
ISSN 1561 -9087 �à¨ª« ¤  £÷¤à®¬¥å ÷ª . 2000. �®¬ 2 (74), N 4. �. 119 { 125��� 532.593��������� ������ �������� ����������������� � �������� ���������� ��������. �. ��������áâ¨âãâ £¨¤à®¬¥å ¨ª¨ ��� �ªà ¨ë, �¨¥¢�®«ãç¥® 21.06.2000�  ®á®¢¥ £ «¥àª¨áª®© ¯à®æ¥¤ãàë ¨áª«îç¥¨ï "¥¢®«®¢®©" ª®®à¤¨ âë à §à ¡®â   ¬¥â®¤¨ª  ¯®áâà®¥¨ï ª¢ -§¨âà¥å¬¥àëå ¬®¤¥«¥© âà áä®à¬ æ¨¨ ¢®« ¢ ¦¨¤ª®áâ¨ ª®¥ç®© ¯¥à¥¬¥®© £«ã¡¨ë. � ¥¥ ¯®¬®éìî ¨áå®¤ ïâà¥å¬¥à ï «¨¥© ï § ¤ ç  á¢¥¤¥  ª à¥è¥¨î á¨áâ¥¬ë N ¤¢ã¬¥àëå ¢ ¯« ¥ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢ç áâëå ¯à®¨§¢®¤ëå. � ç áâ®¬ á«ãç ¥ N = 1 ¯®«ãç¥ë ãà ¢¥¨ï âà áä®à¬ æ¨¨ ¢®« ¤«ï ¬ «ëå ¨ ¤®áâ â®ç®¡®«ìè¨å ãª«®®¢ ¤ , ¢ë¢¥¤¥ë¥ à ¥¥ �¥àª£®ä®¬ ¨  ¢â®à®¬ ¬¥â®¤®¬ ®áà¥¤¥¨ï ¯® £«ã¡¨¥. �®ª § ®, çâ® ¢¢¥-¤¥¨¥ ¢¥á®¢®© äãªæ¨¨ ¢ ¯à®æ¥¤ãàã � «¥àª¨  ¯®§¢®«ï¥â § ç¨â¥«ì® ã«ãçè¨âì áâ¥¯¥ì ¯à¨¡«¨¦¥¨ï ã¯à®é¥®©¬®¤¥«¨ ª ä¨§¨ç¥áª¨ ®¡®á®¢ ë¬ à¥§ã«ìâ â ¬.�  ®á®¢÷ ¯à®æ¥¤ãà¨ � «¥àª÷  ¯® ¢¨ª«îç¥î "¥å¢¨«ì®¢®ù" ª®®à¤¨ â¨ à®§à®¡«¥  ¬¥â®¤¨ª  ¯®¡ã¤®¢¨ ª¢ §÷âàì®å-¢¨¬÷à¨å ¬®¤¥«¥© âà áä®à¬ æ÷ù å¢¨«ì ¢ à÷¤¨÷ ®¡¬¥¦¥®ù §¬÷®ù £«¨¡¨¨. � ùù ¤®¯®¬®£®î § £ «ì  âàì®å¢¨¬÷à «÷÷©  § ¤ ç  §¢¥¤¥  ¤® à®§¢'ï§ªã á¨áâ¥¬¨ N ¤¢®¢¨¬÷à¨å ¢ ¯« ÷ ¤¨ä¥à¥æ÷©¨å à÷¢ïì ¢ ç áâ¨¨å ¯®å÷¤¨å.� ®ªà¥¬®¬ã ¢¨¯ ¤ªã N = 1 ®âà¨¬ ® à÷¢ïï âà áä®à¬ æ÷ù å¢¨«ì ¤«ï ¬ «¨å â  ¤®á¨âì ¢¥«¨ª¨å  å¨«÷¢ ¤ ,ïª÷ ¡ã«¨ à ÷è¥ ®âà¨¬ i �¥àª£®ä®¬ â   ¢â®à®¬ ¬¥â®¤®¬ ®á¥à¥¤¥ï ¯® £«¨¡¨÷. �®ª § ®, é® ¢¢¥¤¥ï ¢ £®¢®ùäãªæ÷ù ¢ ¯à®æ¥¤ãàã � «¥àª÷   ¤ õ §¬®£ã § ç® ¯®ªà é¨â¨ áâã¯÷ì  ¡«¨¦¥ï á¯à®é¥®ù ¬®¤¥«÷ ¤® ä÷§¨ç®®¡£àãâ®¢ ¨å à¥§ã«ìâ â÷¢.On the basis of the Galyorkin procedure of the non{wave coordinate elimination the technique of the construction ofquasi{three{dimensional models of wave transformation for the uid of the �nite variable depth is developed. Using thetechnique the initial three{dimensional linear problem is reduced to the solving of the system of N two{dimensional in planpartial equations. Speci�cally for N = 1 the wave transformation equations for small and rather large bottom gradientswere obtained; previously they were deduced by Berkho� and the author using the depth{averaging method. It is shownthat the introduction of the weight function into the Galyorkin procedure permits to improve reasonably the range ofapproximation of the simpli�ed model to the physically valid results.���������à¨ à á¯à®áâà ¥¨¨ ¯®¢¥àå®áâëå ¢®«  ¤¤®®© ¯®¢¥àå®áâìî á® á«®¦ë¬ à¥«ì¥ä®¬ ¨«¨¯à¨  «¨ç¨¨   íâ®© ¯®¢¥àå®áâ¨ «®ª «ìëå ¥®¤-®à®¤®áâ¥© â¨¯  ¢ëáâã¯®¢, ¢¯ ¤¨, ª  «®¢ ¨«¨¢ «®¢ á«®¦®£® ¯®¯¥à¥ç®£® á¥ç¥¨ï ¨¬¥¥â ¬¥áâ®áãé¥áâ¢¥®¥ ¯¥à¥ä®à¬¨à®¢ ¨¥ áâàãªâãàë ¢®«-®¢®£® ¯®«ï. �¨á«¥®¥ à¥è¥¨¥ íâ®£® ª« áá  § -¤ ç ¢ ®¡é¥© âà¥å¬¥à®© «¨¥©®© ¯®áâ ®¢ª¥ âà¥-¡ã¥â ®ç¥ì ¡®«ìè¨å ¢ëç¨á«¨â¥«ìëå § âà â ¨ ¥¢á¥£¤  ¬®¦¥â ¡ëâì ¤®¢¥¤¥® ¤® ª®ªà¥âëå à¥-§ã«ìâ â®¢ ¢ á¨«ã ¥¨§¡¥¦®© ¯®£à¥è®áâ¨, á¢ï-§ ®© á ¡®«ìè¨¬ ®¡ê¥¬®¬ ¢ëç¨á«¥¨©.� á¢ï§¨ á íâ¨¬  ¬¥â¨«¨áì âà¨ ¯®¤å®¤  ª ¯à¨-¡«¨¦¥®¬ã à¥è¥¨î íâ¨å § ¤ ç.�¥à¢ë© { ®á®¢ ë©    á¨¬¯â®â¨ç¥áª®¬ à §-«®¦¥¨¨ à¥è¥¨ï § ¤ ç¨ ¯® áâ¥¯¥ï¬ ¬ «®£® ¯ -à ¬¥âà , å à ªâ¥à¨§ãîé¥£® ®â®è¥¨¥ à §¬¥à®¢¥®¤®à®¤®áâ¨ ª ¤«¨¥  ¡¥£ îé¥© ¢®«ë [1{3],{ â ª  §ë¢ ¥¬ ï ¤«¨®¢®«®¢ ï  á¨¬¯â®â¨ª .�â®à®© ®á®¢    ¬¥â®¤¥ ¯ à ¡®«¨ç¥áª®©  ¯-¯à®ªá¨¬ æ¨¨, ä ªâ¨ç¥áª¨ á¢®¤ïé¨© ¨áå®¤ãî § -¤ çã âà áä®à¬ æ¨¨ ¢®«   ¥®¤®à®¤®áâïå à¥-«ì¥ä  ¤®®© ¯®¢¥àå®áâ¨ ¯à¨ ¬¥¤«¥®¬ ¨§¬¥¥-¨¨ £«ã¡¨ë ª à¥äà ªæ¨®®© § ¤ ç¥ [4{6], â.¥. ª®-

à®âª®¢®«®¢ ï  á¨¬¯â®â¨ª .�à¥â¨© ¯®¤å®¤ ®á®¢    á¢¥¤¥¨¨ ¨áå®¤®©âà¥å¬¥à®© § ¤ ç¨ âà áä®à¬ æ¨¨ ¢®« ¢ ¦¨¤ª®-áâ¨ ª®¥ç®© £«ã¡¨ë ª ¥ª®â®à®¬ã ¤¢ã¬¥à®¬ããà ¢¥¨î, ¯à¨ ª®â®à®¬ ¥  ª« ¤ë¢ îâáï ®£à -¨ç¥¨ï   å à ªâ¥àë© à §¬¥à ¥®¤®à®¤®áâ¨.� à ¬ª å íâ®£® ¯®¤å®¤  ¢ à ¡®â¥ [7] á ¯®¬®éìî®áà¥¤¥¨ï ¯® £«ã¡¨¥ ¨áå®¤®© âà¥å¬¥à®© § ¤ -ç¨ ¡ë«® ¯®«ãç¥® ãà ¢¥¨¥, ®¯¨áë¢ îé¥¥ âà á-ä®à¬ æ¨î ¢®« ¢ ¦¨¤ª®áâ¨ ª®¥ç®© ¯¥à¥¬¥®©£«ã¡¨ë ¤«ï ¤®áâ â®ç® ¬ «ëå ãª«®®¢ ¤ . �¤ «ì¥©è¥¬ íâ® ãà ¢¥¨¥ ¡ë«® ®¡®¡é¥®   ¥-áâ æ¨® àë© á«ãç © [8] ¨ ãçâ¥ë ¤®¯®«¨â¥«ì-ë¥ ç«¥ë, ®¯¨áë¢ îé¨¥ ¢«¨ï¨¥ ãª«®  ¤  [9].� à ¡®â¥ [10] â ª¦¥ ¬¥â®¤®¬ ®áà¥¤¥¨ï ¯® £«ã-¡¨¥ ãà ¢¥¨¥ �¥àª£®ä  ¡ë«® ®¡®¡é¥®   á«ã-ç © ¤®áâ â®ç® ¡®«ìè¨å ãª«®®¢ ¤  ¨ ãáâ ®-¢«¥ë ¯à¥¤¥«ë ¥£® ¯à¨¬¥¨¬®áâ¨. �®§¤¥¥ ¡ë«®¯®ª § ®, çâ® ¢ë¢¥¤¥®¥ ãà ¢¥¨¥ ¤®áâ â®ç®å®à®è® ®¯¨áë¢ ¥â ¯¥à¥ä®à¬¨à®¢ ¨¥ áâàãªâãàë¢®«®¢®£® ¯®«ï ¯à¨  «¨ç¨¨ ¤®ëå ¥®¤®à®¤®-áâ¥©, å à ªâ¥àë¥ à §¬¥àë ª®â®àëå á®¯®áâ ¢¨¬ëá ¤«¨®©  ¡¥£ îé¨å   ¨å ¢®«,   ãª«®ë ¤ ¡«¨§ª¨ ª ¥¤¨¨æ¥ [11].�  áâ®ïé¥© à ¡®â¥ ®¡  ¯®«ãç¥ëå à ¥¥ ¢ à -¡®â å [7,10] ãà ¢¥¨ï ¢ë¢®¤ïâáï á ¯®¬®éìî ¡®«¥¥c �. �. �ª®¢«¥¢, 2000 119



ISSN 1561 -9087 �à¨ª« ¤  £÷¤à®¬¥å ÷ª . 2000. �®¬ 2 (74), N 4. �. 119 { 125®¡é¥© £ «¥àª¨áª®© ¯à®æ¥¤ãàë ¨áª«îç¥¨ï "¥-¢®«®¢®©" ª®®à¤¨ âë, áãâì ª®â®à®© ¤®áâ â®ç®¯®«® ¨§«®¦¥  ¢ [12]. �à âª® ®  á®áâ®¨â ¢ á«¥-¤ãîé¥¬.�ãáâì ¥¨§¢¥áâ ï äãªæ¨ï u(x; y; z) ã¤®¢«¥â¢®-àï¥â ¢ ¥ª®â®à®© ®¡« áâ¨ 
 «¨¥©®¬ã ¥®¤®à®¤-®¬ã ãà ¢¥¨î Lu� f = 0 (1)¨ ¥ª®â®àë¬ ®¤®à®¤ë¬ ªà ¥¢ë¬ ãá«®¢¨ï¬. �ë-¡¥à¥¬ ¡¥áª®¥çãî ¯®á«¥¤®¢ â¥«ì®áâì ª®®à¤¨- âëå äãªæ¨© Zi(x; y; z), § ¢¨áïé¨å, ¢ ®¡é¥¬á«ãç ¥, ¥ â®«ìª® ®â "¥¢®«®¢®©" ª®®à¤¨ âë ¨¤®áâ â®ç®¥ ç¨á«® à § (¢ á®®â¢¥âáâ¢¨¨ á ¯®áâ -®¢ª®© § ¤ ç¨) ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ëå ¢§ ¬ªãâ®© ®¡« áâ¨ 
 = 
+ S.� áá¬®âà¨¬ äãªæ¨îuN (x; y; z) = NXi=0  i(x; y)Zi(x; y; z): (2)�® ¬¥â®¤ã � «¥àª¨  ª®íää¨æ¨¥âë  i ®¯à¥¤¥«ï-îâáï ¨§ âà¥¡®¢ ¨ï, çâ®¡ë «¥¢ ï ç áâì ãà ¢¥¨ï(1) áâ «  ¯®á«¥ ¯®¤áâ ®¢ª¨ ¢ ¥¥ uN ¢¬¥áâ® u ®à-â®£® «ì®© ª äãªæ¨ï¬ Z0; :::; ZN [13].�¥¬ á ¬ë¬ ¬ë ¯®«ãç¨¬ «¨¥©ãî á¨áâ¥¬ã ãà ¢-¥¨© ¤«ï ª®¥ç®£® ç¨á«  äãªæ¨©  i:< Zj ; NXi=0 L[ i(x; y)Zi(x; y; z)] > == < Zj ; f >; (3)£¤¥ < '; > ®§ ç ¥â áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥äãªæ¨©.� ª ®â¬¥ç ¥âáï ¢ [12], ¢ë¡®à N ¢ à ¬ª å £ -«¥àª¨áª®© ¯à®æ¥¤ãàë ¥ ¬®¦¥â ¡ëâì ¯à®¨§¢¥¤¥.�¤ ª® ¯à¨ ã¤ ç®¬ ¯®¤¡®à¥ ª®®à¤¨ âëå äãª-æ¨© Zi ¨ ¢¥á®¢®© äãªæ¨¨ � á«¥¤ã¥â ®¦¨¤ âì, çâ®ã¦¥ ¯à¨ ¬ «ëå § ç¥¨ïå N ¯®«ãç¥ë¥ ãà ¢¥-¨ï ¡ã¤ãâ ¤®áâ â®ç® å®à®è® ®¯¨áë¢ âì ¯¥à¥ä®à-¬¨à®¢ ¨¥ áâàãªâãàë ¢®«®¢®£® ¯®«ï.1. ������ ����� ������� ���� áá¬®âà¨¬ â¥¯¥àì ¯à¨¬¥¥¨¥ £ «¥àª¨áª®©¯à®æ¥¤ãàë ¤«ï ¨áª«îç¥¨ï "¥¢®«®¢®©" ª®®à¤¨- âë ¢ «¨¥©®© § ¤ ç¥ âà áä®à¬ æ¨¨ £ à¬®¨-ç¥áª¨å ¯®¢¥àå®áâëå ¢®« ¢ ¦¨¤ª®áâ¨ ª®¥ç®©¯¥à¥¬¥®© £«ã¡¨ë H(x; y).�áå®¤ë¥ ãà ¢¥¨ï ¤ ®© § ¤ ç¨ ¨¬¥îâ ¢¨¤@2'@x2 + @2'@y2 + @2'@z2 = 0; (4)

�@'@z � !2g '�z=0 = 0; (5)�@'@z + ~r' � ~rH�z=�H(x;y) = 0: (6)�¢¥¤¥¬ ¡¥§à §¬¥àë¥ ¯¥à¥¬¥ë¥(x�; y�; z�;H�) = (x; y; z;H)=�0;'� = '!=�0g; �0 = g=!2:�à¥¤¯®«®¦¨¬ á ç « , çâ® £à ¤¨¥âë £«ã¡¨ëï¢«ïîâáï ¬ «ë¬¨ [7], â.¥.~rH = "~r�H�; " = =�; � = H0=�0;£¤¥ H0 { áà¥¤ïï £«ã¡¨  ¦¨¤ª®áâ¨;  { áà¥¤¨©ãª«® ¤    à ááâ®ï¨¨H0; �0 { å à ªâ¥à ï ¤«¨-  ¢®«ë   £«ã¡®ª®© ¢®¤¥.�à¨ â ª®¬ ®¡¥§à §¬¥à¨¢ ¨¨ á¨áâ¥¬  ãà ¢-¥¨© (4){(6) § ¯¨áë¢ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬(§¢¥§¤®çª¨ ¢ ¤ «ì¥©è¥¬ ®¯ãáª ¥¬):�' = 0; (7)�@'@z � '�z=0 = 0; (8)�@'@z + "~r' � ~rH�z=�H(x;y) = 0: (9)� [13] ¯®ª § ®, çâ® ¤«ï ãà ¢¥¨ï � ¯« á ãá«®¢¨ï â¨¯  (8){(9) ï¢«ïîâáï ¥áâ¥áâ¢¥ë¬¨, ¨¬ë ¬®¦¥¬ ¯à¨¬¥¨âì ¯à®æ¥¤ãàã � «¥àª¨ , ¥¯®¤ç¨ïï, ¢ ¯à¨æ¨¯¥, ª®®à¤¨ âë¥ äãªæ¨¨ ¨-ª ª¨¬ ªà ¥¢ë¬ ãá«®¢¨ï¬.� ª ç¥áâ¢¥ ª®®à¤¨ âëå äãªæ¨© ¢ë¡¥à¥¬äãªæ¨¨Zn = chk(z +H)chkH z2n; n = 0; 1; :::;N; (10)¤®áâ â®ç®¥ ç¨á«® à § ¥¯à¥àë¢® ¤¨ää¥à¥æ¨-àã¥¬ë¥ ¨ ã¤®¢«¥â¢®àïîé¨¥ £à ¨ç®¬ã ãá«®¢¨î  á¢®¡®¤®© ¯®¢¥àå®áâ¨ ¦¨¤ª®áâ¨. � ¢ëà -¦¥¨¨ (10) k { ¤¥©áâ¢¨â¥«ìë© ¯®«®¦¨â¥«ìë©ª®à¥ì ¡¥§à §¬¥à®£® ¤¨á¯¥àá¨®®£® ãà ¢¥¨ïk thkH = 1.�¢¥¤¥¬ áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥< f; g > = 0Z�H(x;y) �fgdz; (11)£¤¥ � = �(x; y; z) { ¥ª®â®à ï ¢¥á®¢ ï äãªæ¨ï.120 �. �. �ª®¢«¥¢



ISSN 1561 -9087 �à¨ª« ¤  £÷¤à®¬¥å ÷ª . 2000. �®¬ 2 (74), N 4. �. 119 { 125�ãáâì � � 1, â®£¤  ¨§ ãà ¢¥¨ï (3) á ãç¥â®¬(7) ¨ (11) ¯®«ãç¨¬0Z�H(x;y Zj NXi=0�Zir2 i +  ir2Zi++2~r i � ~rZi +  i @2Zi@z2 �dz = 0: (12)� ¢ëà ¦¥¨¨ (12) ¨ ¤ «¥¥ ®¯¥à â®à ~r ¤¥©áâ¢ã¥ââ®«ìª® ¢ £®à¨§®â «ì®© ¯«®áª®áâ¨ (x; y). �à ¨ç-ë¥ ãá«®¢¨ï (8){(9) á ãç¥â®¬ (10) ¯à¥¤áâ ¢«ïîâáïá«¥¤ãîé¨¬ ®¡à §®¬:NXi=0 'i�@Zi@z � Zi�z=0 = 0; (13)NXi=0� i @Zi@z + "� i(~rZi � ~rH)++Zi(~r i � ~rH)��z=�H(x;y) = 0; (14)£¤¥ ~rZi = "@Zi@H ~rH;r2Zi = "2�@2Zi@H2 (~rH � ~rH) + @Zi@Hr2H�: (15)�à ¢¥¨¥ (12) á ãç¥â®¬ (15) ¯à¥¤áâ ¢¨¬ á«¥¤ã-îé¨¬ ®¡à §®¬:NXi=0� 0Z�H(x;y) �ZjZir2 i + 2"Zj @Zi@H (~r i � ~rH)++ iZj"2�@2Zi@H2 (~rH � ~rH)++@Zi@Hr2H��dz + 0Z�H(x;y)  iZj @2Zi@z2 dz�: (16)�â®à®© ¨â¥£à « ¢ ¢ëà ¦¥¨¨ (16) á ¯®¬®éìîä®à¬ã«ë �à¨  § ¯¨è¥¬ ¢ ¢¨¤¥ i 0Z�H(x;y) Zj @2Zi@z2 dz == � i 0Z�H(x;y) @Zj@z @Zi@z dz +  iZj @Zi@z ���0�H(x;y): (17)

�®¤áâ ¢¨¢ ¢ëà ¦¥¨¥ (17) ¢ ãà ¢¥¨¥ (16) áãç¥â®¬ (13){(15), ¯®«ãç¨¬NXi=0� 0Z�H(x;y) �ZjZir2 i + 2"Zj @Zi@H (~r i � ~rH)++"2 iZj�@2Zi@H2 (~rH � ~rH) + @Zi@Hr2H��� i @Zi@z @Zj@z �dz++"ZiZj(~r i � ~rH)���z=�H(x;y)+ iZiZj���z=0++"2 i(~rH � ~rH)Zj @Zi@H ���z=�H(x;y)� = 0: (18)�áâ ¢¨¢ ¢ (18) ç«¥ë ¯®àï¤ª  ", ¡ã¤¥¬ ¨¬¥âìNXi=0�r2 i 0Z�H(x;y) ZjZidz + 2"(~r i � ~rH)�� 0Z�H(x;y) Zj @Zi@H dz �  i 0Z�H(x;y) @Zj@z @Zi@z dz++ iZj�Zi���z=0�+ "(~r i � ~rH)���ZiZj���z=�H(x;y)�� = 0; j = 0; :::; N: (19)� ª¨¬ ®¡à §®¬, ¯®«ãç¨«¨ á¨áâ¥¬ã ãà ¢¥¨©N + 1 ¯®àï¤ª  ¤«ï ®¯à¥¤¥«¥¨ï äãªæ¨©  i, ª®-â®àë¥ ¥ § ¢¨áïâ ®â ª®®à¤¨ âë z. � ç áâ®¬á«ãç ¥, ¯à¨ N = 0, ¨§ ãà ¢¥¨ï (19) á«¥¤ã¥â:r2 0 0Z�H(x;y) Z20dz + "(~r 0 � ~rH) 0Z�H(x;y) @Z20@H dz�� 0 0Z�H(x;y)�@Z0@z �2dz +  0Z20 ���z=0++"(~r 0 � ~rH)Z20 ���z=�H(x;y)= 0: (20)�ç¨âë¢ ï, çâ®0Z�H(x;y) @Z20@H dz = @@H� 0Z�H(x;y) Z20dz��Z20 ���z=�H(x;y);�. �. �ª®¢«¥¢ 121



ISSN 1561 -9087 �à¨ª« ¤  £÷¤à®¬¥å ÷ª . 2000. �®¬ 2 (74), N 4. �. 119 { 125§ ¯¨è¥¬ ãà ¢¥¨¥ (20) ¢ ¢¨¤¥r2 0� 0Z�H(x;y) Z20dz�+ " @@H� 0Z�H(x;y) Z20dz���~r 0 � ~rH �  0 0Z�H(x;y)�@Z0@z �2dz +  0Z20 ���z=0= 0¨«~̈r �� 0Z�H(x;y) Z20dz�~r 0 �  0 0Z�H(x;y)�@Z0@z �2dz++ 0Z20 ���z=0= 0:�à¨¨¬ ï ¢® ¢¨¬ ¨¥, çâ®0Z�H(x;y) Z20dz = 12k2�1 + 2kHsh2kH�;0Z�H(x;y)�@Z0@z �2dz = 12�1� 2kHsh2kH�;Z20 ���z=0= 1;®ª®ç â¥«ì® ¯®«ãç¨¬~r � 12k2�1 + 2kHsh2kH�~r 0++12�1 + 2kHsh2kH� 0 = 0: (21)�¢®¤ï ®¡®§ ç¥¨ïn = 12�1 + 2kHsh2kH�; cg = nc; c = !=k¨ ¯¥à¥å®¤ï ª à §¬¥àë¬ ¯¥à¥¬¥ë¬, ¯¥à¥¯¨è¥¬ãà ¢¥¨¥ (21) ¢ ¢¨¤¥~r � (c cg ~r 0) + !2 cgc  0 = 0: (22)�à ¢¥¨¥ (22) á ãç¥â®¬ ¯à¥¤áâ ¢«¥¨ï (2) ®¯¨-áë¢ ¥â âà áä®à¬ æ¨î ¢®« ¢ ¦¨¤ª®áâ¨ ª®¥ç®©¯¥à¥¬¥®© £«ã¡¨ë á ¬ «ë¬¨ ãª«® ¬¨ ¤ . �®¡ë«® ¯®«ãç¥® �¥àª£®ä®¬ [7] á ¯®¬®éìî ¬¥¥¥ ®¡-é¥© ¯à®æ¥¤ãàë ®áà¥¤¥¨ï ¯® £«ã¡¨¥ ¨áå®¤®©âà¥å¬¥à®© § ¤ ç¨ âà áä®à¬ æ¨¨ ¢®« ¢ ¦¨¤ª®-áâ¨ ¯¥à¥¬¥®© £«ã¡¨ë.

2. ������ ���������� �������������� ���� á«ãç ¥, ª®£¤  £à ¤¨¥âë £«ã¡¨ë ¥ ï¢«ïîâáï¬ «ë¬¨ (j ~rH j= O(1)), ¢ á¨áâ¥¬¥ (7){(9) £à ¨ç-®¥ ãá«®¢¨¥   ¤¥ § ¯¨áë¢ ¥âáï á«¥¤ãîé¨¬ ®¡à -§®¬: �@'@z + ~r' � ~rH�z=�H(x;y) = 0:�®®â¢¥âáâ¢ãîé¥¥ ãà ¢¥¨¥ (14) ¯à¨¬¥â ¢¨¤NXi=0� i @Zi@z +  i(~rZi � ~rH)++Zi(~r i � ~rH)�z=�H(x;y) = 0:� ª ç¥áâ¢¥ ¢¥á®¢®© äãªæ¨¨ ¢ë¡¥à¥¬ äãªæ¨î�(x; y; z) = chkHchk(z +H) : (23)�®£¤  ¨§ ãà ¢¥¨ï (3) á ãç¥â®¬ (7), (10), (11) ¨(23) ¯®«ãç¨¬0Z�H(x;y) z2j NXi=0�Zir2 i +  ir2Zi++2~r i � ~rZi +  i@2Zi@z2 �dz = 0¨«¨ NXi=0� 0Z�H(x;y) �z2jZir2 i + 2z2j ir2Zi++2z2j(~r i � ~rZi)� 2j iz2j�1@Zi@z �dz++z2jZi(~r i � ~rH)���z=�H(x;y)++ iz2j(~rZi � ~rH)���z=�H(x;y)++ iz2jZi���z=0� = 0: (24)�á¯®«ì§ãï ä®à¬ã«ë ¤¨ää¥à¥æ¨à®¢ ¨ï ¨â¥-£à «  á ¯¥à¥¬¥ë¬¨ ¯à¥¤¥« ¬¨�(x;y)Z�(x;y) ~rf(x; y; z)dz = ~r �(x;y)Z�(x;y) f(x; y; z)dz�122 �. �. �ª®¢«¥¢



ISSN 1561 -9087 �à¨ª« ¤  £÷¤à®¬¥å ÷ª . 2000. �®¬ 2 (74), N 4. �. 119 { 125�f(x; y; �)~r� + f(x; y; �)~r�;�(x;y)Z�(x;y) r2f(x; y; z)dz = r2 �(x;y)Z�(x;y) f(x; y; z)dz��2~rf(x; y; �) � ~r� + 2~rf(x; y; �) � ~r���f(x; y; �)r2� + f(x; y; �)r2�;¨§ ãà ¢¥¨ï (24) ¯®«ãç ¥¬:NXi=0�� 0Z�H(x;y) z2jZidz�r2 i++2~r i � ~r� 0Z�H(x;y) z2jZidz�++ i�r2� 0Z�H(x;y) z2jZidz���2j� 0Z�H(x;y z2j�1@Zi@z dz���z2j ~rZi���z=�H(x;y)�~rH � z2jZi���z=�H(x;y)r2H++z2jZi���z=0i� z2jZi���z=�H(x;y)(~r i � ~rH)o == 0; j = 0; :::; N: (25)� ç áâ®¬ á«ãç ¥, ª®£¤  £«ã¡¨  ¦¨¤ª®áâ¨ ï¢«ï-¥âáï äãªæ¨¥© â®«ìª® ®¤®© ª®®à¤¨ âë H =H(x), á¨áâ¥¬  ãà ¢¥¨© (25) á¢®¤¨âáï ª á¨áâ¥¬¥N + 1 ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥-¨© á ¯¥à¥¬¥ë¬¨ ª®íää¨æ¨¥â ¬¨ ®â®á¨â¥«ì-® äãªæ¨© �i(x) ( i(x; y) = �i(x)�(y)). � ¤àã-£®¬ ç áâ®¬ á«ãç ¥, ¯à¨ N = 0, ¨§ ãà ¢¥¨ï (25)á«¥¤ã¥â:� 0Z�H(x;y) Z0dz�r2 0 + 2~r 0 � ~r� 0Z�H(x;y) Z0dz�++Z0���z=�H(x;y)(~r 0 � ~rH)++ 0�r2 0Z�H(x;y) Z0dz � ~rZ0���z=�H(x;y)�~rH��Z0���z=�H(x;y)�r2H + Z0���z=0� = 0:

�à¨¨¬ ï ¢® ¢¨¬ ¨¥, çâ®0Z�H(x;y) Z0dz = 1k thkH = k�2;~rZ0���z=�H(x;y)= ~r(chkH)�1;Z0���z=�H(x;y)= (chkH)�1; Z0���z=0= 1;¯®«ãç ¥¬ ãà ¢¥¨¥k�2r2 0 + 2~r 0 � ~r(k�2)��(chkH)�1~r 0 � ~rH++ 0[1 +r2(k�2)� ~r � (chkH)�1~rH]� (26)�(chkH)�1r2H = 0;¢ë¢¥¤¥®¥ ¢ à ¡®â¥ [10] á ¯®¬®éìî ®áà¥¤¥¨ï ¯®£«ã¡¨¥ ¨áå®¤®© âà¥å¬¥à®© § ¤ ç¨ âà áä®à¬ -æ¨¨ ¢®« ¢ ¦¨¤ª®áâ¨ ª®¥ç®© ¯¥à¥¬¥®© £«ã¡¨-ë. � ãç¥â®¬ ¯à¥¤áâ ¢«¥¨ï (2) ãà ¢¥¨¥ (26)®¯¨áë¢ ¥â âà áä®à¬ æ¨î ¢®« ¢ ¦¨¤ª®áâ¨ ª®-¥ç®© ¯¥à¥¬¥®© £«ã¡¨ë ¯à¨ ¤®áâ â®ç® ¡®«ì-è¨å ãª«® å ¤ .3. ������ �������� �������������������� áá¬®âà¨¬ ¯à¥¤¥«ë ¯à¨¬¥¨¬®áâ¨ ¯®áâà®¥-ëå ¢ëè¥ ãà ¢¥¨© (22) ¨ (26).� ¯à¥¤¥«ì®¬ á«ãç ¥ ¤«¨ëå ¢®« ¯à¨ kH � 1äãªæ¨ï Z, ®¯¨áë¢ îé ï § ¢¨á¨¬®áâì ¢®«®¢®-£® ¯®«ï ®â ¢¥àâ¨ª «ì®© ª®®à¤¨ âë, áâà¥¬¨â-áï ª ¥¤¨¨æ¥, ¨ ãà ¢¥¨ï (22) ¨ (26) ¯¥à¥å®¤ïâ¢ ãà ¢¥¨ï â¥®à¨¨ ¬¥«ª®© ¢®¤ë ¢ ¦¨¤ª®áâ¨ ¯¥-à¥¬¥®© £«ã¡¨ë. � ¤àã£®¬ ¯à¥¤¥«ì®¬ á«ãç ¥H =const ®¡  íâ¨ ãà ¢¥¨ï ®¯¨áë¢ îâ à á¯à®-áâà ¥¨¥ ¢®« ¢ ¦¨¤ª®áâ¨ ª®¥ç®© ¯®áâ®ï®©£«ã¡¨ë.�à ¢¥¨¥ (22) ¯®«ãç¥® á â®ç®áâìî ¯®àï¤ª O("2), £¤¥ ¬ «ë© ¯ à ¬¥âà " å à ªâ¥à¨§ã¥â ¨§¬¥-¥¨¥ £«ã¡¨ë   à ááâ®ï¨¨ ¯®àï¤ª  ¤«¨ë ¢®«-ë, â.¥. ®® á¯à ¢¥¤«¨¢® ¤«ï ¤®áâ â®ç® ¯« ¢ëå¥®¤®à®¤®áâ¥©.�à¨ ¢ë¢®¤¥ ãà ¢¥¨ï (26) ¬ë ¥  « £ «¨, ¢®-®¡é¥ £®¢®àï, ¨ª ª¨å ãá«®¢¨©   £à ¤¨¥âë £«ã-¡¨ë. �¤ ª® íâ® ãá«®¢¨¥ ¢ ¢¨¤¥ á®®â®è¥¨ïj~rH1j � O(1) ¥ï¢® á«¥¤ã¥â ¨§ à¥è¥¨ï ãà ¢-¥¨ï (26) ¢ ¡¥§à §¬¥à®© ä®à¬¥ ¨ £à ¨ç®£®ãá«®¢¨ï (6). �¤ ª® ç¨á«¥ë¥ íªá¯¥à¨¬¥âë [7,14] ¯®ª §ë¢ îâ, çâ® ¬®¤¥«ì ¤®áâ â®ç® å®à®è®�. �. �ª®¢«¥¢ 123



ISSN 1561 -9087 �à¨ª« ¤  £÷¤à®¬¥å ÷ª . 2000. �®¬ 2 (74), N 4. �. 119 { 125®¯¨áë¢ ¥â ¯à¥®¡à §®¢ ¨¥ áâàãªâãàë ¢®«®¢®£®¯®«ï ¨ ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å ãª«® å ¤  ¯à¨� � 0:3 ( = H0=l { å à ªâ¥àë© ãª«® ¤ ,� = l=�0 { ®â®è¥¨¥ å à ªâ¥à®© ¢¥«¨ç¨ë ®¡« -áâ¨ ¯¥à¥¬¥®© £«ã¡¨ë ª ¤«¨¥  ¡¥£ îé¥© ¢®«-ë). �§ íâ®£® ãá«®¢¨ï á«¥¤ã¥â, çâ® ç¥¬ ¡®«ìè¥ãª«® ¤ , â¥¬ ¤«ï ¬¥ìè¨å à §¬¥à®¢ ®¡« áâ¨ ¯¥-à¥¬¥®© £«ã¡¨ë á¯à ¢¥¤«¨¢® ãà ¢¥¨¥ (26) ¨ ®¡®à®â, ç¥¬ ¬¥ìè¥ ãª«® ¤ , â¥¬ ¡®«ìè¨¬ ¬®-¦¥â ¡ëâì ¯ à ¬¥âà �.� ¨¡®«¥¥ ¨â¥à¥á® áà ¢¨âì ¯à¨¬¥¨¬®áâìíâ¨å ¬®¤¥«¥© ¢ á«ãç ¥ ª®¥ç®© ¯¥à¥¬¥®© £«ã-¡¨ë. � íâ®© æ¥«ìî ¡ë«  à áá¬®âà¥  ¬®¤¥«ì- ï § ¤ ç  âà áä®à¬ æ¨¨ ¯®¢¥àå®áâëå ¢®«  ¯®¤¢®¤®¬ ¢ «¥, ¯à®ä¨«ì ª®â®à®£® ®¯¨áë¢ ¥â-áï äãªæ¨¥© H(x) = Hm + (H1 � Hm)(x=a)2. �¤¥ª àâ®¢®© á¨áâ¥¬¥ ª®®à¤¨ â ¯®¤¢®¤ë© ¢ « § -¨¬ ¥â ®¡« áâì 
2 = f�a � x � b; j y j<1; �H(x) � z � 0g. �à¥¤¯®« £ ¥âáï, çâ® ¢ ®¡« -áâ¨ 
1 = fb < x < 1; j y j<1; H1 � z � 0g  ¢ « ¯®¤ ã£«®¬ �1  ¡¥£ îâ £ à¬®¨ç¥áª¨¥ ¢®«ë á¯®â¥æ¨ «®¬ áª®à®áâ¥©'i = Achk(z +H)chkH e�i(�1x+�1y+!t); (27)£¤¥ �1 = k1 cos �3; �1 = k1 sin �1. �¥è¥¨ï ¤«ï ®â-à ¦¥ëå ¢ ®¡« áâ¨ 
1 ¨ ¯à®è¥¤è¨å ¢ ®¡« áâì
3 = f�1 < x < �a; j y j< 1; H3 � z < 0g¢®« § ¯¨áë¢ îâáï ¢ ¢¨¤¥   «¨â¨ç¥áª¨å ¢ëà ¦¥-¨©,   «®£¨çëå (27). � ®¡« áâ¨ ¯¥à¥¬¥®© £«ã-¡¨ë à¥è¥¨¥ áâà®¨âáï ç¨á«¥® á ¯®¬®éìî ¬¥-â®¤  á¯« ©{ª®««®ª æ¨© [10].
�¨á. 1.�  à¨á. 1 ¯à¥¤áâ ¢«¥® áà ¢¥¨¥ ª®íää¨æ¨¥-â®¢ ®âà ¦¥¨ï ¤«ï á«ãç ¥¢, ª®£¤  âà áä®à¬ æ¨ï¢®« ¢ ¦¨¤ª®áâ¨ ¯¥à¥¬¥®© £«ã¡¨ë ®¯¨áë¢ ¥â-áï ãà ¢¥¨ï¬¨ (22) { èâà¨å®¢ë¥ «¨¨¨ ¨ (26)

{ á¯«®èë¥ «¨¨¨ ¯à¨ a = b = 0:5;H1 = H3 =1;Hm = 0:5;H0=l = 0:15. �§ ¯à¥¤áâ ¢«¥®£® £à -ä¨ª  á«¥¤ã¥â, çâ® ¢ ®¡« áâ¨ ¬ «ëå ¢®«®¢ëå ç¨-á¥« ¯à¨ H0=� � 0:1, £¤¥ ®¡  ¨§ ¯®«ãç¥ëå ¢ë-è¥ ãà ¢¥¨© (22) ¨ (26) ¢ëà®¦¤ îâáï ¢ ãà ¢-¥¨¥ âà áä®à¬ æ¨¨ ¤«¨ëå ¢®« ¢ ¦¨¤ª®áâ¨¯¥à¥¬¥®© £«ã¡¨ë,  ¡«î¤ ¥âáï å®à®è¥¥ á®®â-¢¥âáâ¢¨¥ à¥§ã«ìâ â®¢. � ª¦¥ ¥¯«®å®¥ á®®â¢¥â-áâ¢¨¥  ¡«î¤ ¥âáï ¨ ¢ ®¡« áâ¨ ª®à®âª¨å ¢®«, £¤¥á¯à ¢¥¤«¨¢® ãà ¢¥¨¥ �¥àª£®ä . � ¯à®¬¥¦ãâ®ç-®© ®¡« áâ¨ 0:1 � H0=� � 0:25, ª®£¤  å à ªâ¥àë¥à §¬¥àë ¢ «  áà ¢¨¬ë á ¤«¨®© ¢®«ë,   ãª«®ë¥ ï¢«ïîâáï ¬ «ë¬¨, ãà ¢¥¨¥ �¥àª£®ä  ¥ ¤¥-ª¢ â® ®¯¨áë¢ ¥â à¥§® áë© å à ªâ¥à ¯®¢¥¤¥-¨ï ª®íää¨æ¨¥â  ®âà ¦¥¨ï. �®«¥¥ â®£®, á à®-áâ®¬ ¢®«®¢®£® ç¨á« , â.¥. á ã¬¥ìè¥¨¥¬ ¤«¨ë¢®«ë, ª®íää¨æ¨¥â ®âà ¦¥¨ï, à ááç¨â ë© ¯®ãà ¢¥¨î �¥àª£®ä , ¬¥¤«¥® à áâ¥â. �â® ¯à®-â¨¢®à¥ç¨â ä¨§¨ç¥áª¨¬ ¯à¥¤áâ ¢«¥¨ï¬ ® âà á-ä®à¬ æ¨¨ ¢®«   ¥®¤®à®¤®áâïå, ¯®áª®«ìªã à¥-§® áë© å à ªâ¥à ª®íää¨æ¨¥â  D ®¡ãá«®¢«¥¯¥à¥®âà ¦¥¨¥¬ ¢®«   £à ¤¨¥â å £«ã¡¨ë  £à ¨æ¥ ¯®¤¢®¤®£® ¢ « . � ã¢¥«¨ç¥¨¥¬ ¢®«®¢®-£® ç¨á«  ¯à¨¤® ï  ¬¯«¨âã¤   ¡¥£ îé¥© ¢®«ë  £à ¨æ å ¯®¤¢®¤®£® ¢ «  ã¬¥ìè ¥âáï ¢ á®®â-¢¥âáâ¢¨¨ á § ¢¨á¨¬®áâìî (10), ¨, á«¥¤®¢ â¥«ì®,¤®«¦ë ã¬¥ìè âìáï à¥§® áë¥ ¬ ªá¨¬ã¬ë ª®-íää¨æ¨¥â  ®âà ¦¥¨ï.�à®¬¥ â®£®, ¯® ¯à®æ¥¤ãà¥ ¢ë¢®¤  ãà ¢¥¨©(22) ¨ (26), ¯®«ãç¥ëå à ¥¥ ¢ à ¡®â å [7, 10], ¥-®¡å®¤¨¬® ®â¬¥â¨âì á«¥¤ãîé¥¥. �à ¢¥¨e �¥àª-£®ä  ¢ë¢¥¤¥® ¢ â®ç®¬ á®®â¢¥âáâ¢¨¨ á ¯à®æ¥¤ã-à®© � «¥àª¨  ¨áª«îç¥¨ï "¥¢®«®¢®©" ª®®à¤¨- âë ¤«ï ¤®áâ â®ç® ¬ «ëå ãª«®®¢ ¤  ¨ ª®â®-à®© ¢ á«ãç ¥ ®áà¥¤¥¨ï ¯® £«ã¡¨¥ á®®â¢¥âáâ¢ã-¥â ¯à®æ¥¤ãà  ¤®¬®¦¥¨ï   äãªæ¨î Z [7]. �®§-¬®¦® íâ® ¨ ¯à¨¢¥«® ª â®¬ã, çâ® ¯à¨ ¯à®¬¥¦ã-â®çëå ¢®«®¢ëå ç¨á« å  ¡«î¤ ¥âáï ä¨§¨ç¥áª¨¥®¡®á®¢ ë© ¯à®¢ « ¢ ª®íää¨æ¨¥â¥ ®âà ¦¥-¨ï. �¢¥¤¥¨¥ ¦¥ ¢¥á®¢®© äãªæ¨¨ ¢ áª «ïà®¥¯à®¨§¢¥¤¥¨¥ ¯à¨ ¢ë¢®¤¥ ãà ¢¥¨ï (26) ¥¯®áà¥¤-áâ¢¥® ¯à¨¢®¤¨â ¢¨¤ áª «ïà®£® ¯à®¨§¢¥¤¥¨ï ª¯à®æ¥¤ãà¥ ®áà¥¤¥¨ï ¯® £«ã¡¨¥, ¡¥§ ¤®¬®¦¥¨ï  ª ª®©{«¨¡® ¬®¦¨â¥«ì, çâ® ¯®  è¥¬ã ¬¥¨îï¢«ï¥âáï ¡®«¥¥ ä¨§¨çë¬.�����������à¨¢¥¤¥ë¥ ¢ëè¥ à¥§ã«ìâ âë ¯®ª §ë¢ îâ,çâ® á ¯®¬®éìî £ «¥àª¨áª®© ¯à®æ¥¤ãàë ¨áª«îç¥-¨ï "¥¢®«®¢®©" ª®®à¤¨ âë ¬®¦® áãé¥áâ¢¥-® ã¯à®áâ¨âì ¨áå®¤ãî âà¥å¬¥àãî § ¤ çã âà á-ä®à¬ æ¨¨ ¢®«. �à®¬¥ â®£®, ¢¢¥¤¥¨¥ ¢¥á®¢®©124 �. �. �ª®¢«¥¢
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