
ISSN 1561 -9087 �à¨ª« ¤­  £÷¤à®¬¥å ­÷ª . 2000. �®¬ 2 (74), N 4. �. 11 { 23��� 532.595��������� �������� � ���������������������� ���������� � ����������������������. �. ��������. �. ���������­áâ¨âãâ ¬ â¥¬ â¨ª¨ ��� �ªà ¨­ë, �¨¥¢�®«ãç¥­® 06.06.2000� «¨­¥©­®© ¯®áâ ­®¢ª¥ § ¤ ç¨ ¯®áâà®¥­  ¬ â¥¬ â¨ç¥áª ï ¬®¤¥«ì ¯«®áª®¯ à ««¥«ì­®£® ¤¢¨¦¥­¨ï â¢¥à¤®£® â¥«  á¯®«®áâìî ¢ ä®à¬¥ ¯àï¬®ã£®«ì­®£® ¯ à ««¥«¥¯¨¯¥¤ , ª®â®à ï á®¤¥à¦¨â ¨¤¥ «ì­ãî ¦¨¤ª®áâì ¨ ã¯àã£¨¥ ¯¥à¥£®à®¤-ª¨. �ä®à¬ã«¨à®¢ ­ë ®á­®¢­ë¥ ªà ¥¢ë¥ § ¤ ç¨ £¨¤à®ã¯àã£®áâ¨, à¥è¥­¨ï ª®â®àëå ®¯à¥¤¥«ïîâ ¯ à ¬¥âàë â ª®©¬®¤¥«¨. �à¥¤«®¦¥­  ¬¥â®¤¨ª  ¯®áâà®¥­¨ï ¯à¨¡«¨¦¥­­ëå à¥è¥­¨© ¯®«ãç¥­­ëå ªà ¥¢ëå § ¤ ç, ª®â®à ï ãç¨âë¢ ¥â¤¨ää¥à¥­æ¨ «ì­ë¥ á¢®©áâ¢  ¨áª®¬ëå äã­ªæ¨© ­  ªà®¬ª å ¯¥à¥£®à®¤®ª. �à¨¢¥¤¥­  ­ «¨§ ¤¨­ ¬¨ç¥áª®£® ¢§ ¨¬®-¤¥©áâ¢¨ï ã¯àã£¨å ¯¥à¥£®à®¤®ª á ¦¨¤ª®áâìî ¯à¨ á¢®¡®¤­ëå ¨ ¢ë­ã¦¤¥­­ëå ª®«¥¡ ­¨ïå à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë.� «÷­÷©­÷© ¯®áâ ­®¢æ÷ § ¤ ç÷ ¯®¡ã¤®¢ ­®¬ â¥¬ â¨ç­ã ¬®¤¥«ì ¯«®áª®¯ à «¥«ì­®£®àãåã â¢¥à¤®£® â÷«  ÷§ ¯®à®¦­¨­®îã ä®à¬÷ ¯àï¬®ªãâ­®£® ¯ à «¥«¥¯÷¯¥¤ã, ïª  ¬÷áâ¨âì ÷¤¥ «ì­ã à÷¤¨­ã â  ¯àã¦­÷ ¯¥à¥£®à®¤ª¨. �ä®à¬ã«ì®¢ ­® ®á­®¢­÷£à ­¨ç­÷ § ¤ ç÷ £÷¤à®¯àã¦­®áâ÷, à®§¢'ï§ª¨ ïª¨å ¢¨§­ ç îâì ¯ à ¬¥âà¨ â ª®ù ¬®¤¥«÷. � ¯à®¯®­®¢ ­® ¬¥â®¤¨ªã ¤«ï¯®¡ã¤®¢¨ ­ ¡«¨¦¥­¨å à®§¢'ï§ª÷¢ ®¤¥à¦ ­¨å § ¤ ç, ïª  ¢à å®¢ãõ ¤¨ä¥à¥­æ÷ «ì­÷ ¢« áâ¨¢®áâ÷ èãª ­¨å äã­ªæ÷© ­ ªà®¬ª å ¯¥à¥£®à®¤®ª. � ¢¥¤¥­®  ­ «÷§ £÷¤à®¤¨­ ¬÷ç­®ù ¢§ õ¬®¤÷ù ¯àã¦­÷å ¯¥à¥£®à®¤®ª ÷§ à÷¤¨­®î ¯à¨ ¢÷«ì­¨å â ¢¨¬ãè¥­¨å ª®«¨¢ ­­ïå á¨áâ¥¬¨, é® à®§£«ï¤ õâìáï.In linear de�nition of the problem mathematical model of plane-parallel motion of a solid body with cavity in the shapeof a rectangular parallelepiped which contains ideal liquid and elastic partitions is carried out. The main hydroelastic-ity boundary problems with solutions that determine the parameters of such model are formulated. The technique ofapproximate solutions of the obtained boundary problems construction is suggested. This technique takes into accountdi�erential properties of the sought-for functions on the edges of the partitions. The analysis of dynamic interaction ofelastic partitions with liquid by free and forced vibrations of the system under consideration is given.���������«ï ã¬¥­ìè¥­¨ï ¢«¨ï­¨ï ª®«¥¡ â¥«ì­ëå ï¢«¥-­¨© á¢®¡®¤­®© ¯®¢¥àå­®áâ¨ ¦¨¤ª®áâ¨ ­  ãáâ®©-ç¨¢®áâì ¤¢¨¦¥­¨ï á¨áâ¥¬ë "â¥«®{¦¨¤ª®áâì" ­ ¯à ªâ¨ª¥ ¯à¨¬¥­ïîâáï à §«¨ç­®£® à®¤  ª®­áâàãª-â¨¢­ë¥ ãáâà®©áâ¢ . �¨à®ª®¥ à á¯à®áâà ­¥­¨¥¯®«ãç¨«¨ ãáâà®©áâ¢  ¢ ¢¨¤¥ ¦¥áâª¨å ¨«¨ ã¯àã-£¨å à¥¡¥à{¯¥à¥£®à®¤®ª. � «¨ç¨¥ ¯¥à¥£®à®¤®ª ¢¥¬ª®áâ¨ ®ª §ë¢ ¥â áãé¥áâ¢¥­­®¥ ¢«¨ï­¨¥ ­  ¤¨-­ ¬¨ç¥áª¨¥ å à ªâ¥à¨áâ¨ª¨ ¦¨¤ª®áâ¨ [1]. �ªá-¯¥à¨¬¥­â «ì­®¬ã ¨§ãç¥­¨î ª®«¥¡ ­¨© ¦¨¤ª®áâ¨¢ ¯®«®áâïå á ã¯àã£¨¬¨ ¯¥à¥£®à®¤ª ¬¨ ¯®á¢ïé¥-­ë à ¡®âë [2{4]. �à¨ íâ®¬ ¡ë«® ãáâ ­®¢«¥­®,çâ® §  áç¥â ¢ë¡®à  ¯ à ¬¥âà®¢ ã¯àã£¨å ¯¥à¥-£®à®¤®ª ¬®¦­® ¯®«ãç¨âì §­ ç¨â¥«ì­®¥ ã¢¥«¨ç¥-­¨¥ ¤¥¬¯ä¨à®¢ ­¨ï ª®«¥¡ ­¨© ¦¨¤ª®áâ¨ ¯® áà ¢-­¥­¨î á ¦¥áâª¨¬¨ ¯¥à¥£®à®¤ª ¬¨. �¥®à¥â¨ª®-íªá¯¥à¨¬¥­â «ì­®¬ã ¨§ãç¥­¨î íâ®£® ï¢«¥­¨ï ¯®-á¢ïé¥­  à ¡®â  [5], ¢ ª®â®à®© à áá¬®âà¥­  ¬¥â®-¤¨ç¥áª ï § ¤ ç  ® ¢ë­ã¦¤¥­­ëå ª®«¥¡ ­¨ïå ¦¨¤-ª®áâ¨ ¢ ¯àï¬®ã£®«ì­®¬ ¯ à ««¥«¥¯¨¯¥¤¥ ¯à¨ ­ «¨-ç¨¨ ¢ ­¥¬ ¯®¤¢¥è¥­­®© ­  ¯àã¦¨­ å ¯àï¬®ã£®«ì-­®© ¯¥à¥£®à®¤ª¨ ¬ «®© è¨à¨­ë. � à¥§ã«ìâ â¥ ¡ë-«® ¯®ª § ­®, çâ® ã¢¥«¨ç¥­¨¥ ¤¥¬¯ä¨à®¢ ­¨ï ª®«¥-¡ ­¨© ¦¨¤ª®áâ¨ ®¡ãá«®¢«¥­® â¥¬, çâ® ¯à¨ ®¯à¥¤¥-
«¥­­ëå à¥¦¨¬ å £¨¤à®¤¨­ ¬¨ç¥áª®£® ¢§ ¨¬®¤¥©-áâ¢¨ï ã¯àã£¨å í«¥¬¥­â®¢ á ¦¨¤ª®áâìî ­ ¡«î¤ -¥âáï ¢®§à áâ ­¨¥ áª®à®áâ¨ ¯®â®ª  ®â­®á¨â¥«ì­®¯¥à¥£®à®¤®ª, çâ® ¯à¨¢®¤¨â ª ¡®«¥¥ ¨­â¥­á¨¢­®¬ãà áá¥ï­¨î í­¥à£¨¨ ª®«¥¡ ­¨© ¦¨¤ª®áâ¨.�®áâà®¥­¨î ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ £¨¤à®¤¨-­ ¬¨ç¥áª®£® ¢§ ¨¬®¤¥©áâ¢¨ï ã¯àã£®© ª®«ìæ¥¢®©¯¥à¥£®à®¤ª¨ ¨ ¨¤¥ «ì­®© ¦¨¤ª®áâ¨, ­ å®¤ïé¨åáï ¢¯®¤¢¨¦­®¬ ®á¥á¨¬¬¥âà¨ç­®¬ á®áã¤¥, ¨ à §à ¡®â-ª¥ ¬¥â®¤®¢ ®¯à¥¤¥«¥­¨ï ¯ à ¬¥âà®¢ íâ®© ¬®¤¥«¨¯®á¢ïé¥­  à ¡®â  [6].� ­ áâ®ïé¥© áâ âì¥ ¨§« £ îâáï à¥§ã«ìâ âë â¥-®à¥â¨ç¥áª¨å ¨áá«¥¤®¢ ­¨© ¯® ¯®áâ ­®¢ª¥ ¨ à¥-è¥­¨î § ¤ ç¨, á¢ï§ ­­®© á ¨§ãç¥­¨¥¬ ¯®¢¥¤¥-­¨ï ¦¨¤ª®áâ¨ ¢ ¯®¤¢¨¦­®© ¯®«®áâ¨ ¢ ä®à¬¥ ¯àï-¬®ã£®«ì­®£® ¯ à ««¥«¥¯¨¯¥¤  á ª®­áâàãªâ¨¢­ë¬¨ãáâà®©áâ¢ ¬¨ ¢ ¢¨¤¥ ¯à®¤®«ì­ëå ã¯àã£¨å ¯« -áâ¨­. �à¨ ¨áá«¥¤®¢ ­¨¨ á¢®¡®¤­ëå ª®«¥¡ ­¨©¦¨¤ª®áâ¨ ¢ à áá¬ âà¨¢ ¥¬®© ¯®«®áâ¨ ãáâ ­®¢«¥-­ë ¯ à ¬¥âàë á¨áâ¥¬ë, ¯à¨ ª®â®àëå á«¥¤ã¥â ®¦¨-¤ âì ã¢¥«¨ç¥­¨¥ à áá¥ï­¨ï í­¥à£¨¨ ª®«¥¡«îé¥©-áï ¦¨¤ª®áâ¨ ¯® áà ¢­¥­¨î á à áá¥ï­¨¥¬ í­¥à£¨¨ ¢¯®«®áâ¨ á ¦¥áâª¨¬¨ ¯¥à¥£®à®¤ª ¬¨. �§ãç¥­ë ¢ë-­ã¦¤¥­­ë¥ ª®«¥¡ ­¨ï à áá¬ âà¨¢ ¥¬®© ¬¥å ­¨ç¥-áª®© á¨áâ¥¬ë ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® ¯®«®áâì á®¢¥à-è ¥â ¯®áâã¯ â¥«ì­ë¥ £ à¬®­¨ç¥áª¨¥ ª®«¥¡ ­¨ï ¢c
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ISSN 1561 -9087 �à¨ª« ¤­  £÷¤à®¬¥å ­÷ª . 2000. �®¬ 2 (74), N 4. �. 11 { 23£®à¨§®­â «ì­®© ¯«®áª®áâ¨. �à¨ íâ®¬ ãáâ ­®¢«¥-­®, çâ® ã¯àã£¨¥ ¯¥à¥£®à®¤ª¨ ¬®£ãâ áë£à âì à®«ì¤¨­ ¬¨ç¥áª®£® £ á¨â¥«ï ¢®«­®¢ëå ¤¢¨¦¥­¨© ¦¨¤-ª®áâ¨.1. ��������� ��������� ��������� ������� ������������ãáâì ¢ ¯®«¥ ¬ áá®¢ëå á¨« ­ å®¤¨âáï ­¥¯®¤¢¨¦-­ë© ¡ ª, ç áâ¨ç­® § ¯®«­¥­­ë© ¨¤¥ «ì­®© ¨­¥á¦¨¬ ¥¬®© ¦¨¤ª®áâìî ¯«®â­®áâ¨ �. �ãáâì¡ ª ¨¬¥¥â ä®à¬ã ¯àï¬®ã£®«ì­®£® ¯ à ««¥«¥¯¨¯¥-¤  ¤«¨­ë l ¨ è¨à¨­ë 2b, ­  ¯à®¤®«ì­ëå áâ¥­ª åª®â®à®£® ¦¥áâª® § ªà¥¯«¥­ë ¯¥à¥£®à®¤ª¨ ¢ ä®à-¬¥ ¯àï¬®ã£®«ì­ëå ¯« áâ¨­ ®¤¨­ ª®¢®© è¨à¨­ë ¢¯«®áª®áâ¨, ¯ à ««¥«ì­®© ­¥¢®§¬ãé¥­­®© á¢®¡®¤-­®© ¯®¢¥àå­®áâ¨ ¦¨¤ª®áâ¨. �¡®§­ ç¨¬ ç¥à¥§ h1¨ h2 à ááâ®ï­¨ï ¯¥à¥£®à®¤®ª ¤® á¢®¡®¤­®© ¯®¢¥àå-­®áâ¨ ¦¨¤ª®áâ¨ ¨ ¤® ¤­¨é  á®áã¤  á®®â¢¥âáâ¢¥­-­®,   ç¥à¥§ 2a { à ááâ®ï­¨¥ ¬¥¦¤ã ªà®¬ª ¬¨ ¯¥-à¥£®à®¤®ª. � ¤ «ì­¥©è¥¬ ¯à¥¤¯®« £ ¥âáï, çâ® ¯®-«¥ ¬ áá®¢ëå á¨« ¨¬¥¥â ¯®â¥­æ¨ «ì­ãî äã­ªæ¨î,£à ¤¨¥­â ª®â®à®© ®¡®§­ ç¨¬ ç¥à¥§ ~g. �ë¡¥à¥¬®áì Oz â ª, çâ®¡ë ®­  ¡ë«  ª®««¨­¥ à­  ¢¥ªâ®àã ~g¨ ­ ¯à ¢«¥­  ¢ áâ®à®­ã, ¯à®â¨¢®¯®«®¦­ãî ~g. �¢ï-§ ­­ãî á â¥«®¬ á¨áâ¥¬ã ª®®à¤¨­ â Oxyz ¢ë¡¥à¥¬â ª, çâ®¡ë ¥¥ ª®®à¤¨­ â­ë¥ ¯«®áª®áâ¨ Oxz ¨ Oyzá®¢¯ ¤ «¨ á ¯«®áª®áâï¬¨ £¥®¬¥âà¨ç¥áª®© á¨¬¬¥-âà¨¨ ¯®«®áâ¨. �à¨ç¥¬ ®áì Oz á®¢¬¥áâ¨¬ á «¨­¨¥©¯¥à¥á¥ç¥­¨ï íâ¨å ¯«®áª®áâ¥©,   ®áì Oy ­ ¯à ¢¨¬¢¤®«ì ¯®«®áâ¨. � ç «® á¨áâ¥¬ë ª®®à¤¨­ â Oxyz¯®¬¥áâ¨¬ ¢ ¯«®áª®áâ¨ à á¯®«®¦¥­¨ï ¯¥à¥£®à®¤®ª.�ã¤¥¬ áç¨â âì ¢ ¤ «ì­¥©è¥¬, çâ® áâ¥­ª¨ ¡ ª  ¡á®«îâ­® ¦¥áâª¨¥,   ¯¥à¥£®à®¤ª¨ ã¯àã£¨¥. �à¨-¬¥¬ â ª¦¥, çâ® ¯à®£¨¡ë ¯¥à¥£®à®¤®ª ã¤®¢«¥â¢®-àïîâ ¢á¥¬ âà¥¡®¢ ­¨ï¬ â¥®à¨¨ «¨­¥©­®£® ¨§£¨¡ â¢¥à¤ëå ¯« áâ¨­,   á¬¥é¥­¨ï, áª®à®áâ¨ ¨ ãáª®à¥-­¨ï ç áâ¨æ ¦¨¤ª®áâ¨ ­ áâ®«ìª® ¬ «ë, çâ® ¨å ¯à®-¨§¢¥¤¥­¨ï¬¨ ¨ ª¢ ¤à â ¬¨ ¬®¦­® ¯à¥­¥¡à¥çì ¯®áà ¢­¥­¨î á á ¬¨¬¨ ¢¥«¨ç¨­ ¬¨.�¡®§­ ç¨¬ ®¡« áâì, § ­ïâãî ¦¨¤ª®áâìî, ç¥à¥§Q; á¬®ç¥­­ãî ¯®¢¥àå­®áâì ¥¬ª®áâ¨ { ç¥à¥§ S; á¢®-¡®¤­ãî ¯®¢¥àå­®áâì ¦¨¤ª®áâ¨ ¢ ­¥¢®§¬ãé¥­­®¬¯®«®¦¥­¨¨ { ç¥à¥§ �.� á«ãç ¥ ¬ «ëå ª®«¥¡ ­¨© ¦¨¤ª®áâ¨ ¢¬¥áâ® ¯®-â¥­æ¨ «  áª®à®áâ¥© ã¤®¡­® ¨á¯®«ì§®¢ âì ¯®â¥­æ¨- « á¬¥é¥­¨© � [7]. �®â¥­æ¨ « á¬¥é¥­¨© ã¤®¢«¥-â¢®àï¥â ãà ¢­¥­¨î � ¯« á  ¢ ®¡« áâ¨ Q ¨ ®¯à¥¤¥-«ï¥â ¢¥ªâ®à­®¥ ¯®«¥ ¬ «ëå á¬¥é¥­¨© ç áâ¨æ ¦¨¤-ª®áâ¨. �à¨ ¨§¢¥áâ­®¬ ¯®â¥­æ¨ «¥ á¬¥é¥­¨© ¨§¨­â¥£à «  � £à ­¦  { �®è¨ ¬®¦¥â ¡ëâì ®¯à¥¤¥-«¥­® ¯®«¥ ¤ ¢«¥­¨© ¢ ¦¨¤ª®áâ¨:p = ���@2�@t2 + gz� : (1)

�¨­ ¬¨ç¥áª®¥ £à ­¨ç­®¥ ãá«®¢¨¥, ¢ëà ¦ îé¥¥á®¡®© ãá«®¢¨¥ ¯®áâ®ï­áâ¢  ¤ ¢«¥­¨ï ­  á¢®¡®¤­®©¯®¢¥àå­®áâ¨ ¦¨¤ª®áâ¨, ¨¬¥¥â ¢¨¤�@2�@t2 + g@�@z �� = 0: (2)�£à ­¨ç¨¬áï à áá¬®âà¥­¨¥¬  ­â¨á¨¬¬¥âà¨ç-­ëå ª®«¥¡ ­¨© ¦¨¤ª®áâ¨ ¢ ¯«®áª®áâ¨ Oxz, ¤«ïª®â®àëå £« ¢­ë© ¢¥ªâ®à £¨¤à®¤¨­ ¬¨ç¥áª¨å á¨«,¤¥©áâ¢ãîé¨å ­  áâ¥­ª¨ á®áã¤ , ®â«¨ç¥­ ®â ­ã«ï.� íâ®¬ á«ãç ¥ ¯à®£¨¡ ª ¦¤®£® à¥¡à  ¬®¦­® ®â®-¦¤¥áâ¢¨âì á ¯à®£¨¡®¬ í«¥¬¥­â à­®© ¯®«®áª¨, ¢ë-à¥§ ­­®© ¨§ ¯« áâ¨­ª¨ ¤¢ã¬ï ¯¥à¯¥­¤¨ªã«ïà­ë-¬¨ ª ®á¨ Oy ¯«®áª®áâï¬¨. � à¥§ã«ìâ â¥ ¨áå®¤­ ï¯à®áâà ­áâ¢¥­­ ï § ¤ ç  £¨¤à®ã¯àã£®áâ¨ á¢®¤¨â-áï ª ¯«®áª®© § ¤ ç¥ ¢ ®¡« áâ¨ G, ª®â®à ï ï¢«ï¥âáïá¨¬¬¥âà¨ç­®© ¯®«®¢¨­®© ®¡« áâ¨ ¯®¯¥à¥ç­®£® á¥-ç¥­¨ï á®áã¤ . �à ­¨ç­ ï § ¤ ç  ¨¬¥¥â á«¥¤ãîé¨©¢¨¤: �� = 0; (x; z) 2 G;�@2�@t2 + g@�@z ������L0 = 0; (�)x=0 = 0;@�@n �����L = 0; @�@z �����
 = �w(x; t); (3)D@4w@x4 + �0�0 @2w@t2 = ���@2�+@t2 � @2��@t2 � ;w(b) = �@w@x�x=b = �@2w@x2 �x=a = �@3w@x3 �x=a = 0;£¤¥ w(x; t){¯à®£¨¡ ¯¥à¥£®à®¤ª¨; D; �0; �0 { á®®â-¢¥âáâ¢¥­­® æ¨«¨­¤à¨ç¥áª ï ¦¥áâª®áâì, ¯«®â­®áâì¨ â®«é¨­  ¯« áâ¨­®ª; L0 : f0 � x � b; z = h1g;
 : fa � x � b; z = 0g ;L : f(x = b;�h2 � z � h1)[(0 � x � b; z = �h2)g.�®áâà®¥­¨¥ â®ç­®£® à¥è¥­¨ï § ¤ ç¨ (3) ­¥¯à¥¤áâ ¢«ï¥âáï ¢®§¬®¦­ë¬. �®íâ®¬ã ­¨¦¥ á¢¥-¤¥¬ íâã § ¤ çã ª á¨áâ¥¬¥ ®¡ëª­®¢¥­­ëå ¤¨ää¥-à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ­¥§ ¢¨á¨¬®© ¯¥à¥¬¥­­®©¢ ª®â®àëå ï¢«ï¥âáï ¢à¥¬ï. �à¨¢¥¤¥­¨¥ ãà ¢­¥-­¨© ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå (3) á ãç¥â®¬ á®®â¢¥â-áâ¢ãîé¨å ä¨§¨ç¥áª¨å ãá«®¢¨© ª á¨áâ¥¬¥ ®¡ëª­®-¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¬®¦­® ®áã-é¥áâ¢¨âì á ¯®¬®éìî ¬¥â®¤  �ã¡­®¢  { � «¥àª¨-­ , ¤«ï à¥ «¨§ æ¨¨ ª®â®à®£® ­¥®¡å®¤¨¬® à á¯®« -£ âì ­¥ª®â®àë¬¨ á¨áâ¥¬ ¬¨ ª®®à¤¨­ â­ëå äã­ª-æ¨©. � ª ç¥áâ¢¥ â ª¨å á¨áâ¥¬ äã­ªæ¨© ¢ à áá¬ -âà¨¢ ¥¬®¬ á«ãç ¥ ­ ¨¡®«¥¥ ¥áâ¥áâ¢¥­­® ¢ë¡à âìá®¡áâ¢¥­­ë¥ äã­ªæ¨¨ á«¥¤ãîé¨å § ¤ ç:�'n = 0; (x; z) 2 G; (4)12 �. �. � «¨æë­, �. �. �à®æ¥­ª®
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 = 0;�@'n@� � �2ng 'n�L0 = 0; ('n)x=0 = 0;� i = 0; (x; z) 2 G; (5)@ i@� �����L[L0 = 0; @ i@z �����
 = �wi; ( i)x=0 = 0;d4widx4 � 
2iD ��0�0wi + � � +i �  �i �� = 0;£¤¥  +i ¨  �i { §­ ç¥­¨ï äã­ªæ¨©  i ­  ¢¥àå­¥© ¨­¨¦­¥© áâ®à®­ å ®âà¥§ª  
 á®®â¢¥âáâ¢¥­­®.�à®¬¥ íâ®£®, ­  äã­ªæ¨¨ wi ­ ª« ¤ë¢ îâáï®£à ­¨ç¥­¨ï ¢ ¢¨¤¥ £à ­¨ç­ëå ãá«®¢¨© ­  w ¨§(3).�¤­®à®¤­ë¥ § ¤ ç¨ (4){(5) ®¯¨áë¢ îâ ­¥á¨¬-¬¥âà¨ç­ë¥ á¢®¡®¤­ë¥ ª®«¥¡ ­¨ï ¢ ¯«®áª®áâ¨ Oxz¦¨¤ª®áâ¨ ¢ ­¥¯®¤¢¨¦­®© ¯®«®áâ¨ á ¦¥áâª¨¬¨ ¯¥-à¥£®à®¤ª ¬¨ ¨, á®®â¢¥âáâ¢¥­­®, ã¯àã£¨å ¯¥à¥£®-à®¤®ª ¢ ¯®«®áâ¨ á ¦¨¤ª®áâìî ¯à¨ § ªàëâ®© ¥¥ á¢®-¡®¤­®© ¯®¢¥àå­®áâ¨.�à ¥¢ ï § ¤ ç  (4) ¨¬¥¥â, ª ª ¨§¢¥áâ­® [8],áç¥â­®¥ ¬­®¦¥áâ¢® á®¡áâ¢¥­­ëå §­ ç¥­¨© ¨ á®¡-áâ¢¥­­ëå äã­ªæ¨©, ®¡« ¤ îé¨å á¢®©áâ¢®¬ ¯®«­®-âë ¨ ®àâ®£®­ «ì­®áâ¨ ­  «¨­¨¨ L0:ZL0 'n'mdS = 0; ZL0 @'n@z @'m@z dS = 0; 8m 6= n: (6)�­ «®£¨ç­ë¥ ª ç¥áâ¢  ¯à¨áãé¨ ¨ á¨áâ¥¬¥ á®¡-áâ¢¥­­ëå äã­ªæ¨© ªà ¥¢®© § ¤ ç¨ (5) ­  ®âà¥§ª¥
. �á«®¢¨ï ®àâ®£®­ «ì­®áâ¨ ¤«ï ­¨å ¨¬¥îâ ¢¨¤bZa ��0�0wiwj + � � +i �  �i �wj� dx = 0; 8i 6= j: (7)�à¥¤áâ ¢¨¬ ¯®â¥­æ¨ « á¬¥é¥­¨© ¦¨¤ª®áâ¨ ¢á«¥¤ãîé¥¬ ¢¨¤¥:�(x; z; t) = 1Xn=1pn(t)'n(x; z) + 1Xm=1 qm(t) m(x; z):(8)� íâ®¬ ¢ëà ¦¥­¨¨ ¯¥à¢ ï áã¬¬  ®¯¨áë¢ ¥â ¤¢¨-¦¥­¨¥ ¦¨¤ª®áâ¨ ¢ á®áã¤¥ á ¦¥áâª¨¬¨ ¯¥à¥£®à®¤-ª ¬¨, ¢ â® ¢à¥¬ï ª ª ¢â®à ï áã¬¬  á®®â¢¥âáâ¢ã¥âá¬¥é¥­¨ï¬ ¦¨¤ª®áâ¨ §  áç¥â ã¯àã£¨å ¤¥ä®à¬ æ¨©¯¥à¥£®à®¤®ª.� á¢®î ®ç¥à¥¤ì, ¯¥à¥¬¥é¥­¨ï ã¯àã£¨å ¯« áâ¨-­®ª ¢ ­ ¯à ¢«¥­¨¨ ­®à¬ «¨ ª ¨å áà¥¤¨­­ë¬ ¯®-¢¥àå­®áâï¬ ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ à §«®¦¥­¨ï ¯® á®¡-áâ¢¥­­ë¬ äã­ªæ¨ï¬ § ¤ ç¨ (5):w(x; t) = 1Xm=1 qm(t)wm(x; z): (9)

� ¤ «ì­¥©è¥¬ äã­ªæ¨¨ 'n(x; z) ¨ wm(x; z) ¡ã¤¥¬­®à¬¨à®¢ âì â ª¨¬ ®¡à §®¬, çâ®¡ë@'n@z ����� x=bz=h1 = 1; wm(a) = 1: (10)�à¨­ïâ ï ­®à¬¨à®¢ª  ¯®§¢®«ï¥â à áá¬ âà¨-¢ âì ®¡®¡é¥­­ë¥ ª®®à¤¨­ âë pn(t) ª ª á¬¥é¥-­¨ï â®çª¨ á¢®¡®¤­®© ¯®¢¥àå­®áâ¨ á ª®®à¤¨­ â ¬¨(b; h1) ¢ ­ ¯à ¢«¥­¨¨ ®á¨ Oz ¯à¨ n-®© ä®à¬¥ á®¡-áâ¢¥­­ëå ª®«¥¡ ­¨© ¦¨¤ª®áâ¨,   qm(t) { ª ª á¬¥-é¥­¨ï á¢®¡®¤­®£® â®àæ  ã¯àã£®© ¯« áâ¨­ª¨ ¯à¨m-®© ä®à¬¥ ¥¥ á®¡áâ¢¥­­ëå ª®«¥¡ ­¨© ¢ ¦¨¤ª®-áâ¨.�¥à¢®¥ ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® ¢¢¥¤¥­­ëå®¡®¡é¥­­ëå ª®®à¤¨­ â ¬®¦­® ¯®«ãç¨âì, ¥á«¨ ¢®á-¯®«ì§®¢ âìáï ¤¨­ ¬¨ç¥áª¨¬ £à ­¨ç­ë¬ ãá«®¢¨¥¬¤«ï ¯®â¥­æ¨ «  á¬¥é¥­¨© ¦¨¤ª®áâ¨ ­  «¨­¨¨ L0.�®á«¥ ¯®¤áâ ­®¢ª¨ ¢ ­¥£® ¢ëà ¦¥­¨ï (8), ã¬­®¦¥-­¨ï ­  2l� (@'n=@z) ¨ ¨­â¥£à¨à®¢ ­¨ï ¯® x ®â 0 ¤®b, á ãç¥â®¬ ãá«®¢¨© ®àâ®£®­ «ì­®áâ¨ (6) ¯®«ãç -¥¬:�n ��pn + �2npn�+ 1Xm=1 �qm�nm = 0; (n = 1; 2; : : :);(11)£¤¥�n = � Z� 'n @'n@z dS; �nm = � Z� @'n@z  mdS:�â®à®¥ ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® ®¡®¡é¥­­ëåª®®à¤¨­ â pn(t) ¨ qm(t) ¯®«ãç¨¬, ¯®¤áâ ¢¨¢ à §-«®¦¥­¨ï (8) ¨ (9) ¢ ãà ¢­¥­¨¥ ¤¢¨¦¥­¨ï ¯« áâ¨­-ª¨. �®á«¥ ã¬­®¦¥­¨ï ¯®«ãç¥­­®£® ¢ëà ¦¥­¨ï ­ 2lwm(x) ¨ ¨­â¥£à¨à®¢ ­¨ï ¥£® ¯® x ¢ ¯à¥¤¥« å ®âa ¤® b ¡ã¤¥¬ ¨¬¥âì:�m ��qm + 
2mqm�+ 1Xn=1 �pn�nm = 0; (m = 1; 2; : : :);(12)£¤¥ �m = 2l bZa ��0�0wm + � � +m �  �m��wmdx:�à¨ ¢ë¢®¤¥ ãà ¢­¥­¨© (12) ¡ë«¨ ¨á¯®«ì§®¢ ­ëãá«®¢¨ï ®àâ®£®­ «ì­®áâ¨ (7) ¨ ä®à¬ã«  �à¨­  ¤«ï£ à¬®­¨ç¥áª¨å äã­ªæ¨© ¢ ®¡« áâ¨ G.� ª¨¬ ®¡à §®¬, ¨áá«¥¤®¢ ­¨¥ á¢®¡®¤­ëå ª®«¥¡ -­¨© ¦¨¤ª®áâ¨ ¨ ã¯àã£¨å ¯¥à¥£®à®¤®ª ¢ à áá¬ âà¨-¢ ¥¬®© ¯®«®áâ¨ á¢¥«®áì ª à¥è¥­¨î á¨áâ¥¬ë ®¡ëª-­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (11), (12)�. �. � «¨æë­, �. �. �à®æ¥­ª® 13



ISSN 1561 -9087 �à¨ª« ¤­  £÷¤à®¬¥å ­÷ª . 2000. �®¬ 2 (74), N 4. �. 11 { 23¯à¨ á®®â¢¥âáâ¢ãîé¨å ­ ç «ì­ëå ãá«®¢¨ïå ­  á¢®-¡®¤­ãî ¯®¢¥àå­®áâì ¦¨¤ª®áâ¨ ¨ ¯à®£¨¡ë ¯¥à¥£®-à®¤®ª. �à¨ íâ®¬ ª®íää¨æ¨¥­âë íâ¨å ãà ¢­¥­¨©¢ëà ¦ îâáï ç¥à¥§ ¨­â¥£à «ì­ë¥ å à ªâ¥à¨áâ¨ª¨®â à¥è¥­¨© ®¤­®à®¤­ëå £à ­¨ç­ëå § ¤ ç (4) ¨(5). �®áâà®¥­¨¥ à¥è¥­¨© § ¤ ç¨ (4), ®¯¨áë¢ î-é¥© á¢®¡®¤­ë¥ ª®«¥¡ ­¨ï ¦¨¤ª®áâ¨ ¢ à áá¬ âà¨-¢ ¥¬®¬ á®áã¤¥ á  ¡á®«îâ­® ¦¥áâª¨¬¨ ¯¥à¥£®à®¤-ª ¬¨, ¡ë«® ®áãé¥áâ¢«¥­® ¢ à ¡®â¥ [9].�«ï à¥è¥­¨ï £¨¤à®ã¯àã£®© § ¤ ç¨ (5), á®-®â¢¥âáâ¢ãîé¥© ¯ àæ¨ «ì­®© á¨áâ¥¬¥ "ã¯àã£ ï¯« áâ¨­ª {¦¨¤ª®áâì", ¯à¥¤áâ ¢¨¬ á®¡áâ¢¥­­ë¥äã­ªæ¨¨ wm(x) ¨  m(x; z) ¢ ¢¨¤¥ à §«®¦¥­¨©wm(x) = 1Xk=1y(m)k uk(x); m(x; z) = 1Xk=1 y(m)k Vk(x; z);(13)£¤¥ äã­ªæ¨¨ Vk(x; z) ï¢«ïîâáï à¥è¥­¨ï¬¨ á«¥¤ãî-é¨å § ¤ ç: �Vk = 0; (x; z) 2 G;(Vk)x=0 = 0;�@Vk@� �L0[L = 0; (14)�@Vk@z �
 = �uk(x); (k = 1; 2; : : :);  äã­ªæ¨¨ uk(x){á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ § ¤ ç¨ ®á¢®¡®¤­ëå ª®«¥¡ ­¨ïå ¡ «ª¨ á § é¥¬«¥­­ë¬ ª®­-æ®¬ ¯à¨ x = b ¨ á¢®¡®¤­ë¬ ¯à¨ x = a. �«ï íâ¨åäã­ªæ¨© ¬®¦¥â ¡ëâì ¯®«ãç¥­® â®ç­®¥ à¥è¥­¨¥ ¢¢¨¤¥ [10]uk(x) = ch pk(b� x)� cos pk(b � x)��Qk [sh pk(b� x)� sin pk(b� x)] ;£¤¥ á®¡áâ¢¥­­ë¥ ç¨á«  �k = pkd (¯à¨ç¥¬ d = b�a{è¨à¨­  ¯¥à¥£®à®¤ª¨) ¨ ª®íää¨æ¨¥­âë Qk ¯à¨¢¥-¤¥­ë ¢ ª­¨£¥ [10].�®áâ®ï­­ë¥ y(m)k ®¯à¥¤¥«¨¬ ¨§ ãà ¢­¥­¨ï ¤«ï¯à®£¨¡  ¯« áâ¨­ª¨ ¢ (5). �«ï íâ®£® ¯®¤áâ ¢¨¬ ¢­¥£® ¢ëà ¦¥­¨ï (13), ¯®ç«¥­­® ã¬­®¦¨¬ ­  ul(x)¨ ¯à®¨­â¥£à¨àã¥¬ ¯®«ãç¥­­®¥ á®®â­®è¥­¨¥ ¯® x®â a ¤® b. �à¨ íâ®¬ ¯®«ãç¨¬ á«¥¤ãîéãî ®¤­®à®¤-­ãî  «£¥¡à ¨ç¥áªãî á¨áâ¥¬ã ®â­®á¨â¥«ì­® ¯ à -¬¥âà®¢ 
2m ¨ ¯®áâ®ï­­ëå y(m)l :p4lN2l y(m)l � 
2mD "�0�0N2l y(m)l + � 1Xk=1 y(m)k bkl# = 0;(15)£¤¥ bkl = bZa �V +k � V �k �ul(x)dx; N2l = d4u2k(a):

� ¬¥â¨¬, çâ® ¨­¤¥ªá m ãª §ë¢ ¥â ­  ­®¬¥à ç -áâ®â­®£® ¯ à ¬¥âà  
2m ¨ á®®â¢¥âáâ¢ãîé¥¥ ¥¬ãà¥è¥­¨¥ y(m)k .�áâ ­®¢¨¬áï â¥¯¥àì ­  ¯®áâà®¥­¨¨ ¯à¨¡«¨-¦¥­­®£® à¥è¥­¨ï ­¥®¤­®à®¤­ëå £à ­¨ç­ëå § ¤ ç(14), ¢®á¯®«ì§®¢ ¢è¨áì ¯à¨ íâ®¬ ¯®¤å®¤®¬, ¯à¥¤-«®¦¥­­ë¬ ¤«ï à¥è¥­¨ï  ­ «®£¨ç­ëå § ¤ ç ¢ à ¡®-â¥ [6].� §®¡ì¥¬ ®¡« áâì G ®âà¥§ª®¬ 
0 : f0 � x � a;z = 0g ­  ¤¢¥ ¯®¤®¡« áâ¨ G1 ¨ G2. �®«®¦¨¬ ¤ -«¥¥, çâ® à¥è¥­¨ï £à ­¨ç­ëå § ¤ ç (14) ¯à¨­¨¬ -îâ §­ ç¥­¨ïVk(x; z) = 8<:V (1)k = V (1)k1 + V (1)k2 ; (x; z) 2 G1V (2)k = V (2)k1 + V (2)k2 ; (x; z) 2 G2: (16)�«ï £ à¬®­¨ç¥áª¨å äã­ªæ¨© V (j)k1 (x; z) ¨V (j)k2 (x; z) (j = 1; 2) ­  £à ­¨æ å ¯®¤®¡« áâ¥© G1 ¨G2 áä®à¬ã«¨àã¥¬ á«¥¤ãîé¨¥ ãá«®¢¨ï �¥©¬ ­ : @V (1)k1@n !L1[L0 = 0;  @V (1)k1@z !
0 = �vk(x); @V (1)k1@z !
 = �uk(x);  @V (1)k2@n !L1[L0[
 = 0; @V (1)k2@z !
0 = 1Xp=1Z(k)p fp(x) = Nk(x); @V (2)k1@n !L2 = 0;  @V (2)k1@z !
0 = �vk(x); (17) @V (2)k1@z !
 = �uk(x);  @V (2)k2@n !L2[
 = 0; @V (2)k2@z !
0 = 1Xp=1Z(k)p fp(x) = Nk(x);vk(x) = S(1)k x+ S(2)k x3;�V (1)k �x=0 = �V (2)k �x=0 = 0;S(1)k = 12a [3uk(a) � au0k(a)] ;S(2)k = 12a3 [au0k(a) � uk(a)] ;£¤¥ L1 : f(x = b; 0 � z � h1) [ (a � x � b; z = 0)g ;L2 :f(x = b;�h2 � z � 0) [ (a � x � b; z = 0) [ (0 �� x � b; z = �h2)g ; ffp(x)g { ­¥ª®â®à ï á¨áâ¥¬ ¡ §¨á­ëå äã­ªæ¨© ­  
0; Z(k)p { ¯®áâ®ï­­ë¥, ¯®¤-«¥¦ é¨¥ ®¯à¥¤¥«¥­¨î ¢ ¤ «ì­¥©è¥¬.�¯¥æ¨ «ì­® ¢¢¥¤¥­­ë¥ ¢ à áá¬®âà¥­¨¥ äã­ªæ¨¨vk(x) ®¡¥á¯¥ç¨¢ îâ £« ¤ª®¥ ¯à®¤®«¦¥­¨¥ ãá«®¢¨ï14 �. �. � «¨æë­, �. �. �à®æ¥­ª®
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 ­  ¢áî £à ­¨æã z = 0 ¯®¤-®¡« áâ¥© G1 ¨ G2. �à¨ íâ®¬ ¢ â®çª¥ x = a ¢ë¯®«-­ïîâáï á«¥¤ãîé¨¥ ãá«®¢¨ï á®¯àï¦¥­¨ï:vk(a) = uk(a); v0k(a) = u0k(a);çâ® ¯®§¢®«¨â ¯®«ãç¨âì ­  ®á­®¢¥ ¬¥â®¤  �ã-àì¥ à¥è¥­¨ï £à ­¨ç­ëå § ¤ ç ¤«ï äã­ªæ¨©V (j)k1 (x; z); (j = 1; 2) ¢ ¢¨¤¥ ¡ëáâà®áå®¤ïé¨åáï àï-¤®¢.�«ï ¯®áâà®¥­¨ï ä ªâ¨ç¥áª¨å à¥è¥­¨© áä®à¬ã-«¨à®¢ ­­ëå ¢ëè¥ ¢á¯®¬®£ â¥«ì­ëå ªà ¥¢ëå § -¤ ç ¢®á¯®«ì§ã¥¬áï äã­ªæ¨ï¬¨ �à¨­  Kj(p; p0) ¤«ï¯®¤®¡« áâ¥© Gj:K1(p; p0) = 2 1Xs=0 g2s+1(x)g2s+1(x0)b�2s+1sh (�2s+1h1)��ch [�2s+1(z � h1)] ch (�2s+1z0) ; 8z � z0; (18)K2(p; p0) = 2 1Xs=0 g2s+1(x)g2s+1(x0)b�2s+1sh (�2s+1h2)��ch [�2s+1(z + h2)] ch (�2s+1z0) ; 8z � z0;£¤¥�2s+1 = �(2s + 1)2b ; g2s+1(x) = cos [�2s+1(x+ b)] :� §«®¦¥­¨ï ¤«ï äã­ªæ¨© Nk(x) ­  ®âà¥§ª¥ [0; a]¢ë¡¥à¥¬ â ª¨¬¨, çâ®¡ë ®­¨ ãç¨âë¢ «¨ å à ªâ¥à®á®¡¥­­®áâ¥© ¨áª®¬ëå à¥è¥­¨© ¢ ¯¥à¢ëå ¯à®¨§-¢®¤­ëå ­  ªà®¬ª å ¯¥à¥£®à®¤®ª,   ¨¬¥­­® [9]:Nk(x) = xr1� �xa�2 �Z(k)1 + Z(k)2 �1� �xa�2�++Z(k)3 �1� �xa�2�2 + � � �);¨, â ª¨¬ ®¡à §®¬, ª®®à¤¨­ â­ë¥ äã­ªæ¨¨ fp(x) ¢à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¡ã¤ãâ ¨¬¥âì ¢¨¤fp(x) = x �1� �xa�2�p�3=2; (p = 1; 2; : : :): (19)�á¯®«ì§ãï ¨­â¥£à «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ à¥è¥-­¨© ªà ¥¢ëå § ¤ ç á ¯®¬®éìî äã­ªæ¨© �à¨­ , £ à-¬®­¨ç¥áª¨¥ äã­ªæ¨¨ V (j)k (x; z) á ãç¥â®¬ £à ­¨ç-­ëå ãá«®¢¨© (17) ¬®¦­® ¯à¥¤áâ ¢¨âì á«¥¤ãîé¨¬®¡à §®¬: V (j)k1 = (�1)j+1 1Xs=0 f (j)s (x; z)I(k)s ; (20)

V (j)k2 = (�1)j 1Xs=0 f (j)s (x; z)C(k)s ; (j = 1; 2);£¤¥f (j)s (x; z) = g2s+1(x)ch ��2s+1 �z + (�1)jhj��b�2s+1sh (�2s+1hj) ;I(k)s = 28<: aZ0 vk(x)g2s+1(x)dx+ bZa uk(x)g2s+1(x)dx9=;;C(k)s = 1Xp=1Z(k)p ap;2s+1;ap;2s+1 = (�1)s+1 2a2p�� (p+ 1=2)(2p� 1)�z2s+12 �p�1 Jp(z2s+1);z2s+1 = �a(2s+ 1)2b :�¤¥áì �(x) { £ ¬¬ -äã­ªæ¨ï, Jp(x) { äã­ªæ¨ï �¥á-á¥«ï ¯¥à¢®£® à®¤  ¨ p{®£® ¯®àï¤ª .�à¨ ¢ë¢®¤¥ ¢ëà ¦¥­¨©, áâ®ïé¨å ¢ (20), ¡ë« ¨á-¯®«ì§®¢ ­ ®¯à¥¤¥«¥­­ë© ¨­â¥£à « �ã áá®­  [11].�«ï ¨­â¥£à «®¢ I(k)s ¬®¦­® ¯®«ãç¨âì ï¢­ë¥ ¢ëà -¦¥­¨ï, ª®â®àë¥ §¤¥áì ­¥ ¯à¨¢®¤ïâáï ¢ á¨«ã ¨å £à®-¬®§¤ª®áâ¨.�§ ãá«®¢¨ï ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨© V (1)k (x; z) ¨V (2)k (x; z) ­  á¬¥¦­®© «¨­¨¨ 
0 ¯®¤®¡« áâ¥© G1 ¨G2 ¯®«ãç ¥¬ á«¥¤ãîéãî ­¥®¤­®à®¤­ãî  «£¥¡à ¨-ç¥áªãî á¨áâ¥¬ã ®â­®á¨â¥«ì­® ¯®áâ®ï­­ëå Z(k)p :1Xp=1Z(k)p �pq = 
(k)q ; (q = 1; 2; : : :); (21)£¤¥ �pq = 1Xs=0 ap;2s+1aq;2s+1b�2s+1 �� [cth (�2s+1h1) + cth (�2s+1h2)] ;
(k)q = 1Xs=0 I(k)s aq;2s+1b�2s+1 [cth (�2s+1h1) + cth (�2s+1h2)]:� ª¨¬ ®¡à §®¬, à¥è¥­¨¥ ªà ¥¢ëå § ¤ ç (14) ¤«ïäã­ªæ¨© Vk(x; z) á¢¥«®áì, ¢ ®á­®¢­®¬, ª à¥è¥­¨îk ­¥®¤­®à®¤­ëå  «£¥¡à ¨ç¥áª¨å á¨áâ¥¬ á ®¤¨­ -ª®¢®© ¬ âà¨æ¥© ¯à¨ ­¥¨§¢¥áâ­ëå ¨ á k ¯à ¢ë¬¨ç áâï¬¨.�®¡¨à ï ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë,   â ª¦¥ ãç¨-âë¢ ï à¥è¥­¨¥ ¤«ï ¢®«­®¢ëå äã­ªæ¨© 'n(x; z), ¯®-«ãç¥­­®¥ ¢ à ¡®â¥ [9], ­ ©¤¥¬ á«¥¤ãîé¨¥ ¢ëà ¦¥-­¨ï ¤«ï ª®íää¨æ¨¥­â®¢ ãà ¢­¥­¨© (11) ¨ (12):�m = 2l24�0�0 1Xi=1 �y(m)i �2N2i + � 1Xi;j=1 y(m)i y(m)j bij35 ;�. �. � «¨æë­, �. �. �à®æ¥­ª® 15



ISSN 1561 -9087 �à¨ª« ¤­  £÷¤à®¬¥å ­÷ª . 2000. �®¬ 2 (74), N 4. �. 11 { 23�nm = ��nl 1Xk=1y(m)k 24 1Xs=0 �C(k)s � I(k)s �a(n)2s+1b�2s+1sh (�2s+1h1)d(n)2s+135;�n = l�n2b 1Xs=0"a(n)2s+1d(n)2s+1#2; a(n)2s+1 = 1Xp=0X(n)p ap;2s+1;(22)d(n)2s+1 = �2s+1sh (�2s+1h1)� �nch (�2s+1h1);bkl = 12 1Xs=0 I(k)sb�2s+1 [cth (�2s+1h1)++cth (�2s+1h2)]�I(l)s �C(l)s � :�®íää¨æ¨¥­âë bkl ¡ë«¨ ¯à¨¢¥¤¥­ë ª ¢¨¤ã, ¯®§¢®-«ïîé¥¬ã ¯à®¢®¤¨âì ¡®«¥¥ íää¥ªâ¨¢­®¥ ¨å ¢ëç¨-á«¥­¨¥.2. ����������� ��������� �����-������� ������� ��� ��������-������ �������� ��������ãáâì à áá¬ âà¨¢ ¥¬ë© á®áã¤, ç áâ¨ç­® § ¯®«-­¥­­ë© ¨¤¥ «ì­®© ¨ ­¥á¦¨¬ ¥¬®© ¦¨¤ª®áâìî, á®-¢¥àè ¥â § ¤ ­­®¥ ¤¢¨¦¥­¨¥ ¢ ¯®áâ®ï­­®¬ ¯®«¥¬ áá®¢ëå á¨«. �® á¢®¥¬ã á®¤¥à¦ ­¨î à áá¬ -âà¨¢ ¥¬ ï § ¤ ç  ®â­®á¨âáï ª ¯¥à¢®© § ¤ ç¥ ¤¨-­ ¬¨ª¨ ¬¥å ­¨ç¥áª®© á¨áâ¥¬ë "â¥«®{¦¨¤ª®áâì"¨ á®áâ®¨â ¢ ®¯à¥¤¥«¥­¨¨ á¢ï§ ­­ëå ¤¢¨¦¥­¨©¦¨¤ª®áâ¨ ¨ ã¯àã£¨å ¯¥à¥£®à®¤®ª, ¢ë§ë¢ ¥¬ëå¤¢¨¦¥­¨¥¬ á®áã¤ ,   â ª¦¥ £¨¤à®¤¨­ ¬¨ç¥áª¨åá¨« ¨ ¬®¬¥­â®¢, ¤¥©áâ¢ãîé¨å ¯à¨ íâ®¬ ­  á®-áã¤. �¥­âà «ì­ë¬ ¢®¯à®á®¬ §¤¥áì ï¢«ï¥âáï ¢®-¯à®á ®¡ ®âëáª ­¨¨ ¯®â¥­æ¨ «  á¬¥é¥­¨© ¦¨¤ª®-áâ¨ ¨ ã¯àã£¨å ¯¥à¥¬¥é¥­¨© ¯¥à¥£®à®¤®ª ¢ à áá¬ -âà¨¢ ¥¬®¬ á®áã¤¥.�à¨ ®¯¨á ­¨¨ ¤¢¨¦¥­¨ï à áá¬ âà¨¢ ¥¬®© ¬¥å -­¨ç¥áª®© á¨áâ¥¬ë, ª ª ¨ à ­¥¥, ¡ã¤¥¬ ¯®«ì§®¢ âì-áï £¨¯®â¥§ ¬¨ ¬ «®áâ¨ ¯ à ¬¥âà®¢ ¤¢¨¦¥­¨ï. � -àï¤ã á á¨áâ¥¬®© ª®®à¤¨­ â Oxyz, ­¥¨§¬¥­­® á¢ï-§ ­­®© á á®áã¤®¬, ¢¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥  ¡á®-«îâ­ãî á¨áâ¥¬ã ª®®à¤¨­ â O�x�y�z�. � ­ ç «ì-­ë© ¬®¬¥­â ¢à¥¬¥­¨ ®¡¥ á¨áâ¥¬ë ª®®à¤¨­ â á®-¢¯ ¤ îâ. �¢¨¦¥­¨¥ ¥¬ª®áâ¨ ¡ã¤¥¬ å à ªâ¥à¨§®-¢ âì ¢¥ªâ®à®¬ ¬ «®£® ¯¥à¥¬¥é¥­¨ï ~u(t) â®çª¨ O®â­®á¨â¥«ì­® O� ¨ ¢¥ªâ®à®¬ ¬ «®£® ¯®¢®à®â  ~�¯®¤¢¨¦­®© á¨áâ¥¬ë ª®®à¤¨­ â ®â­®á¨â¥«ì­® ­¥-¯®¤¢¨¦­®©.�à¨ ¬ «ëå ¤¢¨¦¥­¨ïå ç áâ¨æ ¦¨¤ª®áâ¨ ¨ áâ¥-­®ª ¯®«®áâ¨ £à ­¨ç­ë¥ ãá«®¢¨ï ¤«ï ¯®â¥­æ¨ « á¬¥é¥­¨© ¦¨¤ª®áâ¨ ¢ § ¤ ç¥ ® ¢ë­ã¦¤¥­­ëå ª®-«¥¡ ­¨ïå ¬¥å ­¨ç¥áª®© á¨áâ¥¬ë ¬®¦­® áä®à¬ã«¨-

à®¢ âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥:�@2�@t2 + g@�@z �� = 0; (23)@�@� �����S = ~u � ~� + �~�� ~r� � ~�; (24)@�@� �����S(j)0 = ~u � ~� + �~� � ~r� � ~� � w(j); (j = 1; 2);£¤¥ ~r { à ¤¨ãá-¢¥ªâ®à ¯à®¨§¢®«ì­®© â®çª¨ ¢ ¯®-¤¢¨¦­®© á¨áâ¥¬¥ ª®®à¤¨­ â; S(j)0 (j = 1; 2) { ¯®-¢¥àå­®áâ¨ ã¯àã£¨å ¯¥à¥£®à®¤®ª. �­ ª¨ ¯à¨ ¯à®-£¨¡ å ¯¥à¥£®à®¤®ª w(j) ¢ë¡¨à îâáï ¢ § ¢¨á¨¬®áâ¨®â â®£®, á®¢¯ ¤ ¥â ¨«¨ ­¥â ­ ¯à ¢«¥­¨¥ ®àâ  ~� á¯®«®¦¨â¥«ì­ë¬ ­ ¯à ¢«¥­¨¥¬ ®á¨ Oz. � ¯¥à¢®¬á«ãç ¥ ¡¥à¥âáï ¢¥àå­¨© §­ ª, ¢® ¢â®à®¬ { ­¨¦­¨©(§  ¯®«®¦¨â¥«ì­ë© ¯à®£¨¡ ¯« áâ¨­ª¨ ¯à¨­ïâ ¥¥¯à®£¨¡ ¢ ®âà¨æ â¥«ì­ãî áâ®à®­ã ®á¨ Oz).� áá¬®âà¨¬ ¤ «¥¥ § ¤ çã ® ¢ë­ã¦¤¥­­ëå ª®-«¥¡ ­¨ïå ¦¨¤ª®áâ¨ ¨ ¯¥à¥£®à®¤®ª ¯à¨ ¤¢¨¦¥­¨¨¥¬ª®áâ¨ ¢ ¯«®áª®áâ¨ O�x�z�. �®áâã¯ â¥«ì­ë¥¨ ¢à é â¥«ì­ë¥ ¤¢¨¦¥­¨ï ¥¬ª®áâ¨ ¡ã¤¥¬ å à ª-â¥à¨§®¢ âì § ¤ ­­ë¬¨ ¢¥ªâ®à ¬¨ ~u fu(t); 0; 0g ¨~� f0;�; 0g á®®â¢¥âáâ¢¥­­®. �®£¤  ª¨­¥¬ â¨ç¥áª¨¥£à ­¨ç­ë¥ ãá«®¢¨ï ¤«ï ¯®â¥­æ¨ «  á¬¥é¥­¨© ¦¨¤-ª®áâ¨ � ¯à¨¬ãâ ¢¨¤:@�@� �����S = u(t) cos(�; x)+�(t) (z cos(�; x)� x cos(�; z)) ;(25)@�@z �����S(j)0 = u(t) cos(�; x) + �(t) (z cos(�; x)��x cos(�; z))�w(j) (j = 1; 2):�à¥¤áâ ¢¨¬ ¨áª®¬ë© ¯®â¥­æ¨ « á¬¥é¥­¨© ¦¨¤-ª®áâ¨ � ¢ ¢¨¤¥� = u(t)x+ �(t)
 + 1Xn=1 pn(t)'n +  ; (26)£¤¥ 'n { á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ ®¤­®à®¤­®© £à ­¨ç-­®© § ¤ ç¨ (4). � íâ®¬ ¢ëà ¦¥­¨¨ âà¨ ¯¥à¢ëåá« £ ¥¬ëå ¯à¥¤­ §­ ç¥­ë ¤«ï ®¯¨á ­¨ï ¤¢¨¦¥­¨ï¦¨¤ª®áâ¨ ¢ ¯®¤¢¨¦­®¬ á®áã¤¥ á ¦¥áâª¨¬¨ ¯¥à¥£®-à®¤ª ¬¨, ¢ â® ¢à¥¬ï ª ª ¯®á«¥¤­¥¥ á« £ ¥¬®¥ á¢ï-§ ­® á® á¬¥é¥­¨ï¬¨ ¦¨¤ª®áâ¨ §  áç¥â ã¯àã£¨å ¤¥-ä®à¬ æ¨© ¯¥à¥£®à®¤®ª.�®á«¥ ¯®¤áâ ­®¢ª¨ ãà ¢­¥­¨ï (26) ¢ (25) ¤«ïäã­ªæ¨© 
 ¨  ¬®¦­® áä®à¬ã«¨à®¢ âì á«¥¤ãîé¨¥ªà ¥¢ë¥ § ¤ ç¨:�
(x; y; z) = 0; (x; y; z) 2 Q; (27)16 �. �. � «¨æë­, �. �. �à®æ¥­ª®
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@� �����S[�[S(j)0 = z cos(�; x)� x cos(�; z);� (x; y; z) = 0; (x; y; z) 2 Q; (28)@ @� �����S[� = 0; @ @z �����S(j)0 = �w(j):� ª ª ª £à ­¨ç­ë¥ ãá«®¢¨ï ¤«ï äã­ªæ¨¨ 
 ­¥§ ¢¨áïâ ®â ª®®à¤¨­ âë y, â® 
 ¬®¦­® à áá¬ -âà¨¢ âì ª ª ¤¢ã¬¥à­ãî £ à¬®­¨ç¥áªãî äã­ªæ¨î,®¯à¥¤¥«¥­­ãî ¢ ®¡« áâ¨ ¯®¯¥à¥ç­®£® á¥ç¥­¨ï ¯®-«®áâ¨. � á¢®î ®ç¥à¥¤ì ¯à¨ à áá¬ âà¨¢ ¥¬ëå ¤¢¨-¦¥­¨ïå á®áã¤  £¨¤à®¤¨­ ¬¨ç¥áª®¥ ¤ ¢«¥­¨¥ ­  ¯¥-à¥£®à®¤ª¨ ¡ã¤¥â ­¥ç¥â­®© äã­ªæ¨¥© ¯® ª®®à¤¨­ -â¥ x ¨ ­¥ ¡ã¤¥â § ¢¨á¥âì ®â ª®®à¤¨­ âë y. � á¢ï§¨á íâ¨¬ ¯¥à¥£®à®¤ª¨ ¡ã¤ãâ ¤¥ä®à¬¨à®¢ âìáï ¤àã£ ª¤àã£ã  ­â¨á¨¬¬¥âà¨ç­ë¬ ®¡à §®¬ ¨ ¯à®£¨¡ ®¤­®©¯« áâ¨­ª¨ ¡ã¤¥â ®¯à¥¤¥«ïâìáï ¨§ ãà ¢­¥­¨ïD@4w@x4 + �0�0 @2w@t2 = ���@2�+@t2 � @2��@t2 �; (29)£¤¥ �+ ¨ �� { §­ ç¥­¨ï ¯®â¥­æ¨ «  á¬¥é¥­¨© ¦¨¤-ª®áâ¨ ­  ¢¥àå­¥© ¨ ­¨¦­¥© áâ®à®­ å ¯¥à¥£®à®¤ª¨.� ãà ¢­¥­¨ï¬ (29) ­¥®¡å®¤¨¬® ¥é¥ ¤®¡ ¢¨âì£à ­¨ç­ë¥ ãá«®¢¨ï ¦¥áâª®£® § é¥¬«¥­¨ï ªà ï ¯« -áâ¨­ë ¯à¨ x = b ¨ á¢®¡®¤­®£® ªà ï ¯à¨ x = a.� ª ¨ à ­¥¥, ¯à¥¤áâ ¢¨¬ á®áâ ¢«ïîéãî ¯®â¥­-æ¨ «  á¬¥é¥­¨© ¦¨¤ª®áâ¨, ®¡ãá«®¢«¥­­ãî ã¯àã-£¨¬¨ ¤¥ä®à¬ æ¨ï¬¨ ¯¥à¥£®à®¤®ª, ¨ ¯¥à¥¬¥é¥­¨ï¯« áâ¨­ª¨ ¢ ¢¨¤¥ à §«®¦¥­¨ï ¯® á®¡áâ¢¥­­ë¬äã­ªæ¨ï¬ § ¤ ç¨ (5): = 1Xm=1 qm(t) m(x; z);w = 1Xm=1 qm(t)wm(x): (30)�®«ãç¥­­®¥ ¢ëà ¦¥­¨¥ ¤«ï ¯®â¥­æ¨ «  á¬¥é¥-­¨© ¦¨¤ª®áâ¨ ¤®«¦­® ã¤®¢«¥â¢®àïâì ¤¨­ ¬¨ç¥áª®-¬ã £à ­¨ç­®¬ã ãá«®¢¨î ­  á¢®¡®¤­®© ¯®¢¥àå­®áâ¨¦¨¤ª®áâ¨ (23), ¢ â® ¢à¥¬ï ª ª ¯à®£¨¡ë ¯« áâ¨­®ª{ ãà ¢­¥­¨î (29). �®á«¥ ¯®¤áâ ­®¢ª¨ ¢ëà ¦¥­¨©(26) ¨ (30) ¢ ãª § ­­ë¥ ãà ¢­¥­¨ï ¨ ¢ë¯®«­¥­¨ï ­ «®£¨ç­ëå ®¯¥à æ¨©, çâ® ¨ ¯à¨ ¯®«ãç¥­¨¨ ãà ¢-­¥­¨© (11) ¨ (12), ¯®«ãç¨¬ á«¥¤ãîéãî ­¥®¤­®à®¤-­ãî á¨áâ¥¬ã ãà ¢­¥­¨© ®â­®á¨â¥«ì­® ¯ à ¬¥âà®¢pn(t) ¨ qm(t):�n ��pn + �2npn�+ 1Xm=1 �qm�nm = ��n�u��0n ��+g��n;(31)�m � �qm + 
2mqm� + 1Xn=1 �pn�nm = ��0m ��;

£¤¥ �n = � Z� x@'n@z dS; �0n = � Z� 
@'n@z dS;�0m = 2l� bZa �
+ �
��wmdx = 2l� Z
+[
� 
@ m@� dS:�¤¥áì 
+ ; 
� { ãá«®¢­® ¢¢¥¤¥­­ë¥ ¢¥àå­ïï ¨ ­¨¦-­ïï áâ®à®­ë ®âà¥§ª  
.�®íää¨æ¨¥­âë ãà ¢­¥­¨© �n; �m ¨ �nm à ­¥¥®¯à¥¤¥«ï«¨áì ä®à¬ã« ¬¨ ¨§ (11) ¨ (12).� ª¨¬ ®¡à §®¬, ¢ á«ãç ¥ § ¤ ­­®£® ¤¢¨¦¥­¨ï¥¬ª®áâ¨ ¤¢¨¦¥­¨¥ ¦¨¤ª®áâ¨ ¨ ã¯àã£¨å ¯¥à¥£®à®-¤®ª ¢ ­¥© ¢ «¨­¥©­®¬ ¯à¨¡«¨¦¥­¨¨ ¬®¦­® à á-áç¨â âì, ¨­â¥£à¨àãï á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëåãà ¢­¥­¨© (31) ¯à¨ á®®â¢¥âáâ¢ãîé¨å ­ ç «ì­ëåãá«®¢¨ïå ¨«¨ ãá«®¢¨ïå ¯¥à¨®¤¨ç­®áâ¨. �®íää¨-æ¨¥­âë íâ¨å ãà ¢­¥­¨© ®¯à¥¤¥«ïîâáï ¨áå®¤ï ¨§à¥è¥­¨© «¨­¥©­®© ªà ¥¢®© § ¤ ç¨ ® á®¡áâ¢¥­­ëåª®«¥¡ ­¨ïå ¦¨¤ª®áâ¨ ¢ á®áã¤¥ á ¦¥áâª¨¬¨ ¯¥à¥£®-à®¤ª ¬¨, ªà ¥¢®© § ¤ ç¨ ¯® ®¯à¥¤¥«¥­¨î ¯®â¥­æ¨- «  �â®ªá {�ãª®¢áª®£® (27) ¨ § ¤ ç¨ ® á®¡áâ¢¥­-­ëå ª®«¥¡ ­¨ïå ¯¥à¥£®à®¤®ª ¢ ¥¬ª®áâ¨ ¯à¨ § é¥¬-«¥­­®© á¢®¡®¤­®© ¯®¢¥àå­®áâ¨ ¦¨¤ª®áâ¨ (5).�®íää¨æ¨¥­âë �n ¨ �0n ¡ë«¨ ­ ©¤¥­ë à ­¥¥ ¢à ¡®â¥ [9]. �®íâ®¬ã ®¯à¥¤¥«¥­¨î ¯®¤«¥¦¨â â®«ìª®ª®íää¨æ¨¥­â �0m. � ãç¥â®¬ ä®à¬ã« (13) ¨ ¯à¥¤-áâ ¢«¥­¨ï ¤«ï ¯®â¥­æ¨ «  �â®ªá {�ãª®¢áª®£® ¨§[9] ¯®«ãç ¥¬:�0m = �4l�b 1Xk=1y(m)k 1Xs=0 �I(k)s �C(k)s ��32s+1 �� �ch (�2s+1h1)� 1sh (�2s+1h1) + ch (�2s+1h2)� 1sh (�2s+1h2) �: (32)�®á«¥ ¨­â¥£à¨à®¢ ­¨ï á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì-­ëå ãà ¢­¥­¨© (31) ¬®¦­® ¯¥à¥©â¨ ª ®¯à¥¤¥«¥­¨îá¨« ¢§ ¨¬®¤¥©áâ¢¨ï ¬¥¦¤ã á®áã¤®¬ ¨ ç áâ¨ç­® § -¯®«­ïîé¥© ¥£® ¦¨¤ª®áâìî.� ®¡é¥¬ á«ãç ¥ á¨«®¢ë¥ ¢§ ¨¬®¤¥©áâ¢¨ï ¦¨¤ª®-áâ¨ ¨ ¥¬ª®áâ¨ á¢®¤ïâáï ª áã¬¬ à­®© £¨¤à®¤¨­ ¬¨-ç¥áª®© á¨«¥ ~P ¨ £¨¤à®¤¨­ ¬¨ç¥áª®¬ã ¬®¬¥­âã ~M®â­®á¨â¥«ì­® ­ ç «  ª®®à¤¨­ â [12]:~P = ZS p~�dS; ~M = ZS (~r � p~�)dS; (33)£¤¥ ~� { ®àâ ¢­¥è­¥© ­®à¬ «¨ ª á¬®ç¥­­®© ¯®¢¥àå-­®áâ¨ S.�à¨ ¬ «ëå ¤¢¨¦¥­¨ïå á®áã¤  ¢ ¯«®áª®áâ¨O�x�z� ¢¥«¨ç¨­ë ¯®¯¥à¥ç­®© £¨¤à®¤¨­ ¬¨ç¥áª®©�. �. � «¨æë­, �. �. �à®æ¥­ª® 17



ISSN 1561 -9087 �à¨ª« ¤­  £÷¤à®¬¥å ­÷ª . 2000. �®¬ 2 (74), N 4. �. 11 { 23á¨«ë Px� ¨ £¨¤à®¤¨­ ¬¨ç¥áª®£® ¬®¬¥­â  My ®â-­®á¨â¥«ì­® ®á¨ Oy, ¢ëà ¦¥­­ë¥ ¢ ¯®¤¢¨¦­®© á¨-áâ¥¬¥ ª®®à¤¨­ â, á â®ç­®áâìî ¤® ¬ «ëå ¢¥«¨ç¨­¯¥à¢®£® ¯®àï¤ª  ¡ã¤ãâ ¨¬¥âì ¢¨¤Px� = ZS p cos(�; x)dS; (34)My = ZS p [z cos(�; x)� x cos(�; z)] dS:�¨­ ¬¨ç¥áª®¥ ¤ ¢«¥­¨¥ p, ¢å®¤ïé¥¥ ¢ ¢ëà ¦¥-­¨ï (34), ¬®¦­® ­¥¯®áà¥¤áâ¢¥­­® ­ ©â¨ ¨§ ¨­â¥-£à «  � £à ­¦ {�®è¨ (1):p = ��@2�@t2 = �� �ux+ ��
+ 1Xn=1 �pn'n++ 1Xm=1 �qm m! : (35)�®¤áâ ¢«ïï ¤¨­ ¬¨ç¥áª®¥ ¤ ¢«¥­¨¥ (35) ¢ ¢ëà -¦¥­¨¥ (34) ¤«ï Px� , ¯®«ãç ¥¬:Px� = ��u� ZS x cos(�; x)dS � ��� ZS 
cos(�; x)dS��� 1Xn=1 �pn ZS 'n cos(�; x)dS� (36)�� 1Xm=1 �qm ZS  m cos(�; x)dS:�­â¥£à «ë, ¢å®¤ïé¨¥ ¢ (36), á ¯®¬®éìî ä®à¬ã-«ë � ãáá {�áâà®£à ¤áª®£® ¬®¦­® ¯à¥®¡à §®¢ âìª á«¥¤ãîé¥¬ã ¢¨¤ã:� ZS x cos(�; x)dS = � ZS[� x@x@� dS = � ZQ dQ = m;� ZS 
cos(�; x)dS = � ZQ zdQ = mzG;� ZS 'n cos(�; x)dS = � ZS[� x@'n@� dS = �n;� ZS  m cos(�; x)dS = � ZS[� x@ m@� dS = 0;£¤¥ zG = RQ zdQQ

{ª®®à¤¨­ â  æ¥­âà  ¬ áá § â¢¥à¤¥¢è¥© ¦¨¤ª®áâ¨;m { ¬ áá  ¦¨¤ª®áâ¨.� ª¨¬ ®¡à §®¬, ¯®¯¥à¥ç­ ï £¨¤à®¤¨­ ¬¨ç¥áª ïá¨«  Px� , ¤¥©áâ¢ãîé ï ­  ¥¬ª®áâì, ¯à¨¬¥â ¢¨¤Px� = ��um� ��mzG � 1Xn=1�n�pn: (37)� ãç¥â®¬ ¤¨­ ¬¨ç¥áª®£® ¤ ¢«¥­¨ï (35) ¤«ï My¯®«ãç¨¬My = ��u� ZS[� x [~r � ~�]y dS � ��� ZS[� 
 [~r � ~�]y dS��� 1Xn=1 �pn ZS[� 'n [~r � ~�]y dS� (38)�� 1Xm=1 �qm ZS[�  m [~r � ~�]y dS;£¤¥ [~r � ~�]y { ¯à®¥ªæ¨ï ¢¥ªâ®à­®£® ¯à®¨§¢¥¤¥­¨ï­  ®áì Oy.�­â¥£à «ë, ¢å®¤ïé¨¥ ¢ ãà ¢­¥­¨¥ (38), ¯à¥-®¡à §ãîâáï ª á«¥¤ãîé¥¬ã ¢¨¤ã:� ZS[� x [z cos(�; x)� x cos(�; z)]dS = mzG;� ZS[� 
 [~r � ~�]y dS = � ZS[� 
@
@� dS = I;� ZS[� 'n [~r � ~�]y dS = � Z� 
@'n@� dS = �0n;� ZS[�  m [~r � ~�]y dS = � ZS[�  m @
@� dS = �0m:� ãç¥â®¬ íâ¨å ¢ëà ¦¥­¨© £¨¤à®¤¨­ ¬¨ç¥áª¨©¬®¬¥­â ®â­®á¨â¥«ì­® ®á¨ Oy ¡ã¤¥â ¨¬¥âì ¢¨¤My = ��umzG � ��I � 1Xn=1 �pn�0n� 1Xm=1 �qm�0m: (39)�­®¦¨â¥«ì ¯à¨ �� ¯à¥¤áâ ¢«ï¥â á®¡®© ¯à¨á®-¥¤¨­¥­­ë© ¬®¬¥­â ¨­¥àæ¨¨ ¦¨¤ª®áâ¨, ¢¢¥¤¥­­ë©�. �. �ãª®¢áª¨¬ [13].� ª¨¬ ®¡à §®¬, ¯®á«¥ ®¯à¥¤¥«¥­¨ï £¨¤à®¤¨­ ¬¨-ç¥áª¨å ª®íää¨æ¨¥­â®¢ �n; �0n; �n; I; �m; �0m; �nm¨ ¨­â¥£à¨à®¢ ­¨ï á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëåãà ¢­¥­¨© (31) ¯à¨ á®®â¢¥âáâ¢ãîé¨å ­ ç «ì­ëåãá«®¢¨ïå ®âªàë¢ ¥âáï ¢®§¬®¦­®áâì ®¯à¥¤¥«¥­¨ïá¨«®¢®£® ¨ ¬®¬¥­â­®£® ¢®§¤¥©áâ¢¨ï ¦¨¤ª®áâ¨ ­ ¥¬ª®áâì ¯à¨ § ¤ ­­®¬ ¤¢¨¦¥­¨¨ ¯®á«¥¤­¥©.18 �. �. � «¨æë­, �. �. �à®æ¥­ª®



ISSN 1561 -9087 �à¨ª« ¤­  £÷¤à®¬¥å ­÷ª . 2000. �®¬ 2 (74), N 4. �. 11 { 233. ��������� ���������� �����-��� ���� � ��������, �������� ��-�������������������ãáâì ¨¬¥¥âáï â¢¥à¤®¥ â¥«® á ¤¢ã¬ï ¯«®áª®áâï¬¨£¥®¬¥âà¨ç¥áª®© ¨ ¬ áá®¢®© á¨¬¬¥âà¨¨ Oxz ¨ Oyz,ª®â®àë¥ ¢ ­ ç «ì­ë© ¬®¬¥­â á®¢¯ ¤ îâ á ¯«®á-ª®áâï¬¨ O�x�z� ¨ O�y�z� ­¥¯®¤¢¨¦­®© á¨áâ¥¬ëª®®à¤¨­ â O�x�y�z�. �ãáâì â¢¥à¤®¥ â¥«® ¨¬¥¥â¯®«®áâì ¢ ä®à¬¥ ¯àï¬®ã£®«ì­®£® ¯ à ««¥«¥¯¨¯¥-¤  á ã¯àã£¨¬¨ ¯¥à¥£®à®¤ª ¬¨, ª®â®à ï ç áâ¨ç­®§ ¯®«­¥­  ¨¤¥ «ì­®© ¨ ­¥á¦¨¬ ¥¬®© ¦¨¤ª®áâìî.�à¥¤¯®«®¦¨¬, çâ® ­  â¢¥à¤®¥ â¥«® ¤¥©áâ¢ã¥â ¢ ­ -¯à ¢«¥­¨¨ ®á¨ O�x� áã¬¬ à­ ï ¢­¥è­ïï á¨«  P (0)x�¨ áã¬¬ à­ë© ¯®¯¥à¥ç­ë© ¬®¬¥­â M (0)Oy ¢­¥è­¨åá¨« ®â­®á¨â¥«ì­® ®á¨ Oy. �à¥¡ã¥âáï ®¯à¥¤¥«¨âì¤¢¨¦¥­¨¥ à áá¬ âà¨¢ ¥¬®© ¬¥å ­¨ç¥áª®© á¨áâ¥-¬ë ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® ¢ë¯®«­ïîâáï ¢á¥ ¢¢¥¤¥­-­ë¥ ¢ëè¥ ¤®¯ãé¥­¨ï ®â­®á¨â¥«ì­® á¢®©áâ¢ ¦¨¤-ª®áâ¨ ¨ å à ªâ¥à  ¤¢¨¦¥­¨ï ¯®«®áâ¨, ¯¥à¥£®à®¤®ª¨ ¦¨¤ª®áâ¨. � áá¬ âà¨¢ ¥¬ ï § ¤ ç  ®â­®á¨âáïª® ¢â®à®© § ¤ ç¥ ¤¨­ ¬¨ª¨ â¥« á ¦¨¤ª®áâìî.� ª ¨ à ­¥¥, ¤¢¨¦¥­¨¥ â¥«  ¡ã¤¥¬ å à ªâ¥à¨-§®¢ âì ¬ «ë¬¨ ¯¥à¥¬¥é¥­¨ï¬¨ â®çª¨ O ®â­®á¨-â¥«ì­® â®çª¨ O� ¢ ­ ¯à ¢«¥­¨¨ ®á¨ O�x� ¨ ¬ «ë¬ã£«®¬ ¯®¢®à®â  � â¥«  ®â­®á¨â¥«ì­® ®á¨ Oy, ª®-â®àë¥ ¯®¤«¥¦ â ®¯à¥¤¥«¥­¨î ¢ ¤ «ì­¥©è¥¬. �®-â¥­æ¨ « á¬¥é¥­¨© ¦¨¤ª®áâ¨ � ¤®«¦¥­ ã¤®¢«¥â¢®-àïâì â¥¬ ¦¥ ãà ¢­¥­¨ï¬ ¨ £à ­¨ç­ë¬ ãá«®¢¨ï¬,çâ® ¨ ¢ á«ãç ¥ ¢ë­ã¦¤¥­­ëå ¤¢¨¦¥­¨© ¯®«®áâ¨.�®íâ®¬ã ¯à¥¤áâ ¢¨¬ ¥£® ¢ á«¥¤ãîé¥© ä®à¬¥:� = u(t)x+�(t)
+ 1Xn=1 pn(t)'n+ 1Xm=1 qm(t) m: (40)�¢  á®®â­®è¥­¨ï ®â­®á¨â¥«ì­® ¨áª®¬ëå ®¡®¡-é¥­­ëå ª®®à¤¨­ â ¬®¦­® ¯®«ãç¨âì, ¨á¯®«ì§®¢ ¢¤¨­ ¬¨ç¥áª®¥ ãá«®¢¨¥ ¤«ï ¯®â¥­æ¨ «  á¬¥é¥­¨©¦¨¤ª®áâ¨ ­  ¥¥ á¢®¡®¤­®© ¯®¢¥àå­®áâ¨ ¨ ãà ¢­¥-­¨¥ ¤«ï ¯¥à¥¬¥é¥­¨© ¯¥à¥£®à®¤®ª. �­¨ ¯®«­®-áâìî á®¢¯ ¤ îâ á à ­¥¥ ¯®«ãç¥­­ë¬¨ á®®â­®è¥-­¨ï¬¨ (31).�®á«¥¤­¨¥ ¤¢  ãà ¢­¥­¨ï ¬®¦­® ¯®«ãç¨âì à §-«¨ç­ë¬¨ á¯®á®¡ ¬¨ ­  ®á­®¢ ­¨¨ ®¡é¨å â¥®à¥¬ ­ «¨â¨ç¥áª®© ¬¥å ­¨ª¨. �¤­ ª® ¢ ¤ ­­®¬ á«ãç ¥,ª®£¤  ¨¬¥îâáï ¢ëà ¦¥­¨ï ¤«ï £¨¤à®¤¨­ ¬¨ç¥áª®©á¨«ë P (0)x� (37) ¨ £¨¤à®¤¨­ ¬¨ç¥áª®£® ¬®¬¥­â  My(39), ­ ¨¡®«¥¥ ã¤®¡­® ¡ã¤¥â ¯®«ãç¨âì ãà ¢­¥­¨ï¯à¨ ¨á¯®«ì§®¢ ­¨¨ â¥®à¥¬ë ®¡ ¨§¬¥­¥­¨¨ ª®«¨ç¥-áâ¢  ¤¢¨¦¥­¨ï ¨ ª¨­¥â¨ç¥áª®£® ¬®¬¥­â . � «¨­¥©-­®© ¯®áâ ­®¢ª¥ § ¤ ç¨ íâ¨ ãà ¢­¥­¨ï ¨¬¥îâ ¢¨¤dK0dt = Px� + P (¢)x� ; dN0dt = M0 +My +M (¢)y +M (á)y ;(41)

£¤¥ Px� ¨ P (¢)x� { áã¬¬ à­ ï ¯®¯¥à¥ç­ ï £¨¤à®¤¨-­ ¬¨ç¥áª ï á¨« , ¤¥©áâ¢ãîé ï ­  áâ¥­ª¨ ¯®«®áâ¨,¨ áã¬¬ à­ ï ¯®¯¥à¥ç­ ï ¢­¥è­ïï á¨« , ¯à¨«®¦¥­-­ ï ª â¥«ã; M0;My; M (¢)y ;M (á)y { áâ â¨ç¥áª¨© ¬®-¬¥­â â¢¥à¤®£® â¥« , ¯®¯¥à¥ç­ë© £¨¤à®¤¨­ ¬¨ç¥-áª¨© ¬®¬¥­â, ¯®¯¥à¥ç­ë© ¬®¬¥­â ¢­¥è­¨å á¨«,£¨¤à®áâ â¨ç¥áª¨© ¬®¬¥­â ®â­®á¨â¥«ì­® ®á¨ Oy.�¥à¢®¥ ãà ¢­¥­¨¥ (41) ¯à¥¤áâ ¢«ï¥â á®¡®© ãà ¢-­¥­¨¥ á¨« ¢ ¯à®¥ªæ¨¨ ­  ®áì Ox�, ¢â®à®¥ { ãà ¢-­¥­¨¥ ¬®¬¥­â®¢ ®â­®á¨â¥«ì­® ¯à®¤®«ì­®© ®á¨ Oy.� ¯¥à¢®© ä®à¬ã«¥ (41) ¡ë«® ãçâ¥­®, çâ® ¯à¨à -é¥­¨¥ ¢¥ªâ®à  £¨¤à®áâ â¨ç¥áª¨å á¨« §  áç¥â ¨§-¬¥­¥­¨ï ª®®à¤¨­ âë z� â®ç¥ª áâ¥­®ª ¯®«®áâ¨ ¯à¨¥¥ ¯®¢®à®â¥ ¨ ¤¥ä®à¬ æ¨¨ á¢®¡®¤­®© ¯®¢¥àå­®áâ¨¦¨¤ª®áâ¨ à ¢­® ­ã«î.�®«¨ç¥áâ¢® ¤¢¨¦¥­¨ï K0 ¨ ª¨­¥â¨ç¥áª¨© ¬®-¬¥­â N0 â¢¥à¤®£® â¥«  ®â­®á¨â¥«ì­® ®á¨ Oy ¡ã¤ãâK0 = m0 _u+m0zC _�; N0 = I0 _� +m0zC _u; (42)£¤¥ m0; I0; zC { ¬ áá , ¬®¬¥­â ¨­¥àæ¨¨ ¨ ª®®à¤¨­ -â  æ¥­âà  âï¦¥áâ¨ â¢¥à¤®£® â¥«  á®®â¢¥âáâ¢¥­­®.� á¢®î ®ç¥à¥¤ì,M (á)y =M (á)y1 +M (á)y2 ; (43)£¤¥ M (á)y1 ¨ M (á)y2 { ¤®¯®«­¨â¥«ì­ë¥ ¬®¬¥­âë ®â­®-á¨â¥«ì­® ®á¨ Oy £¨¤à®áâ â¨ç¥áª¨å á¨«, ¤¥©áâ¢ãî-é¨å ­  â¥«® á®®â¢¥âáâ¢¥­­® §  áç¥â ¤¥ä®à¬ æ¨¨á¢®¡®¤­®© ¯®¢¥àå­®áâ¨ ¦¨¤ª®áâ¨ ¨ ¯à¨ ¥£® ¬ «®¬¯®¢®à®â¥ ­  ã£®« �.�«ï â®£®, çâ®¡ë ®¯à¥¤¥«¨âì ¬®¬¥­â M (á)y1 , ¤®-áâ â®ç­® § ¯¨á âì í«¥¬¥­â à­ë© ¬®¬¥­â ®â ¢¥á æ¨«¨­¤à  á ¯«®é ¤ìî ®á­®¢ ­¨ï dS ¨ ¢ëá®â®©� = 1Xn=1pn(t)@'n@x®â­®á¨â¥«ì­® ®á¨ Oy ¨ ¯à®¨­â¥£à¨à®¢ âì ¯® ­¥-¢®§¬ãé¥­­®© ¯®¢¥àå­®áâ¨ ¦¨¤ª®áâ¨. �à¨ íâ®¬¯®«ãç¨¬ M (á)y1 = g 1Xn=1pn(t)�n: (44)�®¯®«­¨â¥«ì­ë© ¬®¬¥­â ®â­®á¨â¥«ì­® ®á¨ Oy£¨¤à®áâ â¨ç¥áª¨å á¨« ¯à¨ ¯®¢®à®â¥ â¥«  ¢®ªàã£®á¨ Oy ­  ¬ «ë© ã£®« � ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥M (á)y2 = �gmzG�: (45)�®¤áâ ¢«ïï ¢ ãà ¢­¥­¨ï (41) ¢ëà ¦¥­¨ï (42){(45), (37) ¨ (39),   â ª¦¥ áâ â¨ç¥áª¨© ¬®¬¥­ââ¢¥à¤®£® â¥«  ®â­®á¨â¥«ì­® ®á¨ OyM0 = �gm0z��; (46)�. �. � «¨æë­, �. �. �à®æ¥­ª® 19



ISSN 1561 -9087 �à¨ª« ¤­  £÷¤à®¬¥å ­÷ª . 2000. �®¬ 2 (74), N 4. �. 11 { 23¯®«ãç¨¬(m0 +m) �u+ 1Xn=1 �pn�n + (m0 +m) z(s)C �� = P (¢)x� ;(I0 + I) �� + (m0 +m) z(s)C (�u+ g�) + 1Xn=1 �pn�0n+(47)+ 1Xm=1 �qm�0m � g 1Xn=1 �pn�n = M (¢)y ;£¤¥ z(s)C = m0zC +mzGm0 +m{ ª®®à¤¨­ â  æ¥­âà  ¬ áá á¨áâ¥¬ë "â¥«®{§ â¢¥à¤¥¢è ï ¦¨¤ª®áâì".� «ì­¥©è¥¥ ã¯à®é¥­¨¥ ãà ¢­¥­¨© (47) ¬®¦­®¯à®¢¥áâ¨ §  áç¥â ¢ë¡®à  ­ ç «  á¨áâ¥¬ë ª®®à¤¨-­ â. �®¢¬¥áâ¨¢ ­ ç «® ª®®à¤¨­ â á æ¥­âà®¬ ¬ áá¢á¥© á¨áâ¥¬ë ¨ ¤®¡ ¢¨¢ ª ãà ¢­¥­¨ï¬ (47) ãà ¢-­¥­¨ï (31), á¨áâ¥¬  ãà ¢­¥­¨©, ®¯¨áë¢ îé ï ¯®-¯¥à¥ç­ë¥ ¤¢¨¦¥­¨ï ¢ ¯«®áª®áâ¨ O�x�z� ¬¥å ­¨ç¥-áª®© á¨áâ¥¬ë "â¥«®{¦¨¤ª®áâì{ã¯àã£¨¥ ¯¥à¥£®à®¤-ª¨", ¯à¨¬¥â ¢¨¤(m0 +m) �u+ 1Xn=1 �pn�n = P (¢)x� ;(I0 + I) �� + 1Xn=1 �pn�0n + 1Xm=1 �qm�0m � g 1Xn=1 �pn�n =(48)=M (¢)y ;�n ��pn + �2npn�+ 1Xm=1 �qm�nm+�n�u+�0n ���g�n� = 0;�m ��qm + 
2mqm�+ 1Xn=1 �pn�nm + �0m �� = 0:�â¬¥â¨¬, çâ® ª®íää¨æ¨¥­âë ãà ¢­¥­¨© (48)®¯à¥¤¥«ïîâáï ç¥à¥§ ¨­â¥£à «ì­ë¥ å à ªâ¥à¨-áâ¨ª¨ ªà ¥¢ëå § ¤ ç ¤«ï ¯®â¥­æ¨ «  �â®ªá {�ãª®¢áª®£®, ® á®¡áâ¢¥­­ëå ª®«¥¡ ­¨ïå ¦¨¤ª®áâ¨¢ ¯®«®áâ¨ ¯à¨  ¡á®«îâ­® ¦¥áâª¨å ¯¥à¥£®à®¤ª å ¨® á®¡áâ¢¥­­ëå ª®«¥¡ ­¨ïå ã¯àã£¨å ¯« áâ¨­ ¢ ¯®«®-áâ¨ ¯à¨ § é¥¬«¥­­®© á¢®¡®¤­®© ¯®¢¥àå­®áâ¨ ¦¨¤-ª®áâ¨. �à¨ íâ®¬ ®­¨ ¨¬¥îâ á«¥¤ãîé¨¥ ¢ëà ¦¥-­¨ï: �n = � Z� x@'n@� dS;�0n = � Z� 
@'n@� dS;�n = � Z� 'n @'n@� dS; I = � ZS[� 
@
@� dS;

�0m = 2l� Z
+[
� 
@ m@� dS;�nm = � Z� @'n@�  mdS;�m = 2l bZa ��0�0wm + � � +m �  �m��wmdx:�®«ãç¥­­ë¥ ãà ¢­¥­¨ï ï¢«ïîâáï ®¯à¥¤¥«¥­­ë¬®¡®¡é¥­¨¥¬ ¨§¢¥áâ­ëå ãà ¢­¥­¨© ¤¢¨¦¥­¨ï â¢¥à-¤®£® â¥«  á ¦¨¤ª®áâìî [14] ­  á«ãç © ¯®«®áâ¨¢ ä®à¬¥ £®à¨§®­â «ì­® à á¯®«®¦¥­­®£® æ¨«¨­¤à á ã¯àã£¨¬¨ à¥¡à ¬¨{¯¥à¥£®à®¤ª ¬¨ ¯à¨ ¤¢¨¦¥-­¨¨ ¥¥ ¢ ¯®¯¥à¥ç­®© ¯«®áª®áâ¨ O�x�z�. �­¨ ¯®-§¢®«ïîâ ¯à¨ § ¤ ­¨¨ á®®â¢¥âáâ¢ãîé¨å ­ ç «ì-­ëå ãá«®¢¨© ®¯à¥¤¥«ïâì ¯ à ¬¥âàë ¤¢¨¦¥­¨ï â¥-« , ¦¨¤ª®áâ¨ ¨ ã¯àã£¨å ¯¥à¥£®à®¤®ª, ª®£¤  á¨áâ¥-¬  á¨«, ¤¥©áâ¢ãîé¨å ­  â¥«® ¢ ¯®¯¥à¥ç­®© ¯«®á-ª®áâ¨, ¯à¥¤¯®« £ ¥âáï § ¤ ­­®©.4. ���������� ���������à¨ ¯à®¢¥¤¥­¨¨ à áç¥â®¢ ã¤®¡­® ¯®«ì§®¢ âìáï¡¥§à §¬¥à­ë¬¨ ¢¥«¨ç¨­ ¬¨. �«ï íâ®£®, ®¡®§­ -ç¨¢ ç¥à¥§ R å à ªâ¥à­ë© «¨­¥©­ë© à §¬¥à ¯®-«®áâ¨, ¢¢¥¤¥¬ á«¥¤ãîé¨¥ ¡¥§à §¬¥à­ë¥ ¢¥«¨ç¨­ë,ª®â®àë¥ ¡ã¤¥¬ ®¡®§­ ç âì ç¥àâ®çª®© á¢¥àåã:(x; y; z) = (�x; �y; �z)R; t = �tsRg ;(�2n;
2m) = (��2n; �
2m) gR ;� = ��R2;'n = �'nR;w = �wR; 
 = �
R2; = � R2:�®£¤  á¢ï§ì à §¬¥à­ëå ª®íää¨æ¨¥­â®¢ ãà ¢­¥-­¨© (48) á ¡¥§à §¬¥à­ë¬¨ ¡ã¤¥â ®áãé¥â¢«ïâìáï ¯®ä®à¬ã« ¬�n = �R3��n;�n = �R3��n;�0n = �R4��0n;I = �R5 �I ; �0m = �R5��0m; �nm = �R4 ��nm; (49)�m = �R5��m:� á¢®î ®ç¥à¥¤ì,  «£¥¡à ¨ç¥áª ï á¨áâ¥¬  (15)¤«ï ®¯à¥¤¥«¥­¨ï ¯ à ¬¥âà®¢ 
2m ¨ ¯®áâ®ï­­ëåy(m)l ¢ ¡¥§à §¬¥à­ëå ¢¥«¨ç¨­ å ¯à¨¬¥â ¢¨¤�D�p4l �N2l y(m)l � �
2m "�0�0�R �N2l y(m)l + � 1Xk=1 y(m)k �bkl# = 0;(50)20 �. �. � «¨æë­, �. �. �à®æ¥­ª®
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21�21�¨á. 1. � ¢¨á¨¬®áâì ­®à¬ «ì­ëå ç áâ®â á¨áâ¥¬ë®â ®â­®á¨â¥«ì­®© â®«é¨­ë ¯¥à¥£®à®¤®ª£¤¥ �D = E�gR ��0R�3 112(1� �2) ; �pl = Rpl;N2k = R3 �N2k ;Vk = �VkR2; bkl = R4�bkl:�  å à ªâ¥à­ë© à §¬¥à ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬¯à¨­¨¬ âì ¢¥«¨ç¨­ã b.� ¡«¨æ  1k 
21 
221 0.001547 |2 0.001527 0.1103523 0.001526 0.1064584 0.001526 0.1063975 0.001526 0.106313� ¡«¨æ  2m 
21 
221 0.012357 |2 0.012193 0.8787943 0.012192 0.8479974 0.012191 0.8475155 0.012191 0.846850�ãáâì á¨áâ¥¬  ¨¬¥¥â á«¥¤ãîé¨¥ ¬¥å ­¨ç¥áª¨¥¯ à ¬¥âàë: b = 1:0; d = 0:3; � = 0:34; �0=� = 2:7.� â ¡«. 1 ¯à¨¢¥¤¥­ë à¥§ã«ìâ âë à áç¥â®¢ ¯¥à¢ëå¤¢ãå ç áâ®â 
2m ¢ § ¢¨á¨¬®áâ¨ ®â ª®«¨ç¥áâ¢  ç«¥-­®¢ k ¢ à §«®¦¥­¨ïå (13) ¯à¨ h1 = 0:5; �0 = 5�10�5.� ­­ë¥ â ¡«. 2 ¯®ª §ë¢ îâ áå®¤¨¬®áâì 
2m ¢ § -¢¨á¨¬®áâ¨ ®â ¯®àï¤ª  m à¥è ¥¬®©  «£¥¡à ¨ç¥-áª®© á¨áâ¥¬ë (21) (h1 = 0:5; �0 = 10�5). �ë-áâà ï áå®¤¨¬®áâì ç áâ®â ®¡êïá­ï¥âáï, ¢ ¯¥à¢ãî®ç¥à¥¤ì, â¥¬ ®¡áâ®ïâ¥«ìáâ¢®¬, çâ® ¯à¨ ¯®áâà®¥-­¨¨ à¥è¥­¨© ªà ¥¢ëå § ¤ ç (14) ãç¨âë¢ «¨áì ¨å¤¨ää¥à¥­æ¨ «ì­ë¥ á¢®©áâ¢  ¢¡«¨§¨ ®á®¡ëå â®ç¥ª£à ­¨æë ®¡« áâ¨.� áá¬®âà¨¬ á­ ç «  á¢®¡®¤­ë¥ ¯®¯¥à¥ç­ë¥ ª®-«¥¡ ­¨ï ¦¨¤ª®áâ¨ ¢ à áá¬ âà¨¢ ¥¬®¬ ­¥¯®¤¢¨¦-­®¬ á®áã¤¥ á ã¯àã£¨¬¨ ¯¥à¥£®à®¤ª ¬¨. �¢ï§ ­-

­ë¥ ¤¢¨¦¥­¨ï ¦¨¤ª®áâ¨ ¨ ã¯àã£¨å ¤¨ äà £¬ ®¯¨-áë¢ îâáï á¨áâ¥¬®© ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©(11){(12). � «¥¥ ¡ã¤¥¬ ãç¨âë¢ âì «¨èì ®á­®¢­®©â®­ ª®«¥¡ ­¨© ¦¨¤ª®áâ¨ ¨ ¯¥à¥£®à®¤®ª. �®£¤  ª¢ -¤à âë ç áâ®â à áá¬ âà¨¢ ¥¬®© ¬¥å ­¨ç¥áª®© á¨-áâ¥¬ë ¡ã¤ãâ ®¯à¥¤¥«ïâìáï ¯® ä®à¬ã« ¬!21;2 = 12(1� �2)"��21 +
21���q(�21 +
21)2 � 4(1� �2)�21
21#; (51)£¤¥ �2 = �211=�1�1.�  à¨á. 1 ¯à¨¢¥¤¥­ë à¥§ã«ìâ âë à áç¥â  ª¢ -¤à â®¢ ­®à¬ «ì­ëå ç áâ®â !21;2 ¢ § ¢¨á¨¬®áâ¨ ®ââ®«é¨­ë ¯¥à¥£®à®¤®ª �0. �§ à¨áã­ª  ¢¨¤­®, çâ®¯ àæ¨ «ì­ë¥ ç áâ®âë ­ å®¤ïâáï ¬¥¦¤ã ­®à¬ «ì-­ë¬¨. �à¨ �0 ! 0 ç áâ®â  !1 áâà¥¬¨âáï ª ¯¥à¢®©ç áâ®â¥ á®¡áâ¢¥­­ëå ª®«¥¡ ­¨© ¯« áâ¨­ª¨ ¢ ¯®-«®áâ¨ á ¦¨¤ª®áâìî ¯à¨ § é¥¬«¥­­®© ¥¥ á¢®¡®¤­®©¯®¢¥àå­®áâ¨,   !2 { ª ¯¥à¢®© ç áâ®â¥ á®¡áâ¢¥­­ëåª®«¥¡ ­¨© ¦¨¤ª®áâ¨ ¢ ¯®«®áâ¨ á  ¡á®«îâ­® ¦¥áâ-ª¨¬¨ ¯¥à¥£®à®¤ª ¬¨.�¡é¥¥ à¥è¥­¨¥ á¨áâ¥¬ë ãà ¢­¥­¨© (11){(12)¯à¨ n = 1;m = 1 ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥p1(t) = P (1)1 sin(!1t+�1) +P (2)1 sin(!2t+�2); (52)q1(t) = Q(1)1 sin(!1t+ �1) +Q(2)1 sin(!2t+ �2):�®¤áâ ¢¨¢ ¢ëà ¦¥­¨ï (52) ¤«ï ®¡®¡é¥­­ëå ª®-®à¤¨­ â ¢ á¨áâ¥¬ã (11){(12), ®¯à¥¤¥«¨¬ ®â­®è¥-­¨¥  ¬¯«¨âã¤ P (1)1 =Q(1)1 ¨ P (2)1 =Q(2)1 , á®®â¢¥âáâ¢ã-îé¨å §­ ç¥­¨ï¬ ç áâ®â £« ¢­ëå ä®à¬ ª®«¥¡ ­¨©:P (i)1Q(i)1 = (
21 � !2i )�1!2i �11 = !2i �11(�21 � !2i )�1 = 1ki (i = 1; 2):(53)�ç¨âë¢ ï, çâ® ¯ àæ¨ «ì­ë¥ ç áâ®âë á¨áâ¥¬ë­ å®¤ïâáï ¬¥¦¤ã ­®à¬ «ì­ë¬¨, ¨§ ä®à¬ã« (53)§ ª«îç ¥¬, çâ® k1 > 0,   k2 < 0. �«¥¤®¢ â¥«ì-­®, ª®£¤  á¨áâ¥¬  á®¢¥àè ¥â ª®«¥¡ ­¨ï á ç áâ®-â®© !1 ¦¨¤ª®áâì ¨ ã¯àã£¨¥ ¯« áâ¨­ª¨ ¤¢¨£ îâáï¢á¥ ¢à¥¬ï ¢ ®¤­®© ä §¥. �®£¤  á¨áâ¥¬  á®¢¥àè -¥â ª®«¥¡ ­¨ï á ç áâ®â®© !2, ¦¨¤ª®áâì ¨ ã¯àã£¨¥à¥¡à  ¤¢¨£ îâáï ¢á¥ ¢à¥¬ï á® á¤¢¨£®¬ ä §ë ­ 180�. �â®¡ë ¢ë§¢ âì ª ª¨¥-«¨¡® £« ¢­ë¥ ª®«¥¡ -­¨ï á¨áâ¥¬ë, ­¥®¡å®¤¨¬® § ¤ âì ¢­ ç «¥ ®â­®è¥-­¨¥ ¬¥¦¤ã  ¬¯«¨âã¤ ¬¨, á®®â¢¥âáâ¢ãîé¥¥ ®¤­®-¬ã ¨§ ¢ëà ¦¥­¨© (53), ¨ § â¥¬ á¨áâ¥¬  ¤®«¦­ ¡ëâì ¯à¥¤®áâ ¢«¥­  á ¬®© á¥¡¥ ¯à¨ ­ã«¥¢ëå ­ -ç «ì­ëå áª®à®áâïå.�. �. � «¨æë­, �. �. �à®æ¥­ª® 21
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21�¨á. 2. � ¢¨á¨¬®áâì ª®íää¨æ¨¥­â  k ®â®â­®á¨â¥«ì­®© â®«é¨­ë ¯¥à¥£®à®¤®ª
�P1; �Q1 �P1 �Q10 �P1�Q1!21 !22 !2�P1 �Q1

�¨á. 3. �¬¯«¨âã¤­®-ç áâ®â­ë¥ å à ªâ¥à¨áâ¨ª¨¢ë­ã¦¤¥­­ëå ª®«¥¡ ­¨©� áá¬®âà¨¬ ¤ «¥¥ ­¥ª®â®àãî § ¤ çã �®è¨ ¨ãáâ ­®¢¨¬ ­  ¯à¨¬¥à¥ íâ®© § ¤ ç¨ £¥®¬¥âà¨-ç¥áª¨¥ ¨ ä¨§¨ç¥áª¨¥ ¯ à ¬¥âàë á¨áâ¥¬ë, ¯à¨ª®â®àëå á«¥¤ã¥â ®¦¨¤ âì ã¢¥«¨ç¥­¨¥ à áá¥ï­¨ïí­¥à£¨¨ ª®«¥¡«îé¥©áï ¦¨¤ª®áâ¨ ¯® áà ¢­¥­¨î á¥¥ à áá¥ï­¨¥¬ ¢ ¯®«®áâ¨ á ¦¥áâª¨¬¨ à¥¡à ¬¨{¯¥à¥£®à®¤ª ¬¨.�ãáâì ¢ ­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨ ¯¥à¥£®à®¤-ª¨ ­ å®¤¨«¨áì ¢ ¯®«®¦¥­¨¨ à ¢­®¢¥á¨ï,   á¢®¡®¤-­ ï ¯®¢¥àå­®áâì ¦¨¤ª®áâ¨ ¨¬¥«  ä®à¬ã, á®®â-¢¥âáâ¢ãîéãî ¯¥à¢®© ä®à¬¥ á®¡áâ¢¥­­ëå ª®«¥¡ -­¨© ¦¨¤ª®áâ¨ ¯à¨  ¡á®«îâ­® ¦¥áâª¨å ¯¥à¥£®à®¤-ª å. � ç «ì­ë¥ ãá«®¢¨ï ¤«ï ®¡®¡é¥­­ëå ª®®à¤¨-­ â p1(t) ¨ q1(t), á«¥¤®¢ â¥«ì­®, â ª®¢ë:p1(0) = 0:1; _p1(0) = 0; q1(0) = 0; _q1(0) = 0:�®£¤ , ¯®¤ç¨­ïï ®¡é¥¥ à¥è¥­¨¥ (52) íâ¨¬ ­ -ç «ì­ë¬ ãá«®¢¨ï¬ ¨ ãç¨âë¢ ï ¢ëà ¦¥­¨ï (53),¯®«ãç ¥¬ á«¥¤ãîé¨¥ ¢ëà ¦¥­¨ï ¤«ï ®¡®¡é¥­­ëåª®®à¤¨­ â:p1(t) = 0:1k1 � k2 [k1 cos(!2t) � k2 cos(!1t)] ; (54)q1(t) = 0:2k1k2k1 � k2 sin !1 + !22 t sin !1 � !22 t:�¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ­¥ª®â®àë© ª®íää¨æ¨¥­âk: k = TR0 jvp(t)� vq(t)jdtTR0 jvg(t)jdt ; (55)£¤¥ vp(t) ¨ vg(t) { áª®à®áâ¨ ¦¨¤ª®áâ¨ ã ªà®¬ª¨¯¥à¥£®à®¤ª¨ ¢ ­ ¯à ¢«¥­¨¨ ®á¨ Oz ¯à¨ ã¯àã£®©¨  ¡á®«îâ­® ¦¥áâª®© ¯« áâ¨­ å á®®â¢¥âáâ¢¥­­®;vq(t) { áª®à®áâì ¤¢¨¦¥­¨ï ªà®¬ª¨ ¯¥à¥£®à®¤ª¨;T = 2�=�1.

�ç¥¢¨¤­®, çâ® ª®íää¨æ¨¥­â k ¤®áâ¨£ ¥â á¢®¥£®¬ ªá¨¬ «ì­®£® §­ ç¥­¨ï ¢ â®¬ á«ãç ¥, ª®£¤  ¯« -áâ¨­ª  ¨ ¦¨¤ª®áâì §  ¯¥à¨®¤ ¢à¥¬¥­¨ T ¯à¥¨¬ã-é¥áâ¢¥­­® ¤¢¨£ îâáï ¢ ¯à®â¨¢®ä §¥ ¤àã£ ª ¤àã£ã.�  à¨á. 2 ¯®ª § ­  § ¢¨á¨¬®áâì ª®íää¨æ¨¥­â k ®â â®«é¨­ë ¯¥à¥£®à®¤ª¨ �0, ¨§ ª®â®à®© ¢¨¤­®,çâ® ¯à¨ §­ ç¥­¨ïå 
1, ¡«¨§ª¨å ª �1, ®â­®á¨â¥«ì-­ ï áª®à®áâì ç áâ¨æ ¦¨¤ª®áâ¨ ã ªà®¬ª¨ à¥¡à  ¢¯®«®áâ¨ á ã¯àã£®© ¯« áâ¨­ª®© ã¢¥«¨ç¨¢ ¥âáï ¯®áà ¢­¥­¨î á® á«ãç ¥¬ ¦¥áâª®© ¯« áâ¨­ª¨. �à¨íâ®¬ ¥áâ¥áâ¢¥­­® ®¦¨¤ âì ¡®«¥¥ ¨­â¥­á¨¢­®¥ à á-á¥¨¢ ­¨¥ í­¥à£¨¨ ª®«¥¡«îé¥©áï ¦¨¤ª®áâ¨.�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® à áá¬ âà¨¢ ¥¬ ï ¯®-«®áâì, ç áâ¨ç­® § ¯®«­¥­­ ï ¦¨¤ª®áâìî ¨ ¨¬¥î-é ï ã¯àã£¨¥ ¯¥à¥£®à®¤ª¨, á®¢¥àè ¥â £ à¬®­¨ç¥-áª¨¥ ª®«¥¡ ­¨ï ¢ ­ ¯à ¢«¥­¨¨ ®á¨ Ox ¯® § ª®­ãu(t) = F sin!t:�®£¤  ®¯à¥¤¥«¥­¨¥ ®¡®¡é¥­­ëå ª®®à¤¨­ â pn(t)¨ qm(t), á®£« á­® (31), á¢®¤¨âáï ª ¨­â¥£à¨à®¢ -­¨î á«¥¤ãîé¥© ­¥®¤­®à®¤­®© á¨áâ¥¬ë ¤¨ää¥à¥­-æ¨ «ì­ëå ãà ¢­¥­¨©:�n ��pn + �2npn� + 1Xm=1 �qm�nm = !2F�n sin!t; (56)�m ��qm +
2mqm�+ 1Xn=1 �pn�nm = 0:�«ï ãáâ ­®¢¨¢è¨åáï ª®«¥¡ ­¨© ¦¨¤ª®áâ¨ ¨ ¯¥-à¥£®à®¤®ª ®£à ­¨ç¨¬áï, ª ª ¨ ¢ëè¥, à áá¬®âà¥-­¨¥¬ â®«ìª® ¯¥à¢ëå ä®à¬ ª®«¥¡ ­¨© ¦¨¤ª®áâ¨ ¨¯« áâ¨­®ª. � áâ­®¥ à¥è¥­¨¥ ãà ¢­¥­¨© (56) ¡ã¤¥¬¨áª âì ¢ ¢¨¤¥p1(t) = P1 sin!t; q1(t) = Q1 sin!t:�®£¤  ¨§ á¨áâ¥¬ë (56) ¯®«ãç¨¬ á«¥¤ãîé¨¥ §­ -ç¥­¨ï ¤«ï  ¬¯«¨âã¤ P1 ¨ Q1:�P1 = P1F = !2�1�1(
21 � !2)(�1�1 � �211)(!2 � !21)(!2 � !22) ; (57)22 �. �. � «¨æë­, �. �. �à®æ¥­ª®
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