æ¨¨�� ¢ ¢®¤¥ C�, ¯à¨ç¥¬ á®£« á® ãá«®¢¨ï¬ § ¤ ç¨C� < 1) ¢ ¬®¬¥â ¢à¥¬¥¨ t�, ¨¬¥¥â ¬¥áâ® ¯®áâ¥-¯¥®¥ ®ç¨é¥¨¥ ���,   ¢¯®á«¥¤áâ¢¨¨ ¨ ã¬¥ì-è¥¨¥ ¯®â®ª  �� ¢ ¨¦¥«¥¦ é¨© £àãâ. � ç «ì-ë¬¨ ¤«ï à¥è ¥¬®©   ¢â®à®© áâ ¤¨¨ § ¤ ç¨ ¤¨- ¬¨ª¨ �� ï¢«ïîâáï à á¯à¥¤¥«¥¨ï ª®æ¥âà æ¨©C1(z; t�), Sf1(z; t�), ä®à¬¨àã¥¬ë¥ ¢ ª®æ¥ ¯¥à¢®©áâ ¤¨¨ ¨ â ª¨¬ ®¡à §®¬C2(z; t�) = C02 (z) = C1(z; t�);Sf2(z; t�) = S0f (z) = Sf1(z; t�); : (23)� ç¥¨¥ t� ¢ë¡¨à ¥âáï ¨áå®¤ï ¨§ ä ªâ¨ç¥áª®£®¨§¬¥¥¨ï C0 á® ¢à¥¬¥¥¬. �¥è¥¨¥ § ¤ ç¨ ¤«ï¢â®à®© áâ ¤¨¨ ¯®«ãç¥® ¯®   «®£¨¨ á ¥¥ à¥è¥¨-¥¬   ¯¥à¢®© áâ ¤¨¨ ¨ ®¯¨áë¢ ¥âáï § ¢¨á¨¬®áâï-¬ C̈2(z; t) = C� ha0e(�0� 12De )z + b0e�(�0+ 12De )zi++e� z2De 1Xi=1 Gi(t)Pi Ki(z);Sf2 = �C��+ � ha0e(�0� 12De )z + b0e�(�0+ 12De )zi++e� z2De 1Xi=1 �i(t)Pi Ki(z): (24)�¤¥áì G0i = 0Z�1 he z2DeC02(z) � a0C�e�0z��b0C�e�0ziKi(z)dz == (1�C�)ha0�I1i � 2De�i(1� )1 +  I2i�++b0�I3i � 2De�i(1 � )1 +  I4i�i+ 1Xn=1 Yn(t�)Pn Pi;�. �. �®«ïª®¢ 57



ISSN 1561-9087 �à¨ª« ¤  £÷¤à®¬¥å ÷ª . 2001. �®¬ 3 (75), N 1. �. 52 { 59� 0i = �(1� C�)�+ � ha0�I1i � 2De�i(1� )1 +  I2i�++b0�I3i � 2De�i(1 � )1 +  I4i�i+ 1Xn=1 Hn(t�)Pn Pi:�®íää¨æ¨¥âë a0, b0 ¢ëç¨á«ïîâáï ¯® ä®à¬ã-« ¬ (12), Ki(z) { á®£« á® (16), § ç¥¨ï Iji { ¯®ä®à¬ã« ¬ (20), �i { ª®à¨ ãà ¢¥¨ï (17). � ª¦¥Gi(t) = (�1i + �+ �)G0i + �Rf� 0i�1i � �2i e�1it�� (�2i + �+ �)G0i + �Rf� 0i�1i � �2i e�2it�i(t) = (�1i +  i + �Rf )� 0i + �G0i�1i � �2i e�1it�� (�2i +  i + �Rf )� 0i + �G0i�1i � �2i e�2it: (25)�¥ªãé¨© à áå®¤ �� ç¥à¥§ ¨¦îî £à ¨æã ���qb2 à ááç¨âë¢ ¥âáï ¯® ä®à¬ã«¥qb2 = C� ha0e( 12De��0) + b0e( 12De+�0)i++e 12De 1Xi=1 Gi(t)Pi Ki(�1): (26)�ã¬¬ à®¥ ª®«¨ç¥áâ¢® ��, ¢ë¥á¥ëå ä¨«ì-âà æ¨®ë¬ ¯®â®ª®¬ ¨§ ��� ¢ â¥ç¥¨¥ ¯¥à¨®¤ [t�; t], á®áâ ¢«ï¥âQb2 = tZt� qb2d� = ha0e( 12De��0) + b0e( 12De+�0)iC�t++e 12De 1Xi=1 Li(t)Pi Ki(�1); (27)£¤¥Li(t) = (�1i + �+ �)G0i + �Rf� 0i�1i(�1i � �2i) �e�1it � 1��� (�2i + �+ �)G0i + �Rf� 0i�2i(�1i � �2i) �e�2it � 1� :�����������ª®á¨áâ¥¬  "¢®¤®¨áâ®ç¨ª{���{¯®¤áâ¨« î-é¨© £àãâ" ¥ ï¢«ï¥âáï  ¢â®®¬®©,   äãªæ¨®¨-àã¥â ª ª á®áâ ¢«ïîé ï ¡®«¥¥ ®¡é¥© íª®á¨áâ¥¬ë,¢ª«îç îé¥© ¯à¨§¥¬ë© á«®©  â¬®áä¥àë,   â ª¦¥£à ¨ç é¨¥ á ¢®¤®¨áâ®ç¨ª®¬ § £àï§¥ë¥ â¥à-à¨â®à¨¨ ¨ ¯®¤áâ¨« îé¨¬ £àãâ®¬ £¥®«®£¨ç¥áª¨¥áâàãªâãàë. � á¢ï§¨ á íâ¨¬  ¨¡®«¥¥ ®¡é¨© ¯®¤å®¤

ª à¥è¥¨î íª®«®£¨ç¥áª¨å § ¤ ç ¢ ¤ ®© á¨áâ¥-¬¥ ¤®«¦¥ ¢ª«îç âì ¤¥â «ì®¥ ä®à¬ «¨§®¢ ®¥®¯¨á ¨¥ ®á®¡¥®áâ¥© ¯®¢¥¤¥¨ï �� ª ª ¢ á ¬®©á¨áâ¥¬¥, â ª ¨ ¢ ®â¬¥ç¥ëå á®¯à¥¤¥«ìëå áà¥-¤ å. �¤ ª® ¯®¤®¡ë© ¯®¤å®¤ á á ¬ëå ®¡é¨å ¯®-§¨æ¨© ª à áá¬ âà¨¢ ¥¬®© íª®á¨áâ¥¬¥ ¯à¨¢®¤¨â ªªà ©¥¬ã ãá«®¦¥¨î ä®à¬ã«¨à®¢ª¨ ¬ â¥¬ â¨ç¥-áª¨å § ¤ ç. � «ì¥©è¨¥ ¬®¤¥«ìë¥ ¨áá«¥¤®¢ ¨ï§¤¥áì â¥àïîâ á¬ëá« ¯à¥¦¤¥ ¢á¥£® ¨§-§  ¥à¥ «ì-®áâ¨ ¯®«ãç¥¨ï ¥®¡å®¤¨¬®© ¨áå®¤®© ¨ä®à¬ -æ¨¨ ¢ ¯®«®¬ ®¡ê¥¬¥. �à¥¤áâ ¢«¥ ï ¢ëè¥ ¬ -â¥¬ â¨ç¥áª ï ¬®¤¥«ì ¤¨ ¬¨ª¨ �� ¢ ��� ®âà -¦ ¥â â®«ìª®  ¨¡®«¥¥ å à ªâ¥àë¥ áâ®à®ë íâ®£®á«®¦®£® ï¢«¥¨ï,   «¥¦ é¨¥ ¢ ¥¥ ®á®¢¥ ¤®¯ãé¥-¨ï áãé¥áâ¢¥® ®£à ¨ç¨¢ îâ ®¡« áâì ¯à¨¬¥¥-¨ï â¥®à¥â¨ç¥áª®£® à¥è¥¨ï. �  ¯à ªâ¨ª¥ ¬®£¨¬¤®ë¬ ®â«®¦¥¨ï¬ á¢®©áâ¢¥  ¥®¤®à®¤®áâì¨ ¢ëà ¦¥ë©  ªâ¨¢ë© á«®©, ª®á®«¨¤ æ¨ï ª®-â®à®£® ¯à¨¢®¤¨â ª à®áâã ¬®é®áâ¨ áâ ¡¨«ì®£®¯®¤á«®ï. � ®â¤¥«ìëå á«ãç ïå ¢ ¦ãî à®«ì ¨£à -¥â ¢§ ¨¬®¤¥©áâ¢¨¥ �� á ¤¨ ¬¨ç¥áª®© å¨¬¨ç¥áª®©á¨áâ¥¬®©. � â® ¦¥ ¢à¥¬ï ¤®«£®¢à¥¬¥®¥ ¢«¨ï-¨¥ ¢¥è¨å ¯® ®â®è¥¨î ª ¤ ®© íª®á¨áâ¥¬¥ª®¬¯®¥â®¢ ¨ ä ªâ®à®¢ ¯à¨à®¤®© áà¥¤ë ®¡ãá« -¢«¨¢ ¥â ¯¥à¥áâà®©ªã ¯à®ä¨«¥© ª®æ¥âà æ¨¨ ��  ¨¦¥¬ ãç áâª¥ ��� ¨ á¨¦¥¨¥ ¢ë®á  ��¨§ ���. �à®¬¥ â®£®, ®® ¯à¨¢®¤¨â ª ¯®áâ¥¯¥®-¬ã ã¢¥«¨ç¥¨î ®¡é¥© ¬®é®áâ¨ ��� ¨ ¤®¯®«¨-â¥«ì®©  ªªã¬ã«ïæ¨¨ �� ¢ ¥¬ ¢á«¥¤áâ¢¨¥ ¯à¥®¡-« ¤ îé¥£®  ¤ ¢§¬ãç¨¢ ¨¥¬ ®á ¦¤¥¨ï ¢§¢¥è¥-ëå ¢ ¢®¤®¬ ¯®â®ª¥ â¢¥à¤ëå ç áâ¨æ. �®à¬¨à®-¢ ¨¥  ªâ¨¢®£® á«®ï ¢ ¯à¨æ¨¯¥ ¬®¦® ¯à¨¡«¨-¦¥® ãç¥áâì, ®áâ ¢ ïáì ¢ à ¬ª å à¥ «¨§®¢ ®©¢ëè¥ ¬®¤¥«¨, ® á ã¦¥ § ¢¨áïé¨¬¨ ®â t ª®íää¨-æ¨¥â ¬¨ ¢ £à ¨ç®¬ ãá«®¢¨¨   ¢¥àå¥© £à ¨-æ¥ ���. �ïâ¨¥ ¤àã£¨å ¤®¯ãé¥¨© ¢¥¤¥â ª ¡®«¥¥áãé¥áâ¢¥®¬ã ãá«®¦¥¨î ä®à¬ã«¨à®¢ª¨ ¬ â¥-¬ â¨ç¥áª®© § ¤ ç¨ à á¯à®áâà ¥¨ï �� ¨ ¢ § -ç¨â¥«ì®© áâ¥¯¥¨ ®á«®¦ï¥â ¯®«ãç¥¨¥ â®ç®£®à¥è¥¨ï. �¬¥® áâà®£®áâì ¯®«ãç¥®£® ¢ëè¥ à¥-è¥¨ï ¨ áà ¢¨â¥«ì® ¥¡®«ìè®¥ ª®«¨ç¥áâ¢® ¬®-¤¥«ìëå ¯ à ¬¥âà®¢ á¯®á®¡áâ¢ãîâ ¥£® ¨á¯®«ì§®-¢ ¨î ¯à¨ ®¡®á®¢ ¨¨ ¬¥â®¤®«®£¨¨ íªá¯¥à¨¬¥-â «ìëå ¨áá«¥¤®¢ ¨© ¨ ¯à¨¡«¨¦¥ëå à¥è¥¨©  «®£¨çëå § ¤ ç. �¥§ã«ìâ âë ®¡áâ®ïâ¥«ì®£®  «¨§  § ª®®¬¥à®áâ¥© ¯¥à¥®á  �� ¢ ��� ¨ ¨å¢ë®á  ¢ ¯®¤áâ¨« îé¨© £àãâ, ¢ë¯®«¥®£®  ¡ §¥ ¤ ®£® à¥è¥¨ï ¤«ï à §®®¡à §ëå ä¨§¨ª®-å¨¬¨ç¥áª¨å á¢®©áâ¢ ¢ ��� ¨ ¢®¤®¨áâ®ç¨ª¥, ¯à¥¤-áâ ¢«¥ë ¢® ¢â®à®© ç áâ¨ à ¡®âë.1. Huyakorn P. S., Lester B. H., Mercer J. W. An e�-cient �nite element technique for modeling transport58 �. �. �®«ïª®¢
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